EQUIVARIANT CLASSES OF ORBITS IN
GL(2)-REPRESENTATIONS

ANAND DEOPURKAR

ABsTrRACT. We compute equivariant fundamental classes of all orbits in ar-
bitrary GL(2)-representations. As applications, we find degrees of the orbit
closures corresponding to elliptic fibrations and self-maps of the projective
line.

1. INTRODUCTION

If we fix a hypersurface in projective space, how complicated is the set of all
hypersurfaces obtained from the fixed one by changes of coordinates? Similarly, if
we fix a self-map of the projective space, how complicated is the set of all self-maps
obtained from the fixed one by changes of coordinates? These questions, and many
others, generalise as follows. Given a representation W of an algebraic group G,
how complicated is the G-orbit of a fixed w € W7 One measure of complexity is the
degree of the orbit closure in PW. A more refined measure is the G-equivariant
fundamental class. Our main theorem (Theorem completely describes the
equivariant fundamental classes (and hence degrees) of orbits in representations
of G = GL(2). The case where W is irreducible was already known. The new
contribution is treating reducible W; this presents new challenges, but also has
new applications. A key technical tool we use is stacky weighted blowups, encoded
by rational Newton polyhedra. The case of G = GL(1), or more generally, any
torus, is straightforward. We treat it in Section [A]

The question of finding equivariant classes of orbit closures has been well stud-
ied, especially in cases where the orbits have a geometric interpretation. For the
GL(2) representation Sym™ C2, where the orbits represent divisors of degree n on
P! modulo changes of coordinates, the degree of the orbit closure was computed
by Enriques—Fano [§] for the generic case and Aluffi-Faber in general [1]. The
equivariant class was computed by Lee—Patel-Spink—Tseng ( |14, Theorem 12.5]
or |15, Appendix B|). For the GL(3) representation Sym™ C3, where the orbits
represent plane curves of degree n, the degree of the orbit closure was computed by
Aluffi-Faber [2l3]. For the GL(4) representation Sym?® C*, where the orbits repre-
sent cubic surfaces, the equivariant class of a generic orbit closure was computed
in |7]. Local analogues of equivariant orbit classes are Thom polynomials, which
have been studied by Buch, Fehér, Riméanyi, and Weber among others [10,/11}/20].
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In all these cases, the equivariant class yields a counting formula—the equivariant
orbit/Thom class of w gives the number of times w appears, up to isomorphism, in
a given family. We expect the equivariant class to reflect the geometry of w. This
is indeed the case for divisors on P!, where the class depends on the multiplicities
in the divisor, and for curves in P2, where the class depends on the singularities
and flexes of the curve.

As a direct application of the main theorem, we compute the degrees of orbit
closures in two (reducible) representations of geometric significance. The first
is the GL(2)-representation Sym*”(C?) @ Sym®"(C?), where the orbits represent
isomorphism classes of elliptic fibrations over P!. In this case, the degree depends
on the Kodaira types of the singular fibers. The second is the GL(2)-representation
Hom(C?2, Sym™ C?), where most orbits represent isomorphism classes of self-maps
P! — P! of degree n. (The space of degree n maps P! — P! and its quotient
by changes of coordinates are important objects of study in complex dynamics,
where they are usually denoted by Rat,, and M,, [16,/19,21,/22]). In this case, the
degree is (surprisingly) independent of the orbit.

We first give these two applications in Section [[.I] and Section [I:2] respectively,
before stating the main theorem in Section [T.3]

1.1. Elliptic fibrations. Fix a positive integer n, and let W = Sym*"(C?) @
Sym®"(C?). A mnon-zero (A, B) € W determines an elliptic fibration over P!
defined by the Weierstrass equation

y? =23 + Az + B.

The GL(2)-orbits in W thus represent Weierstrass elliptic fibrations over P!, up
to isomorphism.

Let h be the class of the Weil divisor O(1) on the weighted projective space
PW =W - 0)/Gm, where G,, acts by weight 2 on Sym*™(C?) and by weight 3
on Sym®"(C?). Given (A, B) € W and u € P!, let ord(A), and ord(B), be the
orders of vanishing of A and B at u. Set

c(u) = min (; ord(A)y, % ord(B)u> .

Theorem 1.1. Fiz a non-zero w = (A, B) € W = Sym*"(C?) @ Sym®*(C?), and
let m: E — Pl be the Weierstrass fibration defined by w. Let D C Pl be a finite
set such that T is smooth on P! — D. Let I' C GL(2) be the stabiliser of w € W
and let Orb([w]) be the closure of the PGL(2)-orbit of [w] € PW. Then

IT|[Orb([w])] = 24336+ . py . <4n3 - Z c(u)?(3n — c(u))) piOn—2,

ueD

If 7 is a minimal Weierstrass fibration as in [17, IIL.3|, then c(u) < 2 and ¢(u)
determines the Kodaira fiber type over u (see [17, IV.3.1]). See Table [I] for the
Kodaira types and their contribution to the formula above. The main theorem in
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fact gives the equivariant class, of which the degree is a particular specialisation.
See Section [7.1] for the proof.

c¢(u) Type Description Contribution to the de-
gree c(u)?(3n — c(u))
0 In Smooth elliptic curve, nodal ratio- 0
nal curve, or cycle of smooth ratio-
nal curves
1 Iy l~)4+ n-configuration of rational 3n —1
curves
1/3 II Cuspidal rational curve 1/27-(9n — 1)
1/2  III  Two tangent rational curves 1/8-(6n—1)

2/3 IV Three concurrent rational curves  4/27 - (9n — 2)

4/3 IV*  Eg-configuration of rational curves 16/27 - (9n — 4)

3/2 III*  Er-configuration of rational curves 27/8 - (2n — 1)

5/3 II*  Eg-configuration of rational curves 25/27 - (9n — 5)
TABLE 1. Contributions from the singular fibers in a minimal
Weierstrass fibration y? = z3 + Az + B towards the degree of the
orbit closure of (A, B) € P (Sym™"(C?) & Sym®"(C?)).

1.2. Rational self maps. Fix a positive integer n and set W = Hom(C?2, Sym” C?).
An element f € W is equivalent to a map

(1) Cz ® Opl — Opl (n)

For f in a Zariski open subset, the map is surjective, and hence defines a map
P! — P! of degree n. Conversely, every map P! — P! of degree n arises from an
f € W, which is unique up to a scalar. Thus, most GL(2)-orbits in W represent
maps P! — P! of degree n modulo changes of coordinates.

Theorem 1.2. Suppose f € Hom(C?, Sym™ C?) defines a map Pt — P of degree
n. Let T C PGL(2) be the stabiliser of [f] € P Hom(C?,Sym"™ C?), and Orb([f])
the closure of the PGL(2)-orbit of [f]. Then

[T[ - deg(Orb([f])) = n(n + 1)(n — 1).

Again, the main theorem gives the equivariant class, of which the degree is a
particular specialisation. See Section [7.2] for the proof.

We highlight that Theorem does not hold for all f € Hom(C?, Sym”™ C?).
For the f whose associated map is not surjective—f with base-points—the
stabiliser-weighted degree can be different. It is remarkable that for the f without
base-points, it is constant. This is in contrast to the case of divisors on P!, where
the multiplicities in the divisor matter.
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1.3. Main theorem. Fix a 2-dimensional vector space V over an algebraically
closed field k of characteristic 0. Fix a finite dimensional GL V' representation

W=W,®- - ®W,, where W; = Sym®» % V @ det V.

Set d; = a; +b;, and assume that d; > 0 for all 7. Fix a maximal torus T'C GL V.
We then have an isomorphism between the equivariant (rational) Chow ring Agr, v
and the symmetric polynomials in Ay = Q[vy, va].

We must now introduce some notation. Fix a non-zero w = (wy,...,w,) € W,
and write w; = f; ® 6% for some f; € Sym* % V and 6 € det V. Given u € P?,
let 7 be the order of vanishing of f; at u. Let A* C R? be the convex hull of the
union of the shifted quadrants

1

E(T? + bi, bi) + R2,.

Let A*(0), ..., A*(k*) be the vertices of A* arranged from the bottom right to the
top left. For ap € R?, use p; and p, to denote the first and the second coordinates.
Set

b=min (b;/d; | w; #0), 7o, =A*(0)1 —b, " =min((r}' +b;)/d;), and

gen

X012 ()1 i
u {lw-)i—mni’lfk =

1, otherwise.

For j = 1,...,k%, let n*(j) and ¢*(j) be the smallest integral normal vectors to
the rays of A% at the vertex A\“(j). Set N“(j) = det(n“(5),¢%(j)). Let A C P! be
a finite set that includes the common zero locus of {f; | b;/d; = b}.

Given F' € Q(v1,v2), denote by Fiyyy, its symmetrisation

Foym = F(v1,v2) + F(va, v1).
Let N = dim W and observe that in Ay = Q[vy, v2], we have the top Chern class

a; —0;4

n b;
en(W) = H ((bi + j)v1 + (a; — j)vz2) .
i=1 j=0

Jj=
Let T' € GL(V) be the stabiliser of w € W; assume that it is finite.

Theorem 1.3. In the notation above, the GLV -equivariant class of the orbit
closure of w € W in Agrv (W) C Qlv1, v2] is given by

Kt
(2) |F|[Orb(w)] = CN(W) ’ Fsym + Z G:ym + Z ZHu(j)sym ’

u€A ucA j=1
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where
F =2((1 = b)vy + bvg) vy —wy)™3
— (26— 1)((1 = b)vy +v2) 2 (vg — va) 2
G = ((1 —r")vy +r"v2) " (vg —v2) ™
— 8"((1 = b)vy +bvy) vy —vp) 73
— Tgen ((1 = b)v1 + v2) "2 (v1 — v2) 2, and
HY(j) = IN"()In* ()1 ¢ (G (1= N ()2)vr + X (f)2v2) " (v1 — v2) >,
Note that in the sum of H"(j)sym, the bottom right vertex (j = 0) is omitted.

Remark 1.4. Tt is not obvious that the expression in Theorem [1.3]is a polynomial.
But it must be, as a consequence of the theorem.

1.4. Negative or mixed weights. Our main theorem applies to representations
W whose direct summands have positive weights d;. The theorem can also be used
for W whose direct summands have negative weights by dualising or by twisting
by a large negative n as described in Section [

The cases where W has summands of weight 0 or some summands of positive
weights and some of negative weights are a bit strange. In these cases, a generic
w € W does not contain the origin in its orbit closure. Therefore, its equivariant
class of a generic orbit closure is 0, as can be seen by pulling back to the equivariant
Chow ring of the origin.

1.5. Ideas in the proof. Let PW be the weighted projective space (W —0)/G,
for the central G,,, C GL(2). Given a w € W, the key idea is to find a complete
orbit parametrisation for Orb([w]), namely a proper PGL(2)-variety X and an
equivariant finite map X — PW whose image is Orb([w]). Then the class of
Orb([w]) is the push-forward of [X], up to a constant factor. The push-forward
also gives GL(2)-equivariant class of Orb(w) (see Proposition [3.4)).

To find X, we start with M = P Hom(k?, k?), and the rational map M --+ PW
given by m +— mw. We find an explicit resolution M — PW, which serves as our
comglete orbit parametrisation. We then compute the push-forward as an integral
on M using Atiyah-Bott localisation.

The resolution M — M is a weighted blow-up. It is much more convenient to
take the weighted blow-up in a stacky sense. The stacky blow-up is smooth and
maps to the weighted projective stack &2 W. We can then write the push-forward
as an integral and evaluate it using localisation. The stacky blow-up is toroidal,
and is completely described by the combinatorial data of the Newton polygons A™.

1.6. Conventions and organisation. We work over an algebraically closed field
k of characteristic 0. A stack means an algebraic stack over k. All schemes and
stacks are of finite type over k. Given a vector space/bundle V| the projectivisation
PV refers to the space of one-dimensional sub-spaces/bundles of V', consistent with
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the convention in [12] and Opy (—1) denotes the universal sub-bundle. All Chow
groups are with rational coefficients.

In Section [2] we recall stacky weighted blow-ups in preparation for our main
construction. In Section[3] we describe how to find the equivariant class of an orbit
using a complete parametrisation. Both of these sections are general (not specific
to GL(2)). In Section 4] we observe that the main theorem is invariant under a
twist operation, which allows some simplification. In Section [5] we construct a
complete parametrisation of a GL(2)-orbit using a stacky blow-up. In Section @
we evaluate the equivariant orbit class using localisation. In Section [7] we deduce
the applications to elliptic fibrations and rational self maps. In Section [A] we
explain the case of G a torus.

Acknowledgements. The project arose from conversations with Anand Patel, to
whom I am deeply grateful. I thank Ming Hao Quek for sharing his expertise on
stacky blow-ups. I was supported by the grant DE180101360 from the Australian
Research Council.

2. RATIONAL NEWTON POLYHEDRA AND WEIGHTED BLOW-UPS

The material in this section should be well-known to experts (see, for example,
18, § 2]).

Set M = Z" and N = Hom(M, Z). Let M>( be the set of vectors with non-
negative coordinates in M ® R = R", and similarly for N>¢. A rational Newton
polyhedron is a closed convex polyhedron A C M whose recession cone is M>g
and whose vertices have rational coordinates. Such a A gives a fan At in N®@ R
supported on Nx>g, called the normal fan of I'. There is an inclusion reversing
bijection between the faces of A and the cones of A*. To a face F' of A, we
associate the cone F'*+ of AL defined by

F+ ={f € N| fis constant on F and this constant is the minimum of f on A}.

Since the recession cone of A is M>¢, and f achieves a minimum on A, it must lie
in NZO'

Let F be a maximal face of A, that is, of dimension (n — 1). Then F* is a
ray. For every F, choose a non-zero vector 3r € F* with integer coordinates.
Let r be the number of maximal faces of A. Then the collection {Sr} gives a
homomorphism §: Z" — N with finite cokernel. Let 2 g be the toric stack
defined by the data (N, A", 3) in the sense of [4]. It comes with a canonical map
2 g — A", which we call the stacky blow-up of A™ defined by (A, 3).

Let us describe 3 g — A" in charts, following [4, Proposition 4.3]. Assume
that A is simplicial, that is, every vertex of A has exactly n incident rays. Let v
be a vertex of A. Denote the rays incident to v by Ry,..., R, and the maximal
faces incident to v by F1i,..., F, such that R; is the only ray not contained in Fj;.
Set 8; = B, and let r; € R; be the unique vector such that (8;,r;) = 1. Then
r1,...,Tn is a basis of M ® Q dual to the basis 31,...,8, of N® Q. Let M, D M
be the dual lattice of the sub-lattice of N spanned by 1, ...,8,. Then M, /M is
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a finite abelian group. Set u, = Hom (M, /M, G,,). The chart of 2} g defined by
v is
(3) [Specku1, ..., un]/ty],
with the action given as follows. A ¢ € pu, acts by
C:ug v C(r)uy.

In particular, note that 2 g is a smooth Deligne-Mumford stack.

Let eq,...,e, be the standard basis vectors in M. In the chart above, the map
to A™ = Speck|[xzy,...,z,] is defined by
(4) T; > u%ﬁl’e’» cudbnoei)

Note that ¢ € p,, multiplies the image of x; by ((e) where
e=r11(B1,e)) + -+ 1n{Bn,€i).

Since r1,...,r, and (1,..., B, are dual bases, we see that e = e; € M and hence
¢(e) = 1. So the map is indeed p,-invariant. Write r; = (a1,...,a,) in
standard coordinates with a; € Q. Informally, it is helpful to think of w; as
:U‘lll R

Let X be the toric variety associated to (N, A+). Then we have a map 2 g —
XA which is the coarse space map [4, Proposition 3.7].

Remark 2.1. Let (N, A+, 3) be the stacky fan given by a rational Newton polyhe-
dron as above. Let 7 be the number of rays of A+. In |4], the stack associated to
(N, A+, B) is defined as the quotient of an open subset Z C A" by the action of
a group G that acts on A" through a homomorphism G — G/, . In our case, N
is a free Z-module. From the construction of G — G in |4 § 2], it follows that
G — G, is injective. Let 2" = [Z/G] and Z = [Z/G,]. Tt is easy to see that
we have the pull-back diagram

X — T

| |

A" —— [A"/G1].

Given A, we use two natural choices of 5. For the first, denoted by 5", we let
Br be the shortest vector with integer coordinates on the ray F. For the second,
denoted by ", we let Br be the shortest vector with integer coordinates on the
ray F- such that the value of B on F is an integer. Then we have a map

%—A’Bres — %‘A}Bcan s

which is a sequence of root stacks along the divisors defined by the rays. Pre-
cisely, it is the root stack of order Bis%/5%™" along the divisor defined by the ray
FL. The map Zn,pean — X is called the canonical desingularisation. The map
XA gean — A™ is an isomorphism away from the origin. The map Z gres — A"
is an isomorphism away from the union of the coordinate hyperplanes.
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Let x1,...,x, be variables. For p = (p1,...,pn) € Z%,, we write z? for the
monomial z{* -+ xPr. A weighted monomial is a pair (z?, d), where d is a positive
integer. Let L be a set of weighted monomials. Let A be the rational Newton
polyhedron defined by the points ép for (p,d) € L, that is, the convex hull of the
union of p 4+ R%, for (z7,d) € L. Assume that A is simplicial. Then we have
the stacky blow-ups 2 gres and 2y gean. We call Z) gean the canonical weighted
blow-up in the set of weighted monomials L, and Z gres the resolving weighted
blow-up. The following two propositions justify the name.

Proposition 2.2. In the setup above, let v = %p be a vertex of A. Consider the
chart

Speck(ug, ..., up] = Za gres
defined by v. The image of aP in Kluq, ..., uy,] is the d-th power of a monomial u.
Furthermore, for every (z9,¢e) € L, the monomial u® divides the image of 9.

Proof. Set 8; = B°. Using , we see that
2P H Hué}i(ﬁjyei) _ Huiﬂjm)'
g J

By the choice of j3;, the quantity (3;,p/d) is a non-negative integer. Thus, z?
maps to the d-th power of the monomial

u = Hu§6j7p/d>.
J

Consider (2%,¢e) € L. Let r1,...,7, be the rays of A incident to v. Then the point
g/e is in the cone defined by the vertex v and the rays spanned by 71, ...,7,. That
is, we can write

q/e=p/d+airi + - +anry
for some non-negative rational numbers a;. By applying §; to both sides, we see
that e - a; is a non-negative integer. Using again, we get

z? — u® | I ug .
dJ

Let dy,...,d,, be positive integers and let Z(dy,...,d,,) be the weighted pro-
jective stack
P(dy,....dyn) =[(A" = 0)/G],

where G, acts coordinate-wise by weights dy, ..., d,,. Consider the rational map
A" --» P(dy,...,dp)

defined by the monomials P!, ..., zP™; that is,

(5) (X1, ey ) = [2PL e 2P,

Let A be the Newton polyhedron defined by the weighted monomials (P, dy), ..., (2™, dy,).
Assume that A is simplicial.
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Proposition 2.3. The map extends uniquely to a morphism
%‘A’lgres — zgz(dl, ceey dm).

Proof. The domain is normal and the co-domain is separated. Therefore, if the
map extends, it extends uniquely [9, Appendix A]. To see that it extends, we may
work locally on charts. Let v be a vertex of A, say v = p;/d;. By Proposition
on the chart Speckl[uy, ..., u,], the pull-back of 2P is u% for a monomial u, and
the pull-back of 2P/ is divisible by u% . The extension of on Speck[uq, ..., uy]
is given by

[Pra=h oo gPimiy T dimL ] Py T i Py ]

We reformulate (2.3) to suit our setting.

Corollary 2.4. Let Wy,..., Wy, be finite dimensional k-vector spaces and set
W = @,W;. Let W be the weighted projective stack where W; has weight
d; > 0. Let f: A" --» P W be the rational map defined by f; € W; @ Alxy, ..., Ty,
and assume that the coordinates of f; generate the monomial ideal {(xP?). Let A be
the Newton polyhedron defined by the weighted monomials (xP*,dy),. .., (xP™,dy,).
Then the rational map f extends uniquely to a morphism

%A,ﬂres — (@W

Proof. We follow the proof of Proposition Let v be a vertex of A, say v = p;/d;.
Let u% be the pull-back of 2P¢ to the chart defined by v. Then for all j, the element

u Y fi € W; ® k[uq, ..., up] has polynomial coordinates. Furthermore, for j = i,
the coordinates generate the unit ideal. On this chart, the extension of the rational
map f is given by [u=% f 1 - w9 f ] O

3. CLASS OF AN ORBIT USING A COMPLETE PARAMETRISATION

Let W be a finite dimensional representation of GL(m). Consider the central
G,, C GL(m), and assume that it acts on W by positive weights. We denote by
P W the weighted projective stack

PW = [W—O/Gm].
Fix a non-zero vector w € W, and let
[w]: Speck - P W

be the corresponding point of &2 W. By the stabiliser T' of w, we mean the fiber
product

I — PGL(m)

(6) J o

Speck & PW.
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We have the diagram

I — GL(m) —— PGL,,

J oo Joe

Speck %4 W

in which the right square and the outer square are cartesian. Therefore, the left
square is also cartesian. Therefore, I" is simply the stabiliser of w in GL(m).
A complete orbit parametrisation of [w] is a proper morphism

i: X > PW,

where X is a Deligne-Mumford stack together with the action of PGL(m) and ¢
is a PGL(m)-equivariant map such that there exists an open subscheme U C X
isomorphic to PGL(m) as a PGL(m)-scheme and a point z € U whose image
is [w]. The orbit of [w], denoted by Orb([w]), is the Zariski closure in & W of
PGL(m) - [w], with the reduced scheme structure.

Proposition 3.1. Let i: X — P W be a complete parametrisation of the orbit
of w. Assume that the stabiliser T' C GL(m) of w is finite. Then, we have the
equality of cycles

i« [X] = [T [Orb([w])].

Proof. We have the fiber product
I —— PGL(m)

|

Speck el Orb([w]).
Consider the open inclusion PGL(m) — X that sends a to a-z. The image of this
inclusion is U. The points of X in the complement of U are stabilised by a positive
dimensional subgroup of PGL(m) and hence they map to points in Orb([w]) that
are stabilised by a positive dimensional subgroup. In particular, they do not map
to [w]. As a result, the fiber product @ gives the fiber product

T X

! |

Speck e, Orb([w)).

We see that the map X — Orb([w]) is generically finite of degree |T'|. The propo-
sition follows. O

We now give a cohomological formula for the push-forward. We first need a
lemma, adapted from |6, Proposition 2.1]. Let U be a vector space of dimension
N with the action of an algebraic group G. Set U* =U — 0 and let n: U* — PU
be the projection.
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Lemma 3.2. Let Y be a Deligne—-Mumford stack with a G-action and a G-
equivariant map ¢: Y — PU. Then, in Ag(U*), we have the equality

T Pu[Y / ¢*610

The integral on the right is the push-forward Ag( ) = Ag, considered as an
element of Ag(U™*) via the pull-back Ag — Ag(U™).

Proof. Let @ be the cokernel of ¢*O(—1) - U ® Oy. On Y x PU, let 7; for
1 = 1,2 be the two projections. The vanishing locus of the composite map

71';0(71) —-U® OyXpU — WTQ
is precisely the graph Z of ¢: Y — PU. Therefore, we have
(8) 2] = en-1(71Q @ mO())[Y x PUJ,

Consider the fiber square

X x U —2 U+
Js Iy

X x PU - PU.
By the push-pull formula, we have
(9) Tou T [ Z) = 7o, [ Z].
The right-hand side of (9) is 7*¢.[X]. Since the pull-back of Opy(1) to U* is
trivial, shows that

T[Z] = ena(mI Q)Y x UT].
The statement follows by applying 72, to the above equation. |
We need an analogue of Lemma for weighted projective spaces. Let W be

a vector space of dimension N with an action of a torus 7. Set W* = W — 0

and Z W = [W*/G,,], where G,, acts on W by positive weights and this action
commutes with the action of T'. Let m: W* — & W be the projection.

Lemma 3.3. Let X be a Deligne—-Mumford stack with a T-action and a T-
equivariant map ¢: X — P W. Then, in Ar(W*), we have the equality

¢ X /¢*C1032W 1)

We understand the right-hand side in the same sense as in Lemma [3.2}

Proof. It suffices to prove the equality in Az(W*) where T — T is a finite cover
by another torus. Choose a basis (w;) of W compatible with the action of T and
G,,,. Suppose T acts on w; by the character x; € Hom(T, G,,) and G,, acts on
w; by weight d;. Let T — T be a finite cover by a torus such that the image of x;
in Hom(f, G,,,) is divisible by d;. Let U be the k-span of the symbols u;. Equip
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U with a T action so that T acts on u; by the character %Xi and with the G,,
action by weight 1. Then the map

w:U—-W

defined by > zu; — > :17‘;1' w; is equivariant for the T and G,,, actions and finite
of degree

degp = Hdi'

Under the induced map p: PU — £ W, the pull-back of Og w (—1) is Opy(—1).
Define Y by the pull-back diagram

y —% L, pU

lﬁ lu

X5 2w

Set U* = U — 0 and denote by 7: U* — PU the projection. By Lemma [3.2] in
Az(U*) we have

~% 7 CN(U)
10 T P.|Y] = _—.
(10) 6.0 = [ o
Note that ey (U) = [[d; 'en(W). Since Y — X is of degree [] d;, the integral on
the right-hand side of is equal to
en(W)
x ¢*c10zw (1)

Now the statement follows by applying p.: A#(U*) — Az(W*) to both sides of
(f0). 0

Let Orb(w) C W be the closure of the GL(m)-orbit of w, with the reduced
scheme structure. Let N = dim W.

Proposition 3.4. Let i: X — P W be a complete parametrisation of the orbit
of w € W. Assume that the stabiliser T' C GL(m) of w is finite. Then, in
Ac(W) = Ag, we have

CN(W)
T| - [Orb(w)] = / _—
T} - [Orb(w)] x *c10pw(-1)
The integral on the right is the push-forward Ag(X) — Ag.
Proof. Let T C GL(m) be a maximal torus. It suffices to prove the equal-
ity in A7 (W). Proposition and Lemma together give the equality in

Ap(W*). But then the equality also holds in Ap(W) since A%(U) = AL(U*)
for ¢ = codim Orb(w). O
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4. TWIST INVARIANCE
Consider a representation W of GL(2) defined by

p: GL(2) — GL(W).

For n € Z, we have the surjective homomorphism
T,: GL(2) — GL(2), M — M - (det M),

whose kernel is the diagonally embedded 412 C GL(2). The composite p o T},
gives a new representation GL(2) — GL(W) which we call W (n). Note that
(11)  if W= Sym® "V @ det V®, then W (n) = Sym® "V @ det "¢tV

Observe that the identity map W(n) — W together with T,,: GL(2) — GL(2)
induces a map
en: [W(n)/ GL(2)] — [W/ GL(2)].
Given w € W, the GL(2)-orbit closure of w in W under p is equal to that of
w in W(n). But to distinguish the ambient representations, we denote them by
Orb(w) and Orb(w)(n), respectively. Then

Orb(w)(n) = e, }(Orb(w)),
and hence
[Orb(w)(n)] = €, ([Orb(w)]) € AgL2)-
The map
en: Aar2) — AaL(2)
is easy to describe. Thinking of Agp2y as the subring of Q[v,vs] consisting of
symmetric polynomials, it is given by
(12) er: v = v1 +n(vy +v2) and vy — ve + n(v1 + va).
Let T and T'(n) be the stabilisers of w under p and p o T,,, respectively. Then
we have the sequence
1= ppt2 = Tn) >T = 1.
In particular, we have |T'(n)| = (n + 2)|T].
Given u € P!, let A* be the Newton polygon associated tow € W and A“(n) the

Newton polygon associated to w € W(n). Using (L1)), it follows that A“(n) C R?
is obtained from A* C R? by applying the transformation

(13) (w.9) = —

Let @ be the polynomial on the right-hand side of in the main theorem for
w € W and Q(n) the corresponding polynomial for w € W(n). Using and
(13)), it is easy to check that

en(Q) = Qn)/(n+2).

(x+1,y+1).

Since we also have

e (IT[[Orb(w)]) = [T'(n)

[Orb(w)(n)]/(n +2),
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the main theorem holds for w € W if and only if it holds for w € W (n). Thus, in
the proof, we are free to replace W by W (n) for any n. In particular, by choosing
a sufficiently large n, we may assume without loss of generality that

(14) W = @ Sym® "V @ det ™V with a; > b; > 0.

5. COMPLETE ORBIT PARAMETRISATIONS OF GL(2)-ORBITS

Recall that we have a 2-dimensional vector space V and
W=W,&- - &W,, where W; = Sym®» % V @ det V.

We set d; = a; + b;, which we call the weight of W;, and assume d; > 0 for all 7.
Also assume that b; > 0; this can be achieved after twisting W as in Section
Consider the central G,,, — GLV given by t — ¢ - I. Observe that t € G, scales
the elements of W; by t%. If U is another 2-dimensional vector space, then by
W;(U) we mean the representation

W;(U) = Sym® % U @ det U,
and by W(U) the direct sum

W(U) = @Wi(U).

Let & W be the weighted projective stack
PW =W —0/GCp]
Let U be another two-dimensional vector space and set
M =P Hom(U,V).
Fix a non-zero w € W(U). Let w; € W;(U) be the i-th component of w.

Let I ={i|w; #0}and J ={1,...,n}—1I. Set W; = @®;c;W; and similarly for
W;. Let wy be the projection of w to Wr. Plainly, we have Orb(w) = Orb(wy) x
{0} € W; & Wy, and hence

[Orb(w)] = cdgimw, (W)[Orb(wy)].

Using this, we see that it suffices to prove the main theorem when J = (). So,
assume that w; # 0 for all i.
We have a rational map

(15) M- PW
defined by
m— [m - w.
It is defined on the locus of m such that m - w # 0. More formally, on M =
P Hom(U, V'), we have the universal homomorphism
e:UR0y(—1) =V 0Oy,

which induces
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FI1GURE 1. The scheme theoretic zero locus of the map is cut
out locally by an ideal of the form If - I%, where A C M is the
determinant quadric and K,, C A are certain lines on it.

By pre-composing with the section

wi: Op — Wi (Us) ® Oy,
we get the map
(16) Oum(—d;) > Wi(V)® Oy

The maps in define a morphism to &2 W on the open subset of M where at
least one of the maps is non-zero. Observe that this open subset includes all points
of M corresponding to invertible homomorphisms.

We now describe the scheme theoretic zero locus of the map . It is supported
on the determinant quadric

A ={me M|detm =0},

and it has embedded primes supported on lines of one ruling of this quadric (see
Proposition and Figure [1). Given a point u € PU, let K, C M be the line
defined by

K, ={me M | mu=0}
Observe that as u varies in PU = P, the lines K, sweep out one of the two rulings
of A.

Proposition 5.1. Suppose w; = f @ 6%, where f € Sym‘“_bi(U) and § € detU
are non-zero. Take m € A C M and let uw € PU be the kernel of m. Suppose
f wvanishes to order v at w. Then, in a neighbourhood of m, the scheme theoretic
zero locus of the map

e: OM(—dl) — WZ(V) ® OM,
defined in , is cut out by the ideal Iy, - IZ"’.

Proof. Since i is fixed, we omit it from the subscript in a;, b;, and d;, and do a local
calculation. Denote by us € U a lift of u € PU. We choose a linearly independent
vector u; € U and take (u1,us2) as a basis of U. In this basis, the point u € PU
is given by [0 : 1].
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Choose a basis (v1,v2) of V' and suppose that in the chosen bases, the map
m: U — V is given by
(10
"= (0 0).

We can take § = u; A ug. Consider the affine neighbourhood of m € M given by

matrices of the form
1 T
z y+axz)®

Up to multiplication by a non-zero scalar, the element f = f(u1,us) has the form
(1) Flun, ) = ™" g
Substituting uy + vy + zve and ug — zvy + (y + x2)ve yields

(M f)(v1,v2) = (v1 + 202) " (wvy + (y + x2)v2)"

18

(18) - (01 + 202) T (v + (Y + 22)u) T4
and,

(19) (M) (v1,v2) = y(vy Awva).

Observe that the ideal generated by the coeflicients of M f is (z,y)". The ideal
(x,y) is precisely the ideal Ik, and the ideal (y) is precisely the ideal Ia. So the
ideal generated by the coefficients of M (f ® &%) is Iy - 1%, as required. O

We now resolve the rational map M --+ & W using a stacky blow-up. Let the
components of w be w; = f; ® 6. Let A C PU be any finite set that includes the
common zeros of f; for i that realise the minimum min; b;/d;. Let Bly M — M
be the blow-up of M along the lines K, for u € A. Let E, C Blg M be the
exceptional divisor over K, and D C Bly M the proper transform of A C M. Let
r;* be the order of vanishing of f; at u. Let

e: Opi, m(—d;i) = Wi(V) ® Opi, m

be the pull-back of . By Proposition the ideal generated by the compo-

. . 7. +bi 1b;
nents of this map is Ij " I;.

Fix u € A C PU. Let A = A* C R? be the Newton polygon defined by the
set of weighted monomials {(z"# *biy® d;) |i=1,...,n}. Let Z 55 — [A%/G2]
be the blow-up defined in Section [2| (see Remark for g = " and 8 = B
Let Bly M — [A?/G2] be the map defined by the divisors E, and D and let
MES — Blg M and A4S — Bla M be the pullbacks of 2 5 gres — [A2/G2]
and 2 gean — [A2?/G2]. Since E, and D are smooth, normal crossings divisors,
the map Bla M — [A?/GZ2] is smooth, and therefore both .#!° and .#:*™ are
smooth. See Figure[2] for an example of A* with 8" and pgr*.

We can write local charts for ., and .ZS*" by simply substituting local equa-
tions of E, and D in the local charts described in Section [2} Let A = (A1, A2) be
the vertex of the Newton polyhedron A = A" with the smallest second coordi-
nate. Then Ao = min;(b;/d;). Suppose Ay = b/d where ged(b,d) = 1. Note that
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FIGURE 2. For W = Sym®V @& Sym?V ® det V, the Newton
polygon A% at u € P! with the vanishing orders r; = 2 and
r9 = 0. The short normal vectors (dashed) represent 3" and the
longer ones (dotted) represent 5*°*.

A+ R>o x 0is a ray of A. Its associated divisor is the vanishing locus of y, which
pulls back to D C Bly M. The functional S{*" associated to this ray is the pro-
jection po: (a,b) — b. On the other hand, the functional 8i® is d - py. As a result,
M — Bla M over the complement of E, is the root stack along D of order d.
Note that d is independent of u € A.

Let .#* — Bly M and .#Z°** — Bly M be the blow-ups as above carried out
for all u € A at once. That is, for all u € A, in a neighbourhood of F,, the map
M — Bla M is the blow-up #}* — Bly M, and similarly for .Z°*" — Bl M.
We have maps

M s M 5 Bly M.

The map #“*" — Bly M is an isomorphism away from the union of the lines
E,ND for u € A. The map .#"** — Bly M is an isomorphism away from the
union of the divisors E, for u € A and D. Over the complement of the union of
E, for u € A, it is the root stack of order d along D.

Let A be 4" or #*. For every g € GLV, it is easy to check that the
action map g: M — M lifts to a morphism ¢g: .# — .#. For g,h € GLV, the
two morphisms h o g and gh agree on a dense open subscheme in .Z. Since .#
is normal and separated, |9, Appendix A] implies that there exists a unique 2-
morphism hog = gh. As a result, the maps g: .# — .4 for g € GLV give an
action of GLV on ..

Proposition 5.2. The rational map
M--»2W

extends to a regular map
L M — P W,
which is a complete orbit parametrisation of the orbit of [w] € P W.
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Proof. The extension exists due to Proposition (see Corollary [2.4). Tt is im-
mediate that ¢ gives a complete orbit parametrisation. O

6. ATIYAH-BOTT LOCALISATION

Proposition gives a formula for [Orb(w)] as an integral. We compute the
integral in Proposition [3.I] using the Atiyah-Bott localisation formula for stacks
[13, § 5.3]. In this section, we use .# to denote either .#" or .#". A claim
about . is understood to hold for both . and .#“*". Most such claims will
be on the level of points or rational Chow groups, both of which are identical for
the two stacks.

Fix a basis (vy,v2) of V. Let T C GLV be the diagonal torus with respect to
the chosen basis. The T-fixed locus in M is the disjoint union of the two lines L;
for i = 1,2 defined by

Li = {m | Tmage(m) C (v;)} .

These are lines on A of the opposite ruling compared to the lines K, (see Figure|l)).
6.1. Fixed points of the T-action on .#Z. Let £ C 4" and £ C A"
be the proper transforms of L; C M (with the reduced scheme structure). We use
& C M to refer to either one of these.

Fix au € A C PU. Choose a basis u1,us of U such that v = [ug]. Consider
the affine open chart A2, _ C M consisting of matrices of the form

x,Y,z
1 T
z y+zz)’

In this basis, the line Ly, the line K, and the determinant A are cut out by

Ly:z=y=0,
K,:x=y=0,
A:y=0.

The line Ly is absent from this chart. Thinking of z, y, z as regular functions on
this chart, we see that the T-action is given by

(20) (t17t2): (Z‘,y,Z) = (xvtltglyatltglz)'
The blow-up Blg, M has the local description
{(z,y,2,[X :Y]) | Xy = 2Y} C Speck[z,y, z] x P'.

On the blow-up, the proper transform of L is cut out by z =0 and Y = 0. The
only T-fixed points on the blow-up are the points of the proper transform of L;
and the point p} with coordinates ((0,0,0), [0 : 1]).

The proper transform of A is defined by Y = 0, and is thus contained in the
affine chart of the blow-up given by X # 0. This chart is given by

{(z,y,2,[1:Y]) |y =2Y} = Speck[z, Y, z].
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The T-action is given by
(ti,to): (2,Y,2) = (z,t] oY 1] Ha2).

The stacky blow-up of this chart is defined by the weighted monomials (z"# T2 Y% d;).
Let A* be the Newton polyhedron defined by these weighted monomials (see Sec-
tion . Since z is absent from the monomials, we may think of A% as a subset of
R2. Let A\(0),...,\(k) be the vertices of A* arranged from the bottom-right to
the top-left. That is, using subscripts to denote first and second coordinates, we
have

A0)1 > -+ > A(k); and A(0)2 < -+ < A(k)s.

Note that the point corresponding to the bottom-right vertex A(0) lies on the
proper transform of L;. It is easy to check that the only T-fixed points on the
stacky blow-up of this chart are:

(1) points of the proper transform of L,
(2) points corresponding to the vertices A(1),..., A(k).
For j =1,...,k, we label the point corresponding to A(j) as pY ;.
We have analogous points p3 and p; ; over the line Ly C M.
Summarising the discussion above, we see that the T-fixed locus of .Z is the
disjoint union of
(1) AUL
(2) {pi,ps} for u e A
3) {pt;p5;li=1,....,k=k"} forue A.

6.2. Ingredients of the localisation formula. Recall that we have the map
L M — PW,

which is the complete orbit parametrisation of [w]. We describe the pull-back of
O(—1) and the normal bundles to the components of the fixed locus of the T-action
as elements of the corresponding (rational) T-equivariant Grothendieck groups.
Let My = Hom(T, G,,) ® Q and K1 = Z[M7]. We use @ to denote the formal
sums in K7. By a rational T-representation, we mean a representation of a finite
cover of T. Every rational T-representation has a class in K. In particular, for
m,n € Q, we have classes x(m,n) € Kr of rational characters. See the discussion
before |13} Proposition 5.3.4] for the need to accommodate rational representations.

Proposition 6.1. Fizu € A C PU. Suppose i realises the minimum mini(%(rfqt
b;)). Then the map

(21) L*O(_dz) — WZ ® O%res
s non-zero at p} and its image is spanned by vfi_b’i_”v;i ® (v1 A wg)bi.

Proof. In the local coordinates introduced in Section @ the point p{ lies in the
chart

{(z,y,2,[X : 1]) | x = yX} = Speck[X, y, 2]
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of the blow-up Blx, M. The stacky blow-up .#"° of this chart is defined by
the weighted monomials (yTzL +bi d;). Suppose the minimum in the statement is
¢/d, where ged(e,d) = 1. From and (4), we get the following local chart of
M — Blg, M at pi:

[Spec k[uq, ua, us]/nq] — Speck[X, y, 2],
where the map is defined by
X — uq, yHug, Z > us.

Let r = r¥ and b = b;. From the proof of Corollary 2.4, we know that on

K3

Speck[uy, uz, us], the map (21)) is 5" " times the original map e studied in Propo-
sition From and (|19)) , we see that the map e is given by
y¥ (1 + 202)* P77y (Xvr + (1 + X2)v2)" + ) @ (v1 A o).

T

Multiplying by y~"~% and setting u; = uy = uz = 0 yields the result. O

Let O(—1),= be the class in K7 of the fiber of t*O(—1) at p{. Similarly, let Ny
be the class in Kp of the normal bundle of p¥ in .#°*". Let r* = min,; (r +b;)/d;.

Proposition 6.2. With the notation above, we have
O(—l)p? =x(1—=r"7"), and
Npif = X(L _1) S2) X(_17 1) 2] X(_la 1)

Proof. Suppose i realises the minimum min; (r} +b;)/d;. Proposition identifies
the fiber of 1*O(—d;) at p% with the span of v{* v} ® (vy A v2)®, on which T
acts by weights a; — r; and b; +r;. Dividing through by d; yields the first equality.

The map .#“*" — Bl M is an isomorphism near p}. The normal space at p}

is spanned by 3%, 8%7 and %, on which the T acts by weights (1,—1), (=1, 1),

and (—1,1), respectively.
O

Proposition 6.3. Fizu € A C PU. Let A be a verter of A*, say A = di(r;‘ +
bi,b;). Then the map

(22) L*O(fdl) - W, ® OL//[res
is non-zero at py ; and its image is spanned by vfi_b" ® (v1 Awg)bi.

Proof. The proof is parallel to the proof of Proposition[6.1] In the local coordinates
introduced in Section consider the chart of Blg, M given by

{(z,y,2,[1:Y]) |y =2Y} = Speck[z, Y, z].
Consider the chart of .#" — Bls M given by and :
(kfuy, uz, us]/p] — klz,Y, 2].
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(3

Speck[uy, uz, u3], the map (22) is 27""*Y =% times the original map e studied
in Proposition From (18 and , we see that the map e is given by

2V (01 4 202)* 07T (0 + (1 + Y 2)we)" + ) @ (v1 Avg)°.

Let r = r* and b = b;. From the proof of Corollary we know that on

Multiplying by 2=""°Y ~% and setting u; = us = uz = 0 yields the result. O

Let O(— )p}f be the class in K7 of the fiber of .*O(—1) at p{ ;. Similarly, let
vaf be the class in K7 of the normal bundle of pf ; in .Z“". Let n and ¢ be

the shortest integral normal vectors to the two rays of A" at the vertex A(j). Let
N = det(n, (), so that |N| is the index of the sub-lattice (n,() C Z2.

Proposition 6.4. With the notation above, we have
O(=1)p, = x(1 = A(j)2, A(j)2), and
Npu = x(C1/N,=C1/N) & x(=m/N,m/N) & x(=1,1).

Proof. We use the notation in Proposition[6.3] In particular, we let ¢ be such that
Aj) = d%(ai + 77, b;). Proposition (6.3 shows that O(—1),u = = d%_x(ai,bi), by the
same argument as Proposition Since d; = a; + b;, we can re-write this as
For the second equality, we write .Z““" — Bly M in charts at p{ ; using

and (4)):

[Speck[uy, uz, us)/p] — Speck[z,Y, 2],
where the map is given by

e ulusS', Y e uPu$?, 2 us.

The torus T acts on z, Y, and z by weights (0,0), (1,—1), and (1, —1), respectively.

It follows that it must act on uq, us, and uz by weights %(—Q,Cl), %(771, —n1),
o
) Biug’

and 3—23, the second equality follows. O

and (1, —1), respectively. Since the normal space to pY ; is spanned by a%“

Remark 6.5. In Proposition suppose A = A(0) is the bottom right vertex of A¥.
Then one of the two rays incident at A is A+ R0, so we may choose n = (0,1). In
that case, we have a trivial summand x(0,0) in Nyv . This summand corresponds
to the normal direction in £, which is fixed by 7'

We have now described all the ingredients of the localisation formula for the
isolated fixed points. We now turn to the T-fixed lines .%;. Note that the coarse
space of .%; is P'. Use K to denote the rational numerical Grothendieck group
(two classes considered equal if they have the same Chern character). For a finite
cover T — T, a T—equivariant bundle on .%; has a class in Kr ® K(%). Observe
that the pull-back map induces an isomorphism K(P!) — K(%;). We identify
the two groups via this map. For a € Q, the notation O(a) denotes the class in
K (%) of Chern character chg = 1 and ch; = a.
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For u € A, we denote by A\“(j) the j-th vertex of A* C R? with the con-
vention that the vertices are arranged from the bottom-right to the top-left (in
the increasing order by the second coordinate). Recall that b = min;(b;/d;) and
Tgen = AY(0)1 — b and rgen = D ,ca Tgen-

Proposition 6.6. The class of 1*O(—1) restricted to £ in KT @ K(£) is given
by
FO(=1)| ez, = x(1 = b,0) @ O(—1 4 2b + T'gen)-

Proof. Recall that the points pj ; lie on ;. Propositionapplied to j = 0 shows
that the fiber of .*O(—1) at p{ , as a rational T-representation, is x(1 —b,b). So,
the class of 1*O(—1) restricted to £ is x(1 — b,b) ® O(a) for some a € Q.

Let w: . #" — M be the natural map. Then

O(~1) = 1 On(~1) ® O(E),

where E C .4 is an effective divisor. The divisor is characterised by the property
that in a neighbourhood of a point p € .#"* at which the map *O(—d;) - W; ®
O _yres is non-zero, the divisor d; F is the vanishing locus of e: 7*Op(—d;) — W; ®
O_gres. We use this characterisation at pf , for every u € A C PU. Given u € A,
let ¢ be such that A*(0) = d%(r;*+bi, b;). By Proposition the map (*O(—d;) —
Wi ® O_yres is non-zero. The proof of Proposition [6.3| shows that the vanishing
locus of e: 7*On(—d;) — W; @ O_yres is cut out in the local coordinates by
xi Tyt = gri'ybi . The divisor cut out by y is the pre-image of the determinant
A C M. The divisor cut out by z is the pre-image of the exceptional divisor
E, C Bly M. Therefore, in a neighbourhood of pf ;, we have

b; r¥
Oin TP
LT

=bA+r’ E

gen—Uu

E= E,

Considering all u € A C PU, we see that in a neighbourhood of .}, we have

E=bA+Y 14, By
ucA

On %, we have ch;(A) = 2 and ch;(E,) = 1. The result follows. O
Let N1 € K+ ® K(.Z) be the class of the normal bundle of £ C .#°*". For
u € A C PU, if A* has at least two vertices, set
3 A%(0)1 — A%(1)
A4(0)g — Au(1)2

Otherwise, set s* = 1. Let s =), s".

s“=1

Proposition 6.7. With the notation above, the class of the normal bundle Ny is
equal to

x(-1,1) @ (O ® 02 —13))).



EQUIVARIANT CLASSES OF ORBITS IN GL(2)-REPRESENTATIONS 23

Proof. For simplicity, we drop the superscript “can”, but alert the reader that
it is important that we are working with M" and not M"*. We use the local
coordinates introduced in Section[6.1] At a generic point (z,0,0) € .Z}, the normal
bundle is spanned by a% and % on which T acts by weights (—1,1). Therefore,
the class of N; is x(—1,1) times the class in K () of the normal bundle. We
simply need to find the degree of Nj. N

Let w: .# — Blas M be the natural map. Let Ly C Bly M be the proper
transform of L;. Consider the sequence

dr *
O‘)Nl — NZI/BIAJW

—-Q — 0,
so that @ is supported on {p{, | u € A}. Let n = (0,1) and ¢ be the shortest
integer normal vectors to the two rays of A* at A(0). Then, in a neighbourhood
of p{, the map m is

[Specku1, us2, us]/p] — Speck[z,Y, ],

where

T ugl, Y — ulugz, Z > us,
and p is a cyclic group of order (;. At pf, the dual of Nfl/BlA s 18 spanned by
dY and dz, whereas the dual of N; is spanned by du; and dus. On £, which is

cut out by u; = usz = 0, we have

dY = ugzdul and dz = dus.
Therefore, the pull-back of @ to k[uy, us,us] has length (5. But since the order of
p is (1, the degree of @ at p{ o is (2/¢1. If A" has only one vertex, then ¢ = (1,0),

s0 (2 = 0. Otherwise, (2/(; is the negative of the reciprocal of the slope of the
line joining A(0) and A(1), which is precisely s* — 1. Therefore, we conclude that

deg N1 = deg Ng /py, as — Z(s“ —1).
u€A
But we also know that
deg Np g a =degNpr— > 1=2-=Y 1.
u€A u€A
Combining the two yields the proposition. |

6.3. Proof of the main theorem. We now have the tools to prove Theorem [T.3]
Let T C GL(V) be a maximal torus. Let N = dimW. By Proposition we
have
r- o) = [ 20
res L7 C1 yw( 1)
The pull-back along .Z* — .#“*" identifies the rational Chow groups, and the
push-forward of the fundamental class of .Z*** is the fundamental class of .#°*".
Therefore, we may replace .Z"° in the integral by .#“*".
From Section recall that the T-fixed points of M®" consist of the line
Z7*", the points p{ for u € A, the points p{ ; for u € A and j =1,...,k", where
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k* is the number of vertices of the Newton polygon A*, and their analogues where
the subscript 1 is replaced by 2. For £ = 1,2, we denote by N, the normal bundle
of Z5*", by Np v the normal space of py, and by Npy = the normal space of py -
Let us write £ = cy(W)/t*c10 % w(—1). By the locahsatlon formula, we have the
equality of T-equivariant classes

(23) /mgz zfan@(iVl)Jrz/qu +ZZ/ j)+m

AYP ueA j=17P1;

where - - - denotes the sum of analogous integrals over Z5*" and p3 and py i

Let us now evaluate each term in , starting with the integral over .Z*". De-
note by h € A*(P?!) the class of a point. Using Proposition and Proposition
(and the notation there), we have

1 ¢ 1
en (W) /zfan c2(N1) / c1(O(=1)) - c2(N1)
_ /((1 —b)or 4 bva + (26 + rgen — D)) (vs — v1) " (vg — o1 + (2 — )L

The integral is the coefficient of h in the expansion of the integrand as a power
series in h. To find it, we formally differentiate with respect to h and set h = 0 to
obtain

(24) ﬁ /fCan ﬁ - (2 - S)((l - b)vl * va)_l(vl - ,UQ)_S
— (264 rgen — 1)((1 — b)vy + bvg) ~2(vy — v) 2

The analogous integral over .Z5*" is obtained by switching v; and vs.
Let us turn to the integral over p{. By Proposition (and the notation there),
we have

! { u u -1 —
(25) en (W) /qu, cs(N1) :/((1_7“ Yor 4 %) vy — vp) 73

= ((L=7"yv1 +7"v2) " (01 —v2) 7
The analogous integral over p§ is obtained by switching v, and wvs.

Finally, let us compute the integral over pf ;. By Proposition (and the
notation there), we have

(26) CN(lW) / c3(Ny) /N2 (1 = A(J)2)v1 + A(G)2v2) (o1 — va) 3¢ Iyt

= NG (1= AG)2)on + AG)2v2) (01 —w) 2.
In the last equality, we have used that pj ; € .Z°*" has a stabiliser of order |N|,
and hence the integral divides the integrand by |N|. The analogous integral over
p3 ; is obtained by switching v; and vs.
The expression in Theorem is the sum of the contributions from , ,
, and their analogues with v; and vy switched.
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7. APPLICATIONS

7.1. Orbits of elliptic fibrations. Recall that an element (A, B) € Sym*" (V) &
Sym®* (V) gives rise to an elliptic fibration

m E— P!
defined locally by the Weierstrass equation
y? =23 + Az + B.

Given u € P!, recall that r¥ is the order of vanishing of A at u and r¥ is the order
of vanishing of B at u. We are now ready to prove Theorem which computes
the degree of the orbit closure of (A, B).

Proof of Theorem [T} Letw = (A, B) € W = Sym™™(V)@Sym®" (V) be non-zero.
In the notation of Theorem we have b = 0. For every u € P!, the Newton
polygon A" has only one possible shape. It is a translated quadrant A+Rx>¢ whose

vertex A is
) 1,1, c(u)
)\ = (mln <4n7’1 5 6’[1T2> 70) = <2n, 0> .

In the notation of Theorem we have " = rg., = c(u)/2n and s = 1.

Note that PW is the quotient of W—0 by the G,,, acting by weights 2 and 3. The
central G,,, C GLV acts by weights 4n and 6n. Therefore, the equivariant class for
the first G, is obtained from the GL V-equivariant class by the specialisation v; =

vy = % With these substitutions, Theorem follows from Theorem O

7.2. Orbits of rational self maps. Recall that elements in a Zariski open subset
of Hom(V,Sym" V) give rise to maps f: PV — PV of degree n. We have an
isomorphism of GL V-representations

(27) Hom(V,Sym™ V) = Sym" 'V @ Sym™ ™ V @ det V1.

The first projection Hom(V, Sym™ V) — Sym" ™! V is the contraction. The second
projection arises as the composite

Hom(V,Sym™ V) @ det V =V ® Sym" V — Sym" ™' V/

where the first map arises from the isomorphism V* @ det V =V and the second
map is the multiplication. The element in Sym™™ V in the second projection
defines the scheme theoretic fixed locus of f. I do not know a similar geometric
interpretation of the first projection.

Fix a basis x,y of V with the dual basis x*, y* of V*.

Proposition 7.1. Let f = z* ® F(x,y) + yv* ® G(z,y), where F,G € Sym"V
are polynomials of degree n. Let f correspond to (I,J @ z* Ay*) € Sym™ 'V @
Sym" V ®@ det V1. Then, up to non-zero scalar multiples, we have

0 0
I=—F =z —yF . .
pe (z,y) + 8yG(af7y) and J = yF(z,y) — G (z,y)
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In the other direction, we have

1 oJ 1 oJ
n+1 oy ol an n+1 4 or
Proof. It is enough to check that the construction of I and J is GL(2)-equivariant.
We leave this to the reader. The other direction follows from the first using Euler’s

formula

O*
o + ya—y = deg(x) - *.

Fix a non-zero ¢ € det V.

Proposition 7.2. Suppose f € Hom(V,Sym" V) defines a rational map PV —
PV of degree n and corresponds to (I,J ® 6~1) under an isomorphism . IfJ
vanishes to order at least 2 at u € PV, then I does not vanish at u.

Proof. Write f = 2*® F(z,y) +y* ® G(z,y) in coordinates. Since f defines a map
of degree n, the polynomials F' and G have no common factor. If J vanishes to
order at least 2 at u, then both partials of J vanish to order at least 1 at u. Since
at least one of F' or G does not vanish at u, we see from Proposition that I
cannot vanish at u. O

We are now ready to prove Theorem [I.2] which computes the equivariant orbit
class of a rational map.

Proof of Theorem[1.4 Let f € Hom(V,Sym" V) define a rational map PV — PV
of degree n. Let f correspond to (I,J ® 6~!) under an isomorphism . We
apply Theorem taking A = V(J) to be the set of fixed points of PV — PV.
We have b = —1/(n — 1). By Proposition for u € A, the Newton polygon A“
has two possible shapes (see Figure . If u is a simple fixed point, then its only

25(0,-1) A= 1,-1)

FIGURE 3. A for a simple fixed point u (left) and a fixed point
of order j > 2 (right)

vertex is

1
AY(0) = — (13 + b2,b2) =

T (0, -1).

n—1
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In this case, rge, = 1/(n—1) and r* = 0 and s" = 1. If u is a fixed point of order
j* > 2, then the vertices of A" are
1

1 -
d2 (’I"Q + bg,bg) m(] — 1, —1) and

A4(1) = d—l(bl,bl) = (0,0).

A*(0) =

In this case, rg.,, = j*/(n —1) and 7* = 0 and s* = j"

Theorem @, we have

In the notation of

F =2(n—1)(nv; — ) Hvg —v2) 72 + (n 4+ 1)(nvy — v9) %(v1 — v2) 2, and

G = v (v1 — )73 = j%(n — 1) (nwy — ve) " Hwy — ve) 72 — jU(nwy — ve) 3 (v — wa) 2,
and for a higher order fixed point w,

H"(1) = (" = oy (o1 — v2) >,
Summing up and multiplying by ¢n (W) yields the class

nn+1)(n—1) H]vlJr nfl—j'UgH (j— Dvr + (n— j)va).

ok ok
Note that P Hom(V, Sym" V') is the quotient of Hom(V, Sym™ V') —0 by G,,, acting
by weight one. The central G,, C GLV acts by weight n — 1. Therefore, the
weight one G, equivariant class is obtained from the GL V-equivariant class by
specialising to v1 = vy = 1/(n—1). The stabiliser group I' C GL V' in Theorem [L.3|
and the stabiliser group I' ¢ PGLV in Theorem n are related by the exact
sequence

1= ptpo1 =T =T =1

So we must divide the class given by Theorem by (n — 1). Specialising to
vy =vy =1/(n —1) and dividing by (n — 1) gives n(n + 1)(n — 1). O

APPENDIX A. EQUIVARIANT CLASSES OF TORUS ORBITS

Fix an algebraic torus 7' = G¢,. We compute T-equivariant fundamental classes
of orbits in T-representations. Let M = Hom(T, G,,) be the character group of
M and set N = Hom(M, Z). Identify Ar = Sym(Mq).

Fix a T-representation W and a w € W. Write W = @, W;, where W,
is one-dimensional on which T acts by the character x; € M. Fix a non-zero
w = (wy,...,wy) € W.

We recall the notion of equivariant multiplicity from [5]. Given a polyhedral
rational pointed cone ¢ C Mg, denote by ¢¥ C Ngr the dual cone. Since o is
pointed, ¢V has non-empty interior. Given A in the interior of ¢, let P,()\) be
the convex polytope

P,(AN)={zeo]|{x,\) <1}
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There exists a unique rational function e, € frac Sym(M Q) such that for every A
in the interior of oV, we have

eo(N) = dl - Vol P, (\).

The function e, is called the equivariant multiplicity associated to o (see |5}, § 5.2]).

Let ¢ C Mg be the closed convex cone spanned by {x; | w; # 0}. Let
Orb(w) C W be the closure of the T-orbit of w and [Orb(w)] its fundamental
class in Ap(W) = Ar. Let T' C T be the stabiliser of w, and assume that it is
finite.

Theorem A.1. In the setup above, if o contains a line, then [Orb(w)] = 0.
Otherwise,

IT'| - [Orb(w)] = e, - cn(W).

Proof. If o contains a line, then 0 € W is not in Orb(w). As a result, the pull-
back of [Orb(w)] to Ar(0) vanishes. But the pull-back Ar(W) — Ar(0) is an
isomorphism, so [Orb(w)] vanishes.
Assume that o contains no line, that is, it is pointed. Let X be the affine toric
variety
X = Speck[M No].

It is easy to check that the map T' — W that sends ¢t € T to t - w extends to a
proper morphism i: X — W of degree |I'|. Then |T'| - [Orb(w)] = i.[X].

To compute the push-forward, we use localisation |5, § 4.2 Corollary]. Let
Ox € X and Oy € W be the origins. Then we have

[X] = es - [0x],
and hence
i [X] = €5 - [Ow].
Since [Ow] = ¢ (W)[W] € Ap(W), the theorem follows. O

Example A.2. Let T = G3 act on W = C* by the characters (0,0, 1), (0,1,1), (1,0, 1),
and (1,1,1). Take w = (1,1,1,1). Let z,y,z be the standard basis vectors of
M = Hom(T, G,,). Let 0 C Mg be the cone spanned by the four characters.
Given A = (a,b,c) € 0¥ C Ng, we compute

1 n 1
(b+c)a+b+c) clat+e)a+b+c)

3!-vol(P,(a,b,c)) =
c

Since a = (z, \) and b = (y, A) and ¢ = (z, \), the equivariant multiplicity function
is

1 1
e, = +
Wy+2)@+y+z) ze+2)(@t+y+z)
r+y+ 2z

2+ )yt ) (zty+2)



By

EQUIVARIANT CLASSES OF ORBITS IN GL(2)-REPRESENTATIONS 29

Theorem[A.1] the equivariant fundamental class of Orb(w) is z+y+2z. Indeed,

in this case, Orb(w) C W is the quadric hypersurface cut out by wjwy — wows, a
polynomial with character (1,1,2).
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