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Abstract

We construct several modular compactifications of the Hurwitz space Hgd/h of genus g curves
expressed as d-sheeted, simply branched covers of genus h curves. They are obtained by allowing
the branch points of the cover to collide to a variable extent, generalizing the spaces of twisted
admissible covers of Abramovich, Corti, and Vistoli [2]. The resulting spaces are very well-behaved
if d is small or if relatively few collisions are allowed. In particular, for d = 2 and 3, they are always
well-behaved. For d = 2, we recover the spaces of hyperelliptic curves of Fedorchuk [9]. For d = 3,
we obtain new birational models of the space of triple covers.

We describe in detail the birational geometry of the spaces of triple covers of P! with a marked
fiber. In this case, we obtain a sequence of birational models that begins with the space of marked
(twisted) admissible covers and proceeds through the following transformations:

(1) sequential contractions of the boundary divisors,
(2) contraction of the hyperelliptic divisor,
(3) sequential flips of the higher Maroni loci,
(4) contraction of the Maroni divisor (for even g).

The sequence culminates in a Fano variety in the case of even g, which we describe explicitly, and

a variety fibered over P! with Fano fibers in the case of odd g.
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CHAPTER 0

Introduction

The most significant development in the modern theory of algebraic curves is the construction
of their moduli space M,. It is difficult to get a grasp on the geometry of M, largely because it is
difficult to get a grasp on a curve in the abstract. We often approach M, through moduli spaces of
particular realizations of curves, which are more accessible. One such class of moduli spaces is the
Hurwitz spaces.

The Hurwitz space Hg is the moduli space of genus g curves realized as d-sheeted, simply
branched covers of P'. It admits a natural morphism to M, that only remembers the abstract
moduli of the curve. The images of H g in M, are some of the most important subvarieties of M,.
For d = 2, this is the locus of hyperelliptic curves; for d = 3, this is the locus of trigonal curves, and
so on. For odd g, the case of d = (g + 1)/2 plays a crucial role in the celebrated theorem of Harris
and Mumford [I5] that M is of general type for large g. For sufficiently large d, the map Hg — M,
is surjective. This is a basis for the oldest proof of the irreducibility of M, due to Hurwitz [21] in
characteristic zero and due to Fulton [12] in sufficiently high characteristic.

While its relation to My makes Hg especially interesting, its relation to a simpler moduli space
My, makes it accessible to study. The space My, is the moduli space of b distinct unordered pointﬂ
on P!. There is a map br : Hg — Moy, that assigns to a simply branched cover the location of its
branch points, where b = 2g + 2d — 2 by the Riemann—Hurwitz formula. The map br expresses H, g

as a finite covering space of My,y:

(0.0.1) H} — M, .

|

Mo,y

The three quasi-projective varieties in (0.0.1)) admit well-known modular compactifications: the
space Mg of Deligne-Mumford stable curves, the space Mo;b of Mumford—Knutsen stable marked

—d . .
curves and the space H, of Harris-Mumford admissible covers.

LOrdered branch points are customary; however, we focus almost exclusively on the unordered case.

1



0. INTRODUCTION 2

A particularly exciting development in the study of these moduli spaces is the construction of
alternate modular compactifications. Let us illustrate with the example of M,. The story begins
in 1969, when Deligne and Mumford discovered that M, could be compactified by adding to it
the moduli of curves with the simplest singularities: nodes. A remarkable development came in
1991, when Schubert [36] discovered was that this is not the only way to compactify M,. He
constructed a compactification that allows cuspidal curves! A couple of decades later, Hassett and
Hyeon [19] constructed a still different compactification that allows tacnodal curves! The story for
My, is similar—the Mumford-Knutsen compactification is one choice among the many discovered
by Hassett [I§].

The alternate compactifications are fascinating for several reasons. Firstly, they provide tools
to systematically study different kinds of degenerations of nice geometric objects. For example,
in certain cases, it is beneficial to consider a cuspidal degeneration of smooth curves rather than
a nodal degeneration. In this case, Schubert’s compactification of M, is more pertinent than the
standard compactification.

Secondly, the several alternate compactifications provide an unprecedented opportunity to study
explicitly the birational geometry of extremely interesting higher dimensional varieties. As a result,
the discoveries of Schubert, Hassett and Hyeon have spurred a major research program in algebraic
geometry to understand the birational geometry of moduli spaces by constructing different bira-
tional models as alternate modular compactifications. This program lies at the confluence of several
important areas, such as the classical geometry of the objects being parametrized, the birational ge-
ometry of higher dimensional varieties, especially the Minimal Model Program, Geometric Invariant
Theory (GIT), the study of algebraic stacks, and so on.

There have been fascinating developments in such a program for M, and Myy. Our goal is to
explore it for H, g. Towards that goal, we systematically construct a number of compactifications of
Hg. The idea is to include degenerate covers where the branch points are allowed to coincide to a
variable extent. The resulting spaces are very well-behaved if d is small or if relatively few collisions
are allowed. In particular, for d = 2 and 3, they are always well-behaved. For d = 2, we recover the
spaces of hyperelliptic curves of Fedorchuk [9]. For d = 3, we obtain new birational models of the
space of trigonal curves. These spaces describe a fascinating picture of the birational geometry of
a slight variant of the spaces of trigonal curves, namely the space of trigonal curves with a marked

fiber.
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Ao A;
FIGURE 1. Generic points of the boundary components of M.

In what follows, we describe the context and the statements of our results in more detail.
We begin by giving a brief overview of some of the known alternate compactifications of M, and
Moy, respectively. We then describe alternate compactifications of Hg. Finally, we describe the

particularly interesting case of trigonal curves.

Compactifications of )M,

The standard compactification of M, is the Deligne-Mumford compactification M ;, parametriz-
ing stable curves of arithmetic genus g. Recall that a curve C' is Deligne—Mumford stable if
(1) C has at worst nodes (y? — x?) as singularities, and
(2) the dualizing sheaf we is ample.
M, has only quotient singularities and a normal crossings boundary divisor M, \ M,. The curves
corresponding to the generic points of the boundary components A; (for ¢ = 0,...,|g/2]) are
displayed in
Schubert|s compactification ﬁgw is the space of pseudo-stable curves. A curve C is pseudo-stable
if
(1) C has at worst nodes (y? — 22) or cusps (y* — 23) as singularities,
(2) if E C C is a connected sub-curve of arithmetic genus one, then it meets C'\ F in at least
two points (no “elliptic tails”),
(3) we is ample.
MZ) is related to Mg by a divisorial contraction—there is a morphism Mg — MZ) that contracts
the boundary divisor A; to the locus of cuspidal curves.
Hassett and Hyeonfs compactification H;n allows curves with at worst tacnodal singularities
(y?—a*) while disallowing elliptic tails and elliptic bridges (a connected, genus one sub-curve meeting
the rest of the curve in two points). Mzn is related to Mj by a flip Mj -—> M;n.

Motivated by the above examples, Hassett and Keel have pioneered a systematic program to

study the birational geometry of Mg, which we now recall. Before we proceed, let us quickly recall
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the notion of Mori chambers and their relation to the birational geometry of a variety. Let X be a
suitably nice (normal, Q-factorial) projective variety. A birational contraction of X is a birational
map 3: X --» Y, where Y is likewise nice and the exceptional locus of f~! has codimension at least
two. The Mori chamber Mor(f) is the cone in Picq(X) spanned by the pullback of the ample cone
of Y and the exceptional divisors of 5. The map [ can be recovered from its Mori cone as

X --» Proj @ H' (X, mD)

m>0
for any D € Mor(8). Thus, understanding the Mori chambers of X is equivalent to understanding
all the birational contractions of X. In nice cases (for example, when X is toric or Fano), the Mori
chambers form a finite polyhedral partition of a piece of Picq(X).
The aim of the Hassett—Keel program is twofold:
(1) Describe the Mori chamber decomposition of the (), §) plane in Picq (M), where X is the
class of the Hodge bundle and ¢ the class of the boundary.

(2) Give a modular description, if possible, of the spaces corresponding to each Mori chamber.
One reason to restrict to the (A, d) plane is that it contains the canonical divisor (K = 13\ — 24)
and ample divisors (aA — § for a > 11). Hence, knowing the Mori chamber decomposition for this
plane would give a sequence of birational models of M, beginning with M, itself and culminating
in the canonical model, realizing the Minimal Model Program for M. The intermediate spaces can
be interpreted as log canonical models

Proj @ H° (Mg, m(K + ad)) .

m>0
The spaces Mg, MZ and MZH are the first steps of the Hassett—Keel program. They correspond
to the following chambers (also shown in |[Figure 2))
My: aX—bdfor a>0anda/b> 11,
aX —bé for a > 0 and 11 > a/b > 10,

M, : a\—bd fora>0and 10 > a/b> 10 —e.

The precise value of € > 0 in the last case is not known. The above is the extent of our knowledge

for arbitrary g. We also know that the hyperelliptic locus must be in the base locus of the birational
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-0

FIGURE 2. Mori chambers of the first three birational models of M, along with
some important rays in the (A, ) plane. The numbers represent slopes.

_A

i points (b — i) points
Ay

FIGURE 3. Generic points of the boundary components of M.

contraction for the rays (aX — d) for a < 8 + 4/g and likewise for the trigonal locus for a < 74 6/g.
There are heuristics about what class of singular curves should replace these curves, assuming that
the model has an interpretation as the moduli of some class of curves. We refer the reader to the

article by Fedorchuk and Smyth [I0] for a comprehensive survey.

Compactifications of My,

The standard compactification of M., is the Mumford—Knutsen compactification M., parametriz-
ing stable marked rational curves. Recall that a curve P along with a marked divisor X is a stable
marked curve if

(1) P has at worst nodes as singularities,
(2) X lies in the smooth locus of P,
(3) X is reduced,
(4) wp ® Op(X) is ample.
My, has only quotient singularities and a normal crossings boundary divisor M., \ Mo,. The
marked curves corresponding to the generic points of the boundary components A; (fori = 3,...,|b/2])

are displayed in The philosophy behind the compactification is to force the points of ¥ to

remain distinct at the cost of allowing P to degenerate into a reducible curve.
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A sequence of alternate compactifications of Mo, is provided by the spaces of weighted marked
rational curves of Hassett [18]. In these spaces, collisions of marked points are allowed to a certain
extent, specified by a rational number €. The space Mo;b(e) parametrizes e-stable marked rational
curves. A curve P with a marked divisor ¥ is e-stable if

(1) P has at worst nodes as singularities,

2) X lies in the smooth locus of P,

)
(2)
(3) e-mult, X <1forallpeP,
(4) wp ® Op(eX) is ample.

For ¢ = 1, we recover the standard compactification Mo;b- For ¢ > €, we have a morphism
Mop(e) — Mop(€') that sends (P, %) to (P',Y), where P’ is obtained from P by contracting
the components on which wp(e’Y) is not ample. The morphism M.,(€) — Mo, (€’) is a divisorial

contraction; it contracts a component of the boundary Mo;b(E) \Mo,b if its generic point parametrizes

a marked curve with at most 1/¢ points on one of the components (see [Figure 4)).

\_.,_‘X'><‘\.\_,_/ — wtiplicity 3

FIGURE 4. The divisorial contraction Mo.,(1/2) — Mo.,(1/3)

The spaces Mo.p(€) can be interpreted as log canonical models of My.,. They provide a partial

Mori chamber decomposition of the rational Picard group.

Compactifications of Hg

We now come to the focus of our work. We first describe the standard compactification of H, g
due to Harris and Mumford [15]. The challenge in compactifying H, g is handling degenerations of
covers when the branch points come together. Harris and Mumford ingeniously circumvent this
issue by forcing the branch points to remain distinct, following the idea behind the Mumford—
Knutsen compactification Mg.,. Their compactification FZ parametrizes admissible covers—these
are d-sheeted covers ¢: C — P satisfying the following conditions:

(1) (P,bro) is a stable marked curve,



COMPACTIFICATIONS OF H{ 7

(2) ¢ is admissible over the nodes of P in the following sense: the local picture of C' — P near

a node of C' is of the following form, for some m > 1:

Spec k[u, v]/uv — Spec k[z, y]/xy
z,y — u™ o™,

Strictly speaking, by br ¢, we mean the branch divisor of ¢: C°™ — P™. The admissibility condition
is better handled using the idea of Abramovich, Corti, and Vistoli [2] of considering covers of
orbinodal modifications of P étale over the (orbi)nodes instead of covers of P itself. This results
in a nicer moduli space called the space of twisted admissible covers. For the moment, we suppress
this subtlety.

The central theme of the present work is to explore what happens when we let the branch points
collide. We construct spaces of weighted admissible covers, following the compactification Mo (€),

and thus allowing the branch points to collide to a certain extent.

THEOREM (Theorem 1.0.1f). Let ﬁz(e) be the space of e-admissible covers, which is, roughly

speaking, the moduli of ¢: C — P, where C is a curve of genus g, P a curve of genus 0 and ¢ a
map of degree d satisfying two conditions

(1) (P, br¢) is e-stable,

(2) ¢ is admissible over the nodes of P.
Then FZ(G) 18 a projective coarse moduli space. It contains Hg as an open subspace and admits a

branch morphism br : Fg(e) — Mo (e).

In the actual definition, the admissibility is handled using orbinodes.

For ¢ = 1, we recover the Harris-Mumford compactification. As we take smaller and smaller
values of €, more and more branch points are allowed to coincide, leading to progressively nastier
singularities on C. These singularities are not necessarily Gorenstein. For example, for e < 1/4,
and d > 3, the curve C' can have a spatial triple point singularity . The branch
morphism br : ﬁj(e) — M. (€) is not necessarily finite; it has positive dimensional fibers for e < 1/6
(Example 1.75).

For d = 2, the only singularities C' can have are A, singularities, namely singularities of the

form y? — 2" *! (Example 1.7.6). We thus recover the spaces of hyperelliptic curves first constructed
by Fedorchuk [9].
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In general, the local structure of FZ(G) is horrible. In fact, if d is large enough and € small
enough, then FZ(e) is reducible (Example 1.7.9)). Nonetheless, for d = 2 and 3, it is irreducible and

has at worst quotient singularities; the associated moduli stack is a smooth Deligne-Mumford stack

(Theorem 1.5.5)).

Geometry of spaces of trigonal curves

We describe in detail the case of d = 3. In this case, we get a fascinating picture of the birational
geometry of a slight variant of the space of trigonal curves. The spaces of weighted admissible covers
form half the story in this picture; the other half is a sequence of yet more compactifications, special
to the case of d = 3, that features an interplay of the global geometry of triple covers and the local
geometry of triple point singularities.

Let us introduce some notation to describe this picture. Denote by Tj.; the moduli space of
(¢: C — P,o), where P = P!, C is a smooth curve of genus g, ¢ a simply branched triple cover and
o € P an additional marked point over which ¢ is unramified. Then T is a unirational variety
of dimension 2g + 2. A standard compactification Tg;l is provided by the space of (appropriately
marked) admissible covers. In addition, the spaces of weighted admissible covers Tg;l(e) provide a
sequence of alternate compactifications. In these spaces, at most 1/e points of br ¢ are allowed to
coincide; the additional marked point o is always away from br ¢. Note that the only relevant values
of e are e = 1/j for j = 1,2,.... Furthermore, for wp(eX + o) to be ample, we must have € > 1/b,

where b = 2g + 4 is the degree of ¥. We thus get the following sequence of birational modifications:
(0.0.2) Tga ==» = Tga(1/5) == Tga(1/(j + 1)) ==» -+ == Tga (1/(b — 1)).

The rational maps in the above sequence are divisorial contractions; they contract the boundary
divisors to loci of higher codimension. The final model T, (1/(b — 1)) parametrizes (¢: C — P, o)
where P = P! and the only condition on ¢ is that not all of its branch points be coincident.

Since Tg;l is a uniruled variety, there is no canonical model to look for. The goal in this case,
according to the Minimal Model Program, is a Fano-fibration. The final space T,1(1/(b—1)) is not
such a model; we must search further. A natural idea to proceed is to consider spaces where all the
branch points are allowed to coincide. However, it is not clear how to do this. After all, there is no

Hassett space that allows all the points of ¥ to be coincident.
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It turns out that there is not one, but a sequence of compactifications where all the branch
points are allowed to coincide. Clearly, if we want to allow such covers, we must disallow some
previously allowed covers to have a separated moduli problem. The precise conditions to determine
which covers to include and which to exclude are captured by the notion of an [-balanced cover,
depending on an integer [ satisfying 0 <1 < g and [ = g (mod 2). The condition of being I-balanced
depends on two invariants: the Maroni invariant and the p invariant.

The Maroni invariant is global in nature. For a connected triple cover ¢: C — P! of genus g,
the sheaf ¢,O¢/Op: is isomorphic to Opi(—m) @ Op:1(—n) for some positive integers m, n satisfying
m —+n = g+ 2. The Maroni invariant is the difference |m — n|.

The g invariant is local in nature and pertains only to those covers whose branch divisor is
concentrated at one point. For a connected triple cover ¢: C' — P! of genus g with br(¢) = b-p
for some p € P!, denote by C the normalization of C. The sheaf O (O@/Oc) is isomorphic to
k[t]/t™ @ k[t]/t™, for some positive integers m,n satisfying m 4+ n = g + 2. The p invariant is the
difference |m — n|.

We say that a cover ¢: C — P! is [-balanced if

(1) the Maroni invariant of ¢ is at most I,

(2) if br ¢ is supported at one point, then the p invariant of ¢ is greater than I.

THEOREM (ITheorem 3.3.4[, |Theorem 4.0.5). Let T;;l be the moduli space of (¢: C — P, o),

=l
where P =2 P, o & br ¢ and ¢ is I-balanced. Then T .1 1s a projective coarse moduli space birational

to Tg;l-

It is easy to see that TZ;1 =T,1(1/(b—1)). We thus get a sequence of yet more compactifications
that extends (0.0.2):

009 T T e Ty T T

g;1

Most of these steps are flips. The divisorial contractions in (0.0.2)) and the flips in (0.0.3) exhibit
a sequence of models of Ty, that culminates in a Fano-fibration. Furthermore, we can explicitly
describe the Mori chamber decomposition corresponding to the final sequence of flips. The following

theorem summarizes the geometry of (0.0.3)).

THEOREM 0.0.1. (Theorem 4.0.5) Let | be an integer with 0 <1 < g and | = g (mod 2).
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(1) The rational map
9 92
ﬂg: Tg;l - Tg;l
extends to a morphism, which contracts the “hyperelliptic divisor” to a point.

(2) If g is even, then the rational map
=2 =0
B2: Ty - Ty

extends to a morphism, which contracts the “Maroni divisor” to a PL.

(8) Except in the two cases mentioned above, the rational maps

- -2
Bie Ty == Ty

are isomorphisms away from codimension two. In these cases, Exc(fB;) is covered by K-
negative curves and EXC(B;l) by K-positive curves, where K is the canonical divisor.

(4) For even g, the final model ng is the quotient of a weighted projective space by an action
of S3. In particular, it is Fano of Picard rank one.

(5) For odd g, the final model T;l admits a morphism to P! whose fibers are Fano of Picard
rank one.

(6) For 0 <l < g, the rational Picard group ofT;;l has rank two. For g # 3 it is generated by

A and 6. The canonical divisor is given by

2 2
K= =g BRI T3 - Dr— (" ~3)9).

(7) There are elements Dy in the rational Picard group, given in the case of g # 3 by

2

g+2

{9>\_6}7

(9;3> Dy = {(Tg + 6)A — g0} +

such that the following hold. For 1 > 0, the interior of the cone (Dj, Diy2) is the Mori
chamber associated to the model Tlg;l, For even g, the cone (Dy, D3) is the Mori chamber
associated to the model 72;1' For even (resp. odd) g, the ray (Dg) (resp. (D1)) is an edge

of the effective cone.

shows a sketch of the Mori chamber decomposition along with an approximate location

of the ray (K).
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D4

. ”» . . =l
FIGURE 5. The Mori chamber decomposition of Picq given by the models T';,; and
an approximate location of the ray spanned by the canonical class K.

0.1. Conventions

We work over a field K of characteristic zero. All schemes are understood to be locally Noe-
therian schemes over K. We reserve the letter k for (variable) algebraically closed K-fields. While
working over an algebraically closed field k, “point” means “k-point,” unless specified otherwise.

If X is an algebraic space, and  —+ X a geometric point then Ox , denotes the stalk of Ox at
x in the étale topology; if X is a scheme, then this is the strict henselization of the local ring of X
at x. We set X = Spec Ox 5. The reader unfamiliar with these algebraic notions need not worry:
nothing is lost by imagining Ox , to be the ring of convergent power series around = and X, to
be a small simply-connected analytic neighborhood of = in X. For a local ring R, the symbol R*»
denotes its strict henselization and R its completion.

Stacks are usually denoted by curly symbols and their coarse spaces by the roman equivalents. A
category fibered in groupoids is often described by specifying the objects and keeping the morphisms
implicit; the morphisms are given by standard commutative squares.

Given morphisms ¢: X - Y and Z =Y, weset Xz = X Xy Z and ¢z = ¢ Xy Z. If the Y is
clear from context, we omit it from the notation and simply write X x Z.

We use wvector bundle and locally free sheaf interchangeably. The projectivization of a vector
bundle E is denoted by PF; this is the space of one-dimensional quotients of E. The space of
one-dimensional sub-bundles of E is denoted by Pg.,E. A morphism X — Y is projective if it

factors as a closed embedding X<—PFE followed by PE — Y for some vector bundle E on Y.
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A curve over a scheme S is a flat, proper morphism whose geometric fibers are purely one-
dimensional. The source of this morphism could be a scheme, an algebraic space or a Deligne—
Mumford stack; in the last case it is usually denoted by a curly letter. A curve over S is connected
if its geometric fibers are connected. Genus always means arithmetic genus. By the genus of a
stacky curve, we mean the genus of its coarse space. A cover is a representable, flat, surjective
morphism.

The symbol u,, denotes the group of nth roots of unity; its elements are usually denoted by (.

The methods we use are purely functorial—there is no use of GIT. We construct a moduli
space by first constructing the Deligne-Mumford stack, prove that it is proper using the valuative
criterion, deduce the existence of a coarse (algebraic) space by the theorem of Keel and Mori [22],
and finally prove that it is a projective scheme by exhibiting ample line bundles on it. Throughout,
an algebraic stack or an algebraic space is understood to be in the sense of Laumon and Moret-Bailly

[26).



CHAPTER 1

The big Hurwitz stack

Let d be a positive integer. Denote by Hg/h the classical small Hurwitz space with unordered

branch points. It is the coarse space of the small Hurwitz stack Hg /h that parametrizes
(1.0.1) ¢: C — P,

where P is a smooth curve of genus h, C' a smooth curve of genus g, and ¢ a cover of degree d with
simple branching.

In this chapter, we lay the groundwork for constructing a number of compactifications of 7—[; /h
and its variants. Before we dive into the technical details, let us roughly describe the kinds of
compactifications we get as a direct consequence of the main theorem of this chapter. Fix non-

negative integers g, h and b, related by
29 —2=d(2h —2) +b.

THEOREM 1.0.1. Let € > 0 be a rational number such that € -b+2h —2 > 0. Denote by Mp.(€)
the stack of e-stable b-pointed genus h curves (as in [I8]). Let ﬁz/h(e) be the stack of e-admissible
covers. Roughly speaking, this is the moduli of ¢: C — P, where C is a curve of genus g, P a curve
of genus h and ¢ a map of degree d satisfying the following conditions:

(1) (P,br¢) is e-stable,
(2) ¢ is admissible over the nodes of P.
Then ﬂj/h(e) is a proper Deligne—Mumford stack. It contains the classical Hurwitz stack "Hg/h as

) o —d
an open substack and admits a projective coarse space Hg/h(e),

PROOF. See for a precise definition of ﬂj/h(e). The proof of [Theorem 1.0.1f is

substmed by O

We follow Abramovich, Corti, and Vistoli [2] to take care of the admissibility condition over the

nodes, by considering covers of orbinodal modifications of P instead of P itself.

13
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is a consequence of a more general observation. Let .}, be the stack of (P;X)
where P is a nodal curve of arithmetic genus g and > C P a divisor of degree b supported in the
smooth locus. Then .}, is an unscrupulous (read non-separated) enlargement of My, and the
various compactifications ﬂh;b(e) are open substacks of .#},;, carefully chosen so that they are
proper over the base field. In this chapter, we construct an analogous unscrupulous enlargement
e%”d/h of H‘gi/h. It admits a morphism br : j‘/;d/h — M that assigns to a cover its branch divisor.

g9

The main theorem of the chapter is the following.

THEOREM 1.0.2. The morphism br : jiﬂg%l — My defined by

(¢: C — P)— (P;bro)

1S proper.

PROOF. is subsumed by O

M should be seen as the moduli space of all possible branching data of our covers; %’; Cj , should
be seen as the moduli space of all possible branched covers; and br should be seen as the map that
assigns to a branched cover the branching data. says that any compactification of
the moduli of the branching data gives a corresponding compactification of the moduli of branched
covers by simply taking the preimage under the branch morphism. The spaces of e-admissible covers
are obtained in this way using the compactifications mh;b(e).

The following idea motivates our construction of f%”g‘jh. A finite flat cover of degree d, say
¢: C'— P, can be viewed as a family of length d schemes parametrized by P. Now, we recall that
there exists a moduli stack of length d schemes; it is an Artin stack 7; obtained as the quotient
of an affine scheme by a linear group. Said differently, a finite flat cover ¢: C' — P of degree d is
simply a map x: P — ;. In this way, we can interpret the small Hurwitz space Hg /38 the space
of maps from smooth curves of genus h into o7, satisfying certain (deformation open) conditions.
The merit of this re-interpretation is that it allows us to use techniques from the well-studied topic
of compactifications of spaces of maps into stacks to construct compactifications of 'Hg n The stack
%‘;‘j ,, is the fruit of this approach.

In [1], |Abramovich and Vistoli| develop techniques to compactify spaces of maps from smooth

curves into Deligne-Mumford stacks. Their insightful observation is that to have proper moduli,
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the source curve must be allowed to degenerate into not just a nodal curve but an orbinodal curve—
this is a nodal curve with a particular type of orbifold structure at the node. Our construction of
%% follows the same theme. Although we use the central idea of [I], we cannot directly use the
results of [I] since 27 is not Deligne-Mumford. Nevertheless, the fact that «7; is the quotient of an
affine scheme by the general linear group allows us to extend the essential arguments without much
trouble.

The main case of interest for us is the Hurwitz stack 7—[3 of covers of P1. However, it is no more
challenging to treat covers of curves of arbitrary genus. It is also useful to have the flexibility to
fix the ramification type of some fibers of the cover. Therefore, we work in the general context of
covers with arbitrary branching over a divisor and prescribed branching over distinct marked points
on the base. Furthermore, it is notationally easier and conceptually no harder to refrain from fixing
any numerical invariants as far as we can. Therefore, instead of working with c%”gd/h and A, we
simply have ¢ and ..

The chapter is organized as follows. In we introduce 7, following Poonen [34].

In we recall the notion of orbinodal curves. In [Section 1.3| we define #¢ and state
the main theorem (Theorem 1.3.8). In[Section 1.4} we prove the main theorem. In |Section 1.5/ we

study the local structure of ##?. In|[Section 1.6, we prove that certain open substacks of J#?¢ admit

projective coarse spaces. In we describe how to get various compactifications of the

b

small Hurwitz space using #?. [Section 1.4]is by far the most technical. The reader who is put

off by technicalities may wish to skip most of it, except possibly the proofs of the valuative criteria

(Subsection 1.4.5)), which contain the main geometric ideas.

1.1. The classifying stack of length d schemes

The object of study in this section is the classifying stack of schemes of length d. We at once
begin with the desired functorial description. Consider the category <7, fibered over Schemes whose
objects over a scheme S are (¢: X — S), where ¢ is a finite flat morphism of degree d.

To prove that <7; is indeed an algebraic stack, we consider a more rigidified version. The data
of a finite flat morphism ¢: X — S is equivalent to the data of on Og algebra A which is locally free
of rank d as an Og module. In the rigidified version of «7;, we consider such algebras along with a
marked Og basis. Namely, we consider the contravariant functor %;: Schemes — Sets defined by

Isomorphism classes of (4, 7), where A is an Og algebra and 7: A —
Ba: S — { }

O?d an isomorphism of Og modules.
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PROPOSITION 1.1.1. ([54), Proposition 1.1]) The functor 9B, is represented by an affine scheme

By of finite type.

PROOF. Let ey,...,e4 be the standard basis of OgBd. Then the data (A, 7) is equivalent to an

Og algebra structure on O?d. An Og algebra structure is specified by maps of Og modules
1: Og — O?d, say 1 — Zdiei

and

d d d k
m: O? ®s Oga %O? , say €; @ e; HZCijek.

These maps make O?d an Og algebra with identity (1) and multiplication m if and only if the cfj
and the d; satisfy certain polynomial conditions. Thus 4, is represented by a closed subscheme of

AP Z Ak d;). 0

(K

The scheme By admits a natural Gl; action, which is most easily described on the functor of

points. A matrix M € Glg(S) acts on By(S) by
(1.1.1) M: (A7)~ (A, Mor).

PROPOSITION 1.1.2. @7, is equivalent to the quotient [Bq/ Glg].

PRrROOF. The proof is straightforward. There is a morphism from o to [Bgq/ Glg] defined as
follows. Counsider an object ¢: X — S in o7;(S). Let A = ¢.Ox. Then A is an Og algebra which
is locally free of rank d as an Og module. Set P = Isomos_mod(A,OgBd). Then w: P — S is a

principal Glg bundle. We have a tautological isomorphism
TimrA = Oj‘;d.
The data (7*A, 7) gives a map P — By, which is visibly Gl equivariant. The assignment
(p: X =5 S)—= (m: P—> S,P— By)

defines a morphism «7; — [Bq/ Glg] which is easily seen to be an isomorphism. O
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Let ¢: 24 — o7 be the universal object; set &7 = ¢,.O 4, and £ = det o7¥. We have the trace
map

tr: & — Og,,
which pre-composed with the multiplication &/ ® &/ — &/ yields a map
IR = Oy,
or equivalently a map
o — V.

Taking determinants and dualizing once more, we obtain a map
(1.1.2) §: Oy, — L2

This is the familiar discriminant construction.

ProroOSITION 1.1.3. Let & C o7y be the maximal open substack over which ¢ is étale. Then
(1) & C dy is the locus where § is invertible;

(2) &y is equivalent to BSg4, where Sy is the symmetric group on d letters.

PROOF. The first assertion is a standard fact in commutative algebra.
For the second, we exhibit an isomorphism from &; to BSy. Let ¢: X — S be an element of
é4(S). Then ¢: X — S is a finite étale morphism of degree d. Set P = Isomg (X, {1,...,d} x 5).

Then 7: P — S is a principal S; bundle. The assignment
(¢p: X = S)— (m: P—S),

defines a morphism &; — BS4, which can be easily checked to be an isomorphism. O

We denote the zero locus of § in «7; by ¥, and call it the universal branch locus. We call the
ideal of X4 C @ the universal discriminant. Given a map x: S — 7y, given by a cover ¢p: X — S,

we denote by br ¢ the pullback x*¥; and call it the branch locus.

1.2. Orbinodal curves

In this section, we recall the notion of an orbinodal curve as introduced by Abramovich and
Vistoli [I]. Our brief exposition is based on the work of Olsson [33]. Orbinodal curves are called

“balanced twisted curves” in [I] and “twisted curves” in [33].
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An orbinodal curve is a stacky modification of a nodal curve at the node points. A nodal curve

C is of the form Spec k[z,y]/zy at a node, in the étale topology. An orbinodal curve C has the form

[Spec k[u, v] /uv]/in,

where yi,, acts by u +— ¢z, v~ (~ly. Thus, the coarse space of an orbinodal curve is a nodal

curve, as seen by computing the ring of invariants
(k[u, v]/uv)#* = klz,y]/zy, where z = u",y = v".
A pointed orbinodal curve is an orbinodal curve C along with marked points on its coarse space
C such that over a marked point, C — C' has the form

n

[Spec k[u]/pn] — Speck[z], = — u",

in the étale topology.

Here is the formal definition.

DEFINITION 1.2.1. Let S be a scheme. We say that
(C—=C—=S;p1y...,pn:S—C)

is a pointed orbinodal curve if
(1) C — S is a nodal curve and p;: S — C pairwise disjoint sections.
(2) C — C is the coarse space that is required to be an isomorphism over the open set C#* C C

which is the complement of the images of p; and the singular locus of C' — S:
C x¢ C&"™ =5 OB,

(3) Let ¢ — C be a geometric point lying over s — S. If ¢ is a node of Cs, then there is an
étale neighborhood U — C' of ¢, an open set T' C S containing s, some ¢t € Op, and n > 1

for which we have the following Cartesian diagram

CXcU U

e | ) | e

[Spec Orlu,v]/(uwv — t)/pun] —— Spec Or [z, y]/(zy — t")
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Here, jt,, acts by u +— (u and v — ¢~ 'v, and the map on the bottom is given by z — u™
and y — v™.
(4) Let s — S be a geometric point and set ¢ = p;(s). Then there is an étale neighborhood

U — C of c and n > 1 for which we have the Cartesian diagram

CxcU U

P R e R

[Spec Og[ul]/ ] —— Spec Og[x]

Here, p,, acts by u +— (u, and the map on the bottom is given by z — u”.
We abbreviate (C - C — S;p1,...,pn : S — C) by (C — C;p).
A morphism between two pointed orbinodal curves (C; — Ci;pi1;) and (Co — Ca,poj) is a

1-morphism F': C; — C such that the induced map F': C; — Cs takes pi; to paj.

Although the structure of C is specified for some étale neighborhood, it holds for any sufficiently

small neighborhood. The precise statement from [33] follows.

PROPOSITION 1.2.2. Let (C — C;p) be a pointed orbinodal curve over S. For a geometric point
c— C, set

C*" = C x ¢ Spec Og,..

Let s — S be the image of c — C.
(1) Suppose c is a node of Cs and t € Og,s and z,y € O¢,. are such that Oc¢ . is isomorphic
to the strict henselization of Og sz, y]/(zy — t™) at the origin. Then, for some n > 1, we
have

C*" = [Spec Oc o [u, v]/(uv — t,u™ — 2, 0™ — y)/ pin],

where pi, acts by x — Cx, y+— (" ly.
(2) Suppose ¢ = p;(s) and x € Oc¢, is such that Oc . is isomorphic to the strict henselization

of Os s[x] at the origin. Then, for some n > 1, we have
C* = [Spec Occ[u]/(u™ — @) /),
where ., acts by u — Cu.

PROOF. See |33 Proposition 2.2, Definition 2.3]. O
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1.3. The big Hurwitz stack 7

Fix a positive integer d. The goal of this section is to define the big Hurwitz stack .29 as a
moduli stack of d sheeted covers of pointed orbinodal curves. We begin by defining the stack of
divisorially marked, pointed nodal curves. This should be interpreted as the moduli space of the

branching data of our branched covers.

DEFINITION 1.3.1. Define the stack .# of divisorially marked, pointed nodal curves as the

category fibered over Schemesk whose objects over S are
AM(S)={(P— S;%;01,...,00)},

where
(1) P is an algebraic space and P — S a connected nodal curve;
(2) ¥ C P is a Cartier divisor, flat over S, that lies in the smooth locus of P — S
(3) 0j: S — P are pairwise disjoint sections lying in the smooth locus of P — S and away

from X.

PROPOSITION 1.3.2. .# is a smooth algebraic stack, locally of finite type.

PROOF. Postponed to a

We now define s#¢. Recall our notation from m

oy is the classifying stack of schemes of length d;
Zyg — 73 is the universal scheme of length d;
¥q C @y is the universal branch locus;

&g = Ay \ Xq is the locus of étale covers.

DEFINITION 1.3.3. Define the big Hurwitz stack #? as the category fibered over Schemesyk

whose objects over S are
(1.3.1) HUS)={(P =P = S;01,...,00;x: P — y)},

where
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(1) (P—= P — S;01,...,0,) is a pointed orbinodal curve;

(2) x: P — o, is a representable morphism that maps the following to &;: the generic points
of the components of P, the nodes of P, and the preimages of the marked points in Pg,
for every fiber Py of P — S.

A morphism between two objects (P1 — Py — Si;{o1;};xa: P1 — ) and (P2 — P» —
Sa;{02;}; X2: P2 — &74) over a morphism S; — S consists of two pieces of data: (F, «), where
(1) F is a morphism of pointed orbinodal curves: F': P; — P, and
(2) «is a 2-morphism: a: x1 — x20 F,

such that (F,«) fits in a Cartesian diagram

N o A
.
(1.3.2) ’P1*>'P2

=y

51*)52

We abbreviate (P — P — S;01,...,0n;x: P — ) by (P — P;0;X).

REMARK 1.3.4. The careful reader may wonder what happened to the 2-morphisms between
the l1-morphisms from P; to P,. After all, the objects of ¢ involve stacks, which makes it, a
priori, a 2-category. However, by [I, Lemma 4.2.3], the 2-automorphism group of any 1-morphism
Py — Py is trivial. Thus, #? is equivalent to a 1-category [I, Proposition 4.2.2]. What this means
explicitly is that we treat two morphisms given by (F,a) and (F’, ') as the same if they are related

by a 2-morphism between F and F”.

REMARK 1.3.5. Let us explain the condition of representability of x (Definition 1.3.3 ) A

morphism between two Deligne-Mumford stacks F': Z° — % is representable if and only if for
every geometric point x — 2, the induced map of automorphism groups Aut,(2") — Autp,) (%)
is injective [I, Lemma 4.4.3]. Thus the representability of x means that the stack structure on P is

the minimal one that affords a morphism to 7.

REMARK 1.3.6. Let us explain the role played by the orbinodes. Consider a local piece of an
orbinodal curve near a node; say U = [Spec (k[z,y]/zy) /un] and an étale cover C — U. Observe

that the induced map on the coarse spaces C — U is precisely an admissible cover in the sense of
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Harris and Mumford [I5]. In this way, the orbinodes provide a way to deal with the admissibility

condition.

REMARK 1.3.7. Let us explain the role played by the marked points. Consider a local piece of
an orbinodal curve near a marked point; say U = [Spec k[u] /). The morphism x maps such a piece
into & = BSy, corresponding to an étale cover C — U. Note that in contrast to the fundamental
group of a small piece of a schematic curve, the fundamental group of the stacky curve U is not

trivial; it is precisely u,,. Thus, C — U may be a non-trivial étale cover, specified by the monodromy
Auto(U) = pn, — Auto(BSq) = Sq.

The condition of representability implies that this monodromy map is injective. On the level of
coarse spaces, we thus get a cover C' — U with monodromy around 0 given by an element of order
n in S4. By taking the open and closed substack of /#? where Aut,,(P) has order n, we in effect
impose the condition that the monodromy of C — P around o; is a permutation m € Sy of order
exactly n. By further restricting to the open and closed substack where 7 has a specific cycle
structure, we can fully prescribe the monodromy. In this way, we can get moduli spaces of covers

with prescribed ramification type over distinct marked points on the base.

It is useful to have a formulation of 7% purely in terms of finite covers. Since a map to .@7; is
nothing but a finite cover of degree d, we see that ¢ may be equivalently described as the category

whose objects over a scheme S are

(1.3.3) {(P—=P—= S;o1,...,0n;0:C— P)},
where
(1) (P— P — S;01,...,04) is a pointed orbinodal curve;

(2) ¢ is a finite cover of degree d, étale over the following: the generic points of the components
of P, the nodes of P, and the preimages of the marked points in Pg, for every fiber P;
of P — §S.

(3) Furthermore, the following condition is satisfied: for every open subset & C P \ br ¢, the

morphism U — BS, corresponding to the étale cover Clyy — U is representable.
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In this formulation, a morphism between (P1 — P1 — S1;015;¢1: C1 — P1) and (P2 — P, —
So; 0955 ¢2: C2 — Pr) is given by (F,G) where F: P; — P, is a morphism of pointed orbinodal

curves and G: C; — Cy a morphism over F such that we have a Cartesian diagram

C1L>02

S1 —— S

We abbreviate (P — P — S;01,...,0n;¢: C = P) by (P — P;0;¢). We use the formulation
of 7% in terms of maps to &7 or in terms of finite covers depending on whichever is convenient.

% is related to .# via the branch morphism, which we now define. Consider an object
(P— P — S;01,...,00;¢: C — P) in 2%(S). Identify br¢ with its image in P (note that br ¢
is anyway disjoint from the stacky points of P). Then br¢ C P is an S-flat Cartier divisor. The

branch morphism br : J#% — # is defined by

br: (P— P — S;01,...,0n0;6:C— P)— (P — S;bro;o1,...,00).

THEOREM 1.3.8 (Main). 2#¢ is an algebraic stack, locally of finite type. The morphism
br: #% — 4
is represented by proper Deligne—Mumford stacks.

is motivated by the treatment of Hurwitz spaces as spaces of maps into a suitable
stack by Abramovich, Corti, and Vistoli [2], building on the work of Abramovich and Vistoli [IJ.
The proof of the main theorem in [I] is quite involved. However, thanks to the advancement of
technology related to stacks, we can give a fairly short and conceptual proof of We
rely most notably on the careful study of orbinodal curves by Olsson [33] and the construction of
Quot schemes by Olsson and Starr [32]. There is a very general result for the existence of Hom
stacks due to Aoki [3], but it is not suitable for our purpose because it does not yield the required

finiteness properties.

We prove [I'heorem 1.3.8|in [Section 1.4}
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REMARK 1.3.9. The key properties of @7; used in the proof are that it is the quotient of an
affine scheme by an action of the general linear group and it contains a proper Deligne-Mumford
stack &y as an open (to which the generic points, the marked points and the nodes are required to
map). It certainly seems possible to prove a generalization of where o7, is replaced
by a suitable such global quotient [U/G], generalizing the construction by Ciocan-Fontanine, Kim,

and Maulik [5]. However, such a generalization is beyond the scope of the present work.

1.4. Proof of the main theorem

This section is devoted to proving [I'heorem 1.3.8] The proof is broken down into parts.

1.4.1. That .# is a smooth algebraic stack, locally of finite type. This result is essen-

tially [33] Lemma 5.1]. We sketch a proof for completeness, following Olsson [33] and Hall [14].

LEMMA 1.4.1. [T, Proposition 2.1] Let m: P — S be a nodal curve, where P is an algebraic
space and S a scheme. Let s — S be a geometric point. Then there is an étale neighborhood T'— S

of s such that wp: Pr — T is projective.

PRrROOF. Pick points z1,...,z, € P, in the smooth locus such that the Cartier divisor x; +
--++ x, is ample on Ps. Since P — S is smooth along the chosen points z;, there is an étale
neighborhood T' — S of s such that each z; extends to a section o; of wp: Pr — T. By passing
to a Zariski open, if necessary, assume that the sections map to the smooth locus of . Then the
divisor 01(T) 4 - - -4 0,(T) is a Cartier divisor on Pr which is ample on the fiber over s. Again, by

passing to a Zariski open, if necessary, we get a mp-ample divisor. Hence 7 is projective. ([l

We are ready to prove [Proposition 1.3.2] which we recall for convenience.

PROPOSITION 1.3.2. .# is a smooth algebraic stack, locally of finite type.

PROOF. Let .#%™ C .# be the subcategory where the degree of the marked divisor is b and
the number of marked points is n. It suffices to prove that .#%™ is an algebraic stack, locally of
finite type. For brevity, set % = .#%°.

Clearly, the obvious forgetful morphism .#%" — % is representable by smooth algebraic spaces
of finite type. Hence, it suffices to prove that % is an algebraic stack, locally of finite type.

That % is a stack over Schemesgk follows from standard descent theory; it will not be repro-
duced here. Note, however, that it is important to allow algebraic spaces (and not merely schemes)

P — S in the definition of ./ .
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We now prove that % is algebraic. Recall that this means the following two conditions:
(1) the diagonal % — % x % is representable by separated algebraic spaces of finite type;
(2) % admits a smooth, surjective morphism from a scheme, locally of finite type.
For , we must check that given two objects P; — S of %, for i = 1,2, the sheaf Isomg(P;, P») on
S is representable by a separated algebraic space of finite type. It suffices to check this étale locally
on S. Also, this is well-known if P; — S are projective. Thanks to the general case
follows.
For , it suffices to exhibit a smooth, surjective map to % from an algebraic stack, which is
itself locally of finite type. Denote by .# ;?,ICVI the stack of Deligne-Mumford stable curves of genus g
and k marked points. This is an algebraic stack of finite type. The forgetful morphism .# ;?,E/I — U

is easily seen to be smooth, and the morphism from the disjoint union

|| 22—
k>0,g>0
is surjective.
Finally, the smoothness of % follows from the smoothness of .. O

1.4.2. That br: #? — _# is an algebraic stack, locally of finite type. The overall
strategy is to work our way up from .# to J#¢ via a series of intermediate algebraic stacks. We
first introduce some covenient notation. Denote by .#%* (resp. .#*"™, .#*™) the open substack of
M where the marked divisor has degree b (resp. there are n marked points, degree b and n marked
points).

The first intermediate step is the stack of pointed orbinodal curves. Let .#Z°™ be the category
over Schemesgk whose objects over S are pointed orbinodal curves (P — P — S;0). Denote by
A °PEN the subcategory of .#°™P where the order of the automorphism groups at the points of the

orbinodal curve is bounded above by N. There is a morphism .#°™ — .#%* given by
(P— P — S;0)— (P— S;0).
We quote, without proof, a theorem of Olsson [33].

THEOREM 1.4.2. [39, Theorem 1.9, Corollary 1.11] .#°™ and .#°<N are smooth algebraic
stacks, locally of finite type. M °P<N is an open substack of M °™P. The morphism M °P<N — 40>

is representable by Deligne—Mumford stacks of finite type.
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We have a morphism ¢ — .#°™ given by
(P — P;0;C = P)— (P— P;o).
Define categories ZinCov?® and ¥ ect? fibered over Schemesyk as follows

FinCov(S) = {(P — P — S;0;¢: C — P), where ¢ is finite, flat of degree d},

Yect?(S) = {(P — P — S;0;F), where F is locally free of rank d on P}.
In both definitions, (P — P — S;0) is a pointed orbinodal curve. We have morphisms
(1.4.1) H = FinCov? — Vect — #°™.
Indeed, the first is obvious; the second is given by
(P— P;o;¢:C = P)— (P — P;0;6.0¢);

and the last by
(P— P;o;F) — (P — P;o).

We analyze each morphism in one by one.

Before we proceed, we need some results on the structure of orbinodal curves. We first recall
the notion of a generating sheaf on a Deligne-Mumford stack from [25] § 5.2]. Let X’ be a Deligne—
Mumford stack with coarse space p: X — X. A locally free sheaf £ on X is a generating sheaf if

for every quasi coherent sheaf F, the morphism
P p(Homy(E,F) ®o, E) = F

is surjective. Equivalently, £ is a generating sheaf if and only if for every point x of X, the repre-

sentation of Aut,(X) on the fiber of £ at x contains every irreducible representation of Aut,(X).

PROPOSITION 1.4.3. Let S be a scheme and (P — P — S;0) a pointed orbinodal curve. There
is a scheme T and a surjective étale morphism T — S such that
(1) Pr admits a finite, flat morphism from a projective scheme Z;
(2) Pr is the quotient of a quasi projective scheme by a linear algebraic group;

(3) Pr admits a generating sheaf.
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PROOF. The first statement is due to Olsson [33, Theorem 1.13]. The existence of a finite flat
cover Z — Pp implies that Pr is the quotient of an algebraic space Y by the action of a linear
algebraic group by [8, Theorem 2.14]. We may assume that 7 is affine and, by that
Pr is projective over T. Then Pr is quasi-projective. In this case, Y can be proved to be quasi-
projective |25 Remark 4.3]. Finally, since P is a quotient stack with a quasi projective coarse space,

the third statement follows directly from [25, Theorem 5.3]. O
PROPOSITION 1.4.4. ¥ect® — .#°™ is an algebraic stack, locally of finite type.

PROOF. Let S be a scheme and (P — P — S;0) an object of .#°™. We must prove that the

category of vector bundles of rank d on P is an algebraic stack, locally of finite type. It suffices to

prove this after passing to an étale cover of S. By [Proposition 1.4.3] we can assume that P — S

admits a generating sheaf and by that P — S is projective. Now it can be shown
that the stack €ohp,g of coherent sheaves on P, flat over S, is an algebraic stack, locally of finite
type. A smooth atlas is given by the Quot schemes of Olsson and Starr [32]. We omit the details;
see the pre-print by Nironi [3I], § 2.1] for a complete proof. Clearly, the stack of vector bundles of

rank d on P is an open substack of €ohp/g. O
PROPOSITION 1.4.5. ZinCov® — Vect? is representable by algebraic spaces of finite type.
For the proof, we need two easy lemmas.

LEMMA 1.4.6. Let S be an affine scheme and X — S be a proper Deligne—Mumford stack with
coarse space p: X — X, where X is a scheme. Let F be a coherent sheaf on X, flat over S. Then,

there is a finite complex My of locally free sheaves on S':
My — My — - —> M,
such that for every f: T — S, we have natural isomorphisms
H'(f*M.) = H'(Xr, Fr);

PRrROOF. Let F' = p,F. Then F is a coherent sheaf on X, flat over S. Since X is a proper
scheme over S, the standard theorem on cohomology and base change for schemes [30, §I1.5], gives

a finite complex of locally free sheaves M, with natural isomorphisms

(1.4.2) H(f*M,) = H'(Xr, Fr).
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Now, the map pr: Xr — X7 is the map to the coarse space. Since maps to the coarse spaces are

cohomologically trivial for quasi-coherent sheaves, we have pr,(Fr) = Fr and a natural identifica-

tion
(1.4.3) H'(Xr,Fr) = H'(Xp, Fr).
Combining (1.4.2) and (1.4.3), we obtain the result. O

LEMMA 1.4.7. Let X — S and F be as in|Lemma 1.4.6l Then the contravariant functor from
Schemesg to Sets defined by
(f: T — S)— H(Xp, Fr)

is represented by an affine scheme Sectr,s over S.

When no confusion is likely, we denote Sectr,g by Sectr.

PROOF. Let M, be as in [Lemma 1.4.6] Let T; = Specg(Sym™(M,”)) be the total spaces of the
vector bundles M; (we only care about ¢ = 0,1). Then T; are vector bundles over S and we have
a morphism Ty — T;. Let Sectr C T be the scheme theoretic preimage of the zero section of Tj.

From the natural isomorphism

HO(f*My) =5 H(Xr, Fr),

it is easy to see that Sectr represents the desired functor. [

We now have the tools to prove |Proposition 1.4.5|

PROOF OF [PROPOSITION 1.4.5l Let S be a scheme and S — ¥ ect? a morphism given by the

object (P — P — S;0;F) of Vect?(S). We must prove that .ZinCov? x ... S is an algebraic
space of finite type. It suffices to prove this after passing to an étale cover of S. So, assume that S
is affine and P is projective over S. By an Op-algebra structure on F, we mean a pair (i, m), where
i: Op — F and m: F ® F — F are morphisms of Op modules that make F a sheaf of Op-algebras.
Let @Zlgr be the stack of Op-algebra structures on F. The operation of taking the spectrum gives
an equivalence

dlgr — FinCov? Xy gupa S.
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Now, an algebra structure on F is determined by a global section (corresponding to i) of F and one

(corresponding to m) of SZom(F & F,F) subject to the conditions

mo (i®id) =mo (id®l) =1id (multiplicative identity)
mosw=1m (symmetry)
mo (id®m) =mo (m ®id) (associativity),

where sw: F @ F — F ® F is the switch x ® y — y ® x. Each of these equations can be interpreted
as the vanishing (agreeing with the zero section) of a morphism from Sectr x s Sect ypom(F,FoF) to

a suitable Sect space. For example, the equality
mo (id®1) =id
can be phrased as the vanishing of the morphism

Sectr Xg Sectﬁom(}',]_‘@}') — Sectﬁaom(]:’]:)

defined by

(i,m) — mo (i ®id) —id.

Thus, #/lgr is represented by the closed subscheme of Sectr x5 Sect ypom(r,For) defined by van-

ishing of the equations given by the conditions above. O
We finish the final piece of (|1.4.1).

PROPOSITION 1.4.8. 7% — FinCov? is an open immersion.

PROOF. Let S be a scheme and S — .ZinCov? a morphism corresponding to an object (P —
P — S;0;4: C = P) of FinCov?(S). Let m: P — S be the projection. Denote by ¥ C P the
image in P of the branch divisor of ¢. Clearly, the locus S; C S over which ¥ is disjoint from the
singular locus of P — S and the sections o; is an open subscheme. Over Sy, the Cartier divisor
3 C P does not contain any components of the fibers and hence it is S;-flat.

Let x: P — #/; be the morphism corresponding to the degree d cover C — P. Let Z,, — P be
the inertia stack of x. Then Z, — P is a representable finite morphism. The set Z C P over which
Z, has a fiber of cardinality higher than one is a closed subset and its complement is exactly the

locus where x is representable. Let Sy = S1 N (S\ 7(2)).
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Then, by definition, % X 2,,c0pt S = Sz, which is an open subscheme of S. O
We have finished the first part of the proof of

PROPOSITION 1.4.9. The morphism br : ' — 4 is an algebraic stack, locally of finite type.

PrOOF. The forgetful morphism .# — .#%* is represented by algebraic spaces of finite type.
Hence, it suffices to show that s#? — .#%* is an algebraic stack, locally of finite type. We have

the sequence of morphisms

(1.4.4) H — FinCov® — Vect — ™ — .

Starting from the right, [Theorem 1.4.2] [Proposition 1.4.4] [Proposition 1.4.5] and [Proposition 1.4.§|

imply that each of the morphisms above is an algebraic stack, locally of finite type. Hence, so is

their composite. O

1.4.3. That br: #? — # is of finite type. The strategy in this section is to study (1.4.4)

more carefully and trim down the intermediate stacks so that they are of finite type.

PROPOSITION 1.4.10. The morphism ¢ — .#°™ factors through the open substack .#°P<N
for any N > d!.
As the proof shows, one can do better than d!, but the actual number is not very important.

PrOOF. Take an object (P — P — S;0;%) of #%. Let p be a point of P which is either a
node or a marked point in its fiber. Then x maps a neighborhood of p into &; = BS,. Since x is

required to be representable, we have
Aut,(P)— Autx(p)(BSd) =S4.

In particular, the size of Aut,(P) is at most d!. O

Set
%d _ %b,* X g %d7

and denote by ”f/ectfl, ~ the open substack of ¥ ect? parametrizing vector bundles of fiberwise degree

[ and at most N dimensional space of global sections.

ProrosIiTION 1.4.11. The morphism %’jfl — Vect? factors through the open substack ”//ectﬁN

forl=-=b/2 and any N > d.
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PrOOF. Consider a geometric point (P — P;o;¢: C — P) of 5. Then, the branch divisor
of ¢, which is a section of det ¢*Oc®(_2), has degree b. Hence ¢,O¢ has degree [. Furthermore,
since C is a reduced curve which is a degree d cover of the connected curve P, we must have

hO(¢,0c) < d. O

ProrosITION 1.4.12. The morphism “//ect;i’N — MO s of finite type.

For the proof, we need some results about the boundedness of families of sheaves on Deligne—
Mumford stacks. Let S be an affine scheme and X — S a Deligne-Mumford stack with coarse space
p: X = X, and a generating sheaf £. Let Ox (1) be an S-relatively ample line bundle on X. Let
U be an S-scheme, not necessarily of finite type, and F a sheaf on Ay. We say that the family of
sheaves (X, F) is bounded if there is an S-scheme T of finite type and a sheaf G on X7 such that
every geometric fiber (X, F,,) appearing in (Xy, F) over U appears in (Xr,G) over T. In this case,
we say that (Xr,G) bounds (Xy,F).

Set

Fe(—) = pedlomyx(E,—).

Then F¢ takes exact sequences of quasi-coherent sheaves on X to exact sequences on of quasi-

coherent sheaves on X, because p, is cohomologically trivial.

LEMMA 1.4.13. In the above setup, if the family (Xy, Fg(F)) is bounded, then the family (Xy, F)

is also bounded.

PROOF. Since Fg¢(F) is bounded, we have a surjection
Ox(=M)*N ©5 Oy — Fg(F)
for large enough M and N. Since £ is a generating sheaf, this gives a surjection
(1.4.5) E®x Ox(—M)®N @50y — F.

Let K be the kernel. Then, (Xy, Fg(K)) is also bounded, and by the same reasoning as above, we

have a surjection

(1.4.6) E@x Ox (=M 50y - K
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for large enough M’ and N’. Combining (|1.4.5) and (1.4.6]), 7 can be expressed as the cokernel
£ @x Ox(—~M")*M @5 0y — € ®x Ox(—M)®M @5 Oy — F.

Set

H = Homy (5 Rx OX(—M/)@N,75 Rx OX(—M)®N) )

and T = Secty;;s. By T — S is of finite type. Letting G be the cokernel of the

universal homomorphism on Xr, we see that (X7,G) bounds (Xy, F). O

REMARK 1.4.14. In the case of a curve X — S, the family (X, Fg(F)) is bounded if the degree,
rank and h° of Fe(F), are bounded for u € U.

We now have the tools to prove [Proposition 1.4.12]

PRrROOF OF [PROPOSITION 1.4.121 Let S be a connected affine scheme and S — .Z°™ a mor-
phism given by the pointed orbinodal curve (P & P — S;0). We must prove that ¥ ectﬁ N X_gorb
S — S is of finite type. After passing to an étale cover of S if necessary, assume that

(1) P — Sis projective with relatively ample line bundle Op (1) (this is possible by [Lemma 1.4.1]),

(2) We have a generating sheaf £ on P (this is possible by [Proposition 1.4.3)).

Set E = p.&. Since £ ® p*Op(—1) is also a generating sheaf, by twisting € by p*Op(—1) enough
times, assume that we have a surjection OgM — E for some M.
Let U — ”I/ectf{ N X_go S be a surjective map from a scheme (not necessarily of finite type),

given by the family (Py — Py — U;0;F).

CrLaM. (Py,F) is a bounded family of sheaves.

PROOF. Set

F = Fe(F) = poslomp(E, F).

By it suffices to show that thee degree, rank and A" of F, are bounded. The rank
of F, is constant; the degree of sZom(E,F), is constant. It is easy to see that the degree of
Hom(E, F), and the degree of F,, differ by a bounded amount, depending only on P — P and £.
Hence the degree of F,, is bounded. Likewise, it is easy to see that h°(F,) and h°(om(p«&, puF)u)
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differ by a bounded amount, depending only on P — P and £. On the other hand,

HO (A om(p.&, poF)u) = Hom(E,, p.Fy)
C Hom(OEM, p. Fu)
= HO(]:u)@M~

By hypothesis, the final vector space has dimension at most M N. It follows that h°(F,) is bounded.
O

Let T — S be of finite type and (Pr,G) a family that bounds (Py,F). By shrinking T if
necessary, G is a vector bundle of rank d with fiberwise degree [ and dimension of global sections at
most N. Then we have a surjective map T — "//ectf{N X _gorv S. It follows that the latter is of finite

type. (I
We have now finished the second part of the proof of

PROPOSITION 1.4.15. br: 5% — 4 is of finite type.

PROOF. Since the open substacks .#%* cover .# for b = 0,1,2,..., it suffices to show that
br: % = Y % 4 M — M5 s of finite type. With | = —b/2, and N large enough, we have

the following diagram,

%d —> ZinCov?

NS b

”f/ectﬁ N ¥ ectd

~ |

%b,* %%O,* (2_%orb§N 4)%01%

The thick arrows in the diagram are known to be of finite type: (0) is an open immersion, (1) is of

finite type by [Proposition 1.4.5) (2) by [Theorem 1.4.2] and (3) by [Proposition 1.4.12] Recall that
for algebraic stacks X, ), Z, all locally of finite type, and morphisms X — ) — Z, we have the

following:
(1) If X - Y and Y — Z are of finite type, then X — Z is also of finite type;
(2) If X — Z is of finite type, then X — ) is also of finite type.

Using the two repeatedly reveals that (4) is also of finite type. [
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1.4.4. That br: #? — # is Deligne-Mumford.
PROPOSITION 1.4.16. br: 5% — 4 is represented by Deligne-Mumford stacks.

PROOF. The proof is straightforward. By it suffices to check that s#¢ — .#°™® is
represented by Deligne-Mumford stacks. In other words, we want this morphism to have unramified
inertia. This can be checked on points. Let (P — P — Speck;o;C — P) be a geometric point of
#¢. We must show that C has no infinitesimal automorphisms over the identity of P. As C — P is
a finite cover, these automorphisms are classified by Home (¢ /p, Oc). Since C — P is unramified
on the generic points of the components, €)¢c p is supported on a zero dimensional locus. Since C is

reduced, it follows that Home (2¢/p, Oc) = 0. O

1.4.5. That br: #? — .« is proper. We check that br is proper by verifying the valuative
criterion. Two pieces of notation will be helpful. If S is the spectrum of a local ring, denote by S°
the punctured spectrum

S° =8\ {closed point of S}.

For a Deligne-Mumford stack X with coarse space X — X and a geometric point x — X, set
Xy =& Xx SpecOx 4.

It will be convenient to work with the spectrum of a henselian DVR. The reader unfamiliar with
this notion should imagine it to be a small (in particular, simply-connected) complex disk.

We begin with a simple lemma about the following setup. Let r be a positive integer and G
a finite group. Let R be a henselian DVR with residue field & and uniformizer t. Let Og the
henselization of R[z,y|/(xy — t") at the point corresponding to (¢,z,y). For a positive integer a

dividing r, define a finite extension S, — S by

Os, = Oglu,v]/(u® — z,v* —y, uv — t'/%).

a

We have an action of p, on S, over the identity of S by u + (u and v+ (" 'v.

LEMMA 1.4.17. Let x: S° — BG be a morphism given by a G torsor E — S°. Then x extends
to a morphism [Sy/u.] = BG. More generally, x extends to a morphism [S,/1q] = BG if and only
if the pullback of E to S,° is trivial. Furthermore, in this case the extension of x is representable if

and only if a is the smallest with the above property.
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PRrROOF. To extend y, we may work étale locally on the source. We use the étale cover S, —
[Sa/1ta]. Note that S, is simply connected (it is henselian). Hence the pullback of F to S,° extends
to S, if and only if this pullback is trivial. Being trivial over S,.° is automatic, since S,.° is simply
connected.

Note that S,.° — S° is the universal covering space—it is a p,-torsor where the source S,° is
simply connected. The G torsor £ — S° corresponds to a homomorphism u, — G. By the theory

of covering spaces, the pullback of F along S,° — S° is trivial if and only if u, — G factors as
(1.4.7) pr = fta = G,

where i, — pq is the map ¢ — (/. As we saw, in this case, we get a morphism x: [S,/pa] —
BG. Let s — [Su/ua] be the stacky point. Observe that the map on automorphism groups
Auty([Sq/pa]) = Auts(BG) is exactly the map p, — G in (1.4.7). Since x is representable precisely

when Auty([Sq/1te]) = Auts(BG) is injective, the result follows. O

PROPOSITION 1.4.18. br: 5% — .4 is separated.

PROOF. As br is of finite type, we may use the valuative criterion. Let R be a henselian DVR
with residue field k, fraction field K and uniformizer t. Set A = Spec R. Denote the special, the
general and a geometric general point of A by 0, n and 7 respectively. Let (P; — P — A; 05 x;: Pi —
), for i = 1,2, be two objects of ##%(A) over an object (P;¥;0) of 4 (A). Let ¢;: C; — P; be

the corresponding degree d covers and let
¢Z (C1 — ’P1)|77 — (CQ — P2)|7l

be an isomorphism over the identity of P. We must show that ¢ extends to an isomorphism of the
orbinodal curves P; — Ps and the covers C; — Co over all of A. Recall that P8" is the complement
of the markings o in the smooth locus of P — A.

Step 1: Extending v : C; — C; over P2%°": Since C; — P is étale over the generic points of
the components of P|y, the map ¢: C; — Ca extends, except possibly at finitely many points on the

central fiber. As a result, on P& we get an isomorphism of vector bundles

w# : ¢2*OC2 |Pgen — ¢1*Ocl |Pgen



1.4. PROOF OF THE MAIN THEOREM 36

away from a locus of codimension two. Since P& is smooth, by Hartog’s theorem, this isomorphism
extends over all of P#". The extension must also be an isomorphism of algebras by continuity.
Step 2: Extending ¢: P; — P, at the non-generic nodes: Let p — Py be a node not in
the closure of P |§7i“g. It suffices to extend 1 étale locally around p. The local ring Op, must be the
strict henselization of the ring R[z, y]/(zy—t") at the point corresponding to (¢, z,y) for some positive
integer r. Recall that the y; are required to map the nodes to the substack &; = BS, corresponding

to étale covers. By the first step, the two maps x;: Spec O% , = BSy are isomorphic. Since both

Xi are representable, the structure of orbinodal curves (Proposition 1.2.2)) and |[Lemma 1.4.17|imply

that

(P1)p 2 (P2)p = Spec|Op,plu, v]/(u® — 2, v — y,uv — £"/%) /g,

for some divisor a of . Thus, we can get an extension ¥: P; — Ps.
Step 3: Extending v: P; — P, at the marked points: Let p — P|y be one of the marked

points ¢;(0). Then Op, is the henselization of R[xz] at (¢,z). Let 5 be a geometric generic point of

P over ¢;: n — P|,. By the structure of orbinodal curves (Proposition 1.2.2) for p and &;, we have

the picture for ¢+ = 1, 2:
Piyp

SpecOp,,

Spec Ro]*" /p,,] — Spec Rla]™

I I

[Spec Ko™ /p1y,] — Spec K [«]"
|

Piz;

SpecOpjz;

)

where p,, acts by v — (v. The isomorphism P |, — Pal, gives an isomorphism Piz; = Pog,;- In
particular, we get 7, = ro = r. Furthermore, it is easy to see that an isomorphism [Spec K [v]*" /1] —
[Spec K[v]™" /p1,] over the identity of the coarse spaces Spec K[z]™" — Spec K[z]™ must be of the
form v — (v for some rth root of unity (. Clearly, such an isomorphism can be extended to an
isomorphism [Spec R[v]™/p,] — [Spec R[v]™ /..

Step 4: Extending v¢: P; — P, at the generic nodes: This step mirrors the previous step;
only the orbinodal structures are a little different. We give the details for completeness.

Let p — P|o be a node in the closure of P[3"8. Then Op,, is the henselization of R[z,y]/xy at

(t,z,y). Since A is henselian, we have a section o: A — P8 with ¢(0) = p. Let @ be a geometric



1.4. PROOF OF THE MAIN THEOREM 37

generic point of P|, over o: n — P|,. By the structure of orbinodal curves (Proposition 1.2.2)) for

p and @, we have the picture for i = 1, 2:

Pip SpecOp,

[Spec R[uivvi]Sh/(uiUi; u; — x",v; —y") /pr,] — Spec (R[%y]/xy)Sh

I I

[Spec Kui, v;]™ / (wivi, u; — a7 v; — y™) /pir,] — Spec (K [z, y]/zy)™

Piz SpecOpz

The isomorphism 9: P1|,, — P2/, gives an isomorphism P; 7 — P2z. In particular, we get r; =
ro = 7. Furthermore, see that an isomorphism : Py 7 — P27 over the identity of the coarse spaces
P, 5 — P17 must be of the form u; — (iuz and vy = (av2 for some rth roots of unity ¢; and (s.
Such an isomorphism can be extended to an isomorphism Py , — Pa .

Step 5: Extending v¢: C; — C: By Step 2, Step 3 and Step 4 , we have an isomorphism
1: Py — Pa. By Step 1, we also have an isomorphism v : C; — C5 except over the node points and
the marked points of P;|o. However, C; — P; is étale over these points; hence ¢ must extend to an

isomorphism ¢ : C; — Cs.

The crucial ingredient for properness is the following theorem of Horrocks [20].

PRrROPOSITION 1.4.19. [20, Corollary 4.1.1] Let S be the spectrum of a regular local ring. If

dim S = 2, then every vector bundle on the punctured spectrum S° is trivial.

PROOF. We only describe the main idea. See [20] for the full details.

Denote by i: S° — S the inclusion map. Let E be a vector bundle on S°. If dim S > 2,
then i, F can be shown to be a coherent sheaf on S with depth at least 2. If dim S = 2, by the
Auslander—Buchsbaum formula, we conclude that i, F is free. As every vector bundle on S is trivial,

we conclude that FE is trivial. O

PROPOSITION 1.4.20. br: 5% — 4 is proper.
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PrOOF. A large chunk of the proof is identical to the proof in the paper of Abramovich and

Vistoli [T, Proposition 6.0.4]. The final step is new; it uses [Proposition 1.4.19[and the expression of

g as the quotient of an affine scheme by Glg.

As br is of finite type, we may use the valuative criterion. As before, let R be a henselian DVR,
with residue field k, fraction field K and uniformizer t. Set A = Spec R. Denote the special, the
general and a geometric general point of A by 0, n and 7 respectively. Let (P — A;¥;0) be an
object of .#(A) and (P|, — P|,;0;x) an object of 5#%(n). We want to extend it to an object over
all of A, possibly after a base change.

Step 1. Extending y at the generic points of the components: This step follows Step
2 in [T, Proposition 6.0.4].

We work étale locally. Let ¢ be a geometric generic point of a component of P|y. Then the local
ring Op is also a DVR. Since the branch divisor ¥ does not contain any component of P|y, the
morphism x sends the punctured spectrum P to &4. We must extend it to a morphism x: Pr — &4.
Since &; = BSy is a proper Deligne-Mumford stack, such an extension is possible after passing to
a finite cover ]SC — P¢. By Abhyankar’s lemma, there is an n such that }54 — P¢ is isomorphic to
Pt Xspec RSpec R[/t] — P:. Thus, by passing to a sufficiently big cover Spec R[ ¥/t] — Spec R = A,
we can extend y along the generic points of all the components of P|y. Henceforth, replace R by
R[ V1.

At this point, we have a morphism y: P — 7, defined away from finitely many points on P|g.

Step 2. Extending x at the non-generic nodes: This step follows Step 3 in [I, Proposi-
tion 6.0.4].

Let p — Plo be a node not in the closure of P,[*™&. We must describe an orbinodal structure
at p and a representable extension of x. It suffices to do both things in the étale topology. The
stalk Op,, is isomorphic to Rz, y}Sh/(xy —t") for some r > 1. Since X is supported away from the
nodes, the morphism x sends the punctured spectrum Py to &; = BS,4. As in let a

be the smallest integer dividing r such that y extends to a morphism
X: [Spec Op plu, v/ (u® — z,v* — y, uv — t"/*) ) a) — &4 = BSq,
where i, as usual, acts by u + ¢ and v — ¢~ 'v. Construct P over P such that

Py, = [Spec Opp[u,v]/(u® — z,v* —y,uv — tr/“)/ua}.
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By |Lemma 1.4.17, we have a representable extension x: P, — &3 = BS,..

Step 3: Extending y at the generic nodes and marked points: This step follows Step
4 in [I| Proposition 6.0.4].

Let p — P|o be in the closure of P|1S7mg. First, we extend the orbinode structure P|, over p.
Note that Op,, is isomorphic to the henselization of R[x,y]/zy at (¢,x,y). Since A is henselian, we

have a section o: A — P58 with o(0) = p. Letting & be a geometric generic point of this section,

we get by [Proposition 1.2.2|

Ps = [Spec K [u, v]™ / (uv, u® — 2, 0" — y)/ j1a],
for some positive integer a. We extend P over P, by the same formula
Py = [Spec Rlu, o™/ (uv, u® — z,v" = y)/ptal-

Having defined the orbinodal structure, we must extend x. Again, note that y sends a neigh-
borhood of p to the étale locus &y = BS,;. We must find an extension x: P, — &;. We may work
étale locally on the source, in particular, on the étale cover Spec Op,[u, v]/(uv, u® —z,v* —y) = Pp.
We already have x on the punctured spectrum (Spec Op p[u, v]/(uv, u®* — x,v* — y))°. Since this
punctured spectrum is simply connected, x extends to a map x: Opp[u, v]/(wv, u® —x,v% —y) — &y.

The case of marked points p = ¢;(0) is entirely analogous, if not easier.

Step 4. Extending x over all of P: By the previous steps, we have a pointed orbinodal
structure P — P and an extension of x on P away from finitely many smooth, unmarked (i.e. differ-

ent from o;) points of P|g. Let p — P|y be a smooth, unmarked point. Recall that «7; = [By/ Glg),

where By is an affine scheme (Proposition 1.1.2). The morphism x: Py — 7 is equivalent to a

Gly torsor E* — PJ and a Glg equivariant morphism E* — B;. However, by [Proposition 1.4.19]

there are no nontrivial Glg torsors on Py. In particular, E* extends to a Gl torsor £ — P,. Next,
E* C E is the compliment of the codimension two locus E|,. Since E is smooth and By affine, we
have an extension £ — By by Hartog’s theorem. The extension is Glg equivariant by continuity.
Thus, we get an extension x: P, — 4.

Finally, note that the two divisors x*>4 and ¥ are supported in the general locus P8" and are
equal, by construction, on the complement of a codimension two set. Hence, they must be equal.

O
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REMARK 1.4.21. It may be helpful to recast Step 4 in terms of finite covers. Let p — PJy be

a smooth, unmarked point. Assume that we have a finite cover ¢: C' — U \ {p}, where U is a

neighborhood of p. We wish to extend it to a cover over all of U. By |[Proposition 1.4.19] the vector

bundle ¢.O¢ extends to a vector bundle over U. Next, we must extend the Op algebra structure
of .O¢c. The algebra structure is specified by maps of vector bundles, which all extend over p by
Hartog’s theorem. The extensions continue to satisfy the identities to be an algebra by continuity.

The result is an extension of ¢ over all of U.

The proof of the main theorem is now complete. We recall the statement and collect the pieces

of the proof.

THEOREM 1.3.8 (Main). 2#¢ is an algebraic stack, locally of finite type. The morphism
br: #% — 4

is represented by proper Deligne—Mumford stacks.

ProoF. That br is an algebraic stack, locally of finite type is the content of [Subsection 1.4.2]

culminating in [Proposition 1.4.9] That br is of finite type is done in [Subsection 1.4.3] culminating

in |Proposition 1.4.15] That br is Deligne-Mumford is|Proposition 1.4.16] Finally, the properness is

checked in [Subsection 1.4.5in [Proposition 1.4.18| and [Proposition 1.4.20} O

1.5. The local structure of ¢

In this section, we analyze the local structure of s#¢. The main consequence of our analysis is
that 7 is smooth for d = 2 and 3 (Theorem 1.5.5). Throughout the section, we use the formulation
of 7% in terms of finite covers instead of in terms of maps to 7.

We recall the standard setup of deformation theory. Let k be an algebraically closed field over
K. Denote by Arty the category of local Artin rings with residue field k. For any object (A4,m)
of Arty, denote by 0 the special point of Spec A. Let (A, m) and (A’,m’) be two object of Arty
related by an exact sequence

0=-J—=A =>A-0.

Say that A’ is a small extension of A by Jif m'-J =0.

We denote by Def x the standard functor on Arty classifying deformations of X:

Defx(A) = {(X4 — Spec A4,17)},
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where X4 — Spec A is a flat morphism and i: X4|o — X an isomorphism. We often shorten
(X4 — Spec A, i) to just X4, and call it a deformation of X over A.
Likewise, for a morphism ¢: X — Y, we denote by Def, the functor classifying deformations

of ¢ (allowing both X and Y to vary):
Defy(A) = {(Xa — Spec A, Y4 — Spec A, ¢pa: Xa — Ya,ix,iv)},

where X4 — Spec A and Y4 — Spec A are flat morphisms and ix: Xalp — X and iy : Ya|o — Y

are isomorphisms making the obvious commutative diagram

dalo
Xalo — Yalo

o, o

X—Y
(1.5.1)
We often shorten the unwieldy (X4 — Spec A, Y4 — Spec A, ¢pa: Xa — Ya,ix,iy)tojust (pa: X4 —
Ya) and call it a deformation of ¢ over A.
Let ¢ = (P — P;o01,...,0,;¢: C = P) be such that (P — P;o0y,...,0,) is a (not necessarily
proper) pointed orbinodal curve over k and ¢: C — P a finite cover, étale over the nodes and the

marked points of P. Denote by Def, the functor classifying deformations of £:
Defe(A) = {(Pa — Pa — Spec A;0;, 45041 Ca — Pa,ic,ir)},

where (P4 — P4 — Spec A; 0; 4) is a (not necessarily proper) pointed orbinodal curve, ¢: C4 — Pa
a finite cover, and ip: Palg — P and ic: Calo — C isomorphisms commuting with ¢4 and ¢ as in
([T5.1).

If ¢ corresponds to a point of s#%, then we have a formally smooth morphism
Defg — jfd.

Our goal is to understand Def,.
Following Fedorchuk [9] § 4.1], we first simplify the task of studying the deformations of ¢ into
the study of its deformations on Zariski local pieces. Following his terminology from [9, § 4.1], let

{U;} be an adapted affine open cover of P. This means that each U; contains exactly one from the



1.5. THE LOCAL STRUCTURE OF s#¢ 42

following: a node, a marked point or a point of supp(br ¢). Set

ul':Ui XPP
Vi:CXPZ/[i
¢i = ¢lv: Vi = U;

fl' = (Z/ﬂ — Ui;”i;d%': \Z —)Ul)

In the last equation, o; is ignored if U; does not contain any marked point. Set U;; = U; NU;,
Vij = ViV, Usji = Us NU; NUy, and so on. Observe that U4;; does not contain orbinodes, marked
points or branch points. To emphasize that the multiple intersections are schemes, we denote them
by roman letters Us;, Vij, Usjk, and so on.

We have restriction maps Defg — Def,.

PROPOSITION 1.5.1. With the above notation, the map Defe — [], Defe, is formally smooth.

ProOF. Let 0 - k — A" — A — 0 be a small extension. Assume that we are given a
deformation £4 of £ on A. Denote the restriction of {4 over U; by & 4; it is a deformation of &;.
Suppose, furthermore, that we are given extensions & 4/ of §; 4. We must prove that the & 4/ can
be glued to get a global extension £4/ of 4.

Note that, by construction, U;; is a nonsingular affine scheme. Therefore, its deformations are

trivial. Let p;;: Oy,

i, Al

Ui, = Ou, o

v,. be an isomorphism over the identity
ij
Op, ‘Uij = Oui,A ‘Uij - Ol/lj.A ‘Uij =0Op, ‘Uij'

The choice of p;; is given by an element of Hom(2y,;, Oy,;). The isomorphisms p;; may not be

compatible on the triple overlaps U;;;. However, since
H? (A om(Qp,0p)) = 0,

the two co-cycle defined by p;; +pjr — pir on Uy is in fact a co-boundary. As a result, by changing
the choice of the p;;, we can assure that they are compatible on triple overlaps. Thus, we obtain an
orbinodal curve (P4 — Par;o4/) over A’ extending (P4 — Pa;o4) over A. This takes care of one

piece of an extension &4+ of &4.
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Having constructed P4s, we construct C4s similarly by choosing isomorphisms

Cij: O%‘,,A’ Vi — O«//LA, Vij-

Since ¢: V;; — Ujj; is étale, we have an equality ¢*Qy,, = (Qy,,. Observe that if we wish to
extend ¢pa: Ca — Pa to ¢par: Car — Par, where Py is glued by the p;; and Cas by the ¢;;, then
cij € Hom(Qy;;,Oy;;) must be the pullback of p;; € Hom(Qy,,,Op,;). By choosing the ¢;; in
this way, we obtain the desired extension C4 of C4 along with an extension ¢4/: Ca» — Pas of

¢a:Ca — Pa, completing the second piece of the extension £4/ of £4. ([l

Next, we analyze Def¢,. We use the forgetful morphisms Def;, — Def;, and Defe;, — Defy,.

PROPOSITION 1.5.2. Retain the notation of |Proposition 1.5.1)

(1) IfU; does not contain a point of br ¢, then Defe, is formally smooth.

(2) If U; contains a point of br ¢, then Defe, — Defy, is formally smooth.

REMARK 1.5.3. In the second case, U; does not contain any orbinode or marked point. Hence,

it is a nonsingular scheme and Defe, is simply Defy,.

PRrooOF. In the first case, the map ¢;: V; — U; is étale. Therefore, the forgetful map Defe, —
Def y,;0,) is an isomorphism. We are thus reduced to showing that the deformations of the pointed
orbinodal curve (U;; 0;) are unobstructed. This is shown in [2, § 3]. We briefly recall the argument.
The obstructions to the deformations lie in &zt2(y,, Oy,). Etale locally, U; is at worst a nodal
curve; hence &xt?(Qyy,, Oy,) = 0.

In the second case, U; = U; is a nonsingular affine scheme; its deformations are trivial. To
verify the smoothness of Defy, — Defy,, take an extension of rings in Artg, say A’ - A — 0,
a deformation ¢; 4: V; 4 — U; X Spec A of ¢; over A and an extension V; 4+ — Spec A’ of V; 4.
We must construct an extension ¢; a7: % 4+ — U; x Spec A’ of ¢; 4. By the infinitesimal lifting
property for U;, the map V; 4 — U; extends to a map V; 4+ — U;, yielding such an extension

Giar: Viar — U x Spec A'. 0

Recall that a scheme (stack) is smoothable if it is the flat limit of non-singular schemes (stacks).

Let H¢ C #? be the open locus consisting of
(P — P;o;¢: C — P),

where C and P are smooth and ¢ is simply branched.
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PROPOSITION 1.5.4. Retain the notation of [Proposition 1.5.1. Let S be the set of indices i for

which U; contains a point of br ¢.
(1) Def¢ is smooth if and only if Defy, is smooth for alli € S.
(2) The point of ¢ given by & is in the closure of He if and only if V; is smoothable for all
1€8.

PRroo¥r. [Proposition 1.5.1] and [Proposition 1.5.2] together give a smooth morphism Defe —

[I;cg Defv;, proving the first assertion.

For the second assertion, consider the smooth morphism
(1.5.2) Defy — HDefui X HDeri .
igs icS
For i ¢ S, the U; is either a smooth curve or an orbinodal curve. In either case, it is smoothable.
By the smoothness of ([1.5.2)), if all the V; are smoothable for ¢ € S then £ is in the closure of the

locus of
(P — P;0;¢: C— P),
with smooth C and P. It is not hard to see that this locus is in the closure of H¢, where the only

additional constraint is that ¢ be simply branched. (I

We record two important special cases.

THEOREM 1.5.5. For d = 2 and 3, the stack 7% is smooth and contains H® as a dense open

substack.

PRrROOF. We begin with a general observation. For a finite cover ¢: X — Y of degree d, we have
an exact sequence

0— 0y = ¢,.0x - F —0,

split by 1/d times the trace map tr: ¢.Ox — Oy. Therefore, the vector bundle F' admits a map
F — ¢.0x. Since ¢.Ox is a sheaf of Oy algebras, we get a map Sym*(F) — ¢.0x, which is

clearly surjective. In other words, ¢: X — Y naturally factors as an embedding
(1.5.3) t: X< Specy Sym* (F)

followed by the projection Specy Sym*(F) — Y.
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We return to the proof of [Theorem 1.5.5] By [Proposition 1.5.4] it suffices to prove that Defy;

is smooth and V; is smoothable for all ¢ for which ¢;: V; — U; is ramified. In the case of d = 2,
the embedding ¢ in exhibits V; as a divisor in a nonsingular affine surface. It is now well
known that Defy, is smooth. In the case of d = 3, the embedding ¢ exhibits V; as a subscheme
of a nonsingular affine threefold. Since V; is a reduced curve, it is Cohen—-Macaulay. Thus V; is a
Cohen—Macaulay subscheme of codimension two in a nonsingular affine variety. This lets us conclude
that Defy, is smooth (see the book by Hartshorne [17, § 2.8] for a discussion of deformations of
Cohen—Macaulay subschemes in codimension two).

By the embedding ¢, we see that the V; have singularities with embedding dimension at most

three. Such singularities are known to be smoothable by the work of Schaps [35, Theorem 2]. O

1.6. Projectivity

In this section, we prove that the branch morphism is projective on coarse spaces by showing
that the Hodge line bundle is relatively anti-ample. We begin by defining the Hodge bundle.

Let (P — P;0;¢: C — P) be the universal object over . Let np: P — % and mc: C — H
be the projections. When no confusion is likely, we denote both projections by 7. Define the Hodge
bundle A on 7 by

A = (R'7.0c)".

Then A is a locally free sheaf on .#?¢. Define the line bundle \ by
A =det A.

We use additive notation for A. So, —\ denotes the dual of .

Throughout the section, we use without explicit reference that separated Deligne-Mumford
stacks have coarse spaces [22], Corollary 1.3]. We also repeatedly use that Deligne-Mumford stacks
admit a finite surjective map from a scheme [41, Proposition 2.6]. This is typically used in the
following guise: if we have a map from X to the coarse space Y of a Deligne-Mumford stack ),

then there is X — X, finite and surjective, such that X =Y lifts to X — V.

THEOREM 1.6.1. Let M be a Deligne—Mumford stack separated over K and let M — A be a
morphism. Set H = M x_z #%. Denote by H and M the coarse spaces of H and M respectively.
Then the induced morphism

br: H—- M
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is projective. In particular, if M 1is projective, so is H.

The essential ingredient in the proof is the following lemma.

LEMMA 1.6.2. Let s: Speck — .# be a geometric point, and X a scheme with a quasi-finite

morphism X — s x_gz . Then the pullback of —\ to X is ample.

Proor. Without loss of generality, X is reduced and connected. By replacing X by its nor-
malization X¥ — X if necessary, assume further that X is normal.

Let (P;X;0) be the marked nodal curve over k corresponding to the point s and (P — P X
X;0 x X;¢: C — P) the family over X giving the map to s x_z %

Construct C — C by normalizing C over P5™. Explicitly, C is such that we have

Cxp(P\X)=Cxp(P\X), and

C xpP™ = (CxpP™).

By the result of Teissier [39], we conclude that the fibers of C xp P™ — X are the normalizations
of the corresponding fibers of C xp P™ — X.

Consider the family of finite covers 5 :C —> Pover X. Let t — X be a k-point. Then CNt is
smooth except over the nodes of P;. It is easy to see that there are only finitely many isomorphism
types for the cover C; — P. Since X is connected, the fibers over X of 5: C — P must all be
isomorphic as finite covers. By replacing X by a finite cover if necessary, we can make gz~5 :C>Pa

constant family. In other words, we get %: Co — Py over k such that
C=CxX, P=PyxX, and =g x X.

In the rest of the proof, we treat O¢ and Oz as bundles on P, omitting ¢. and g* to lighten
notation. Denote by Is, the ideal of ¥ in P. The inclusion O¢ C Og is an isomorphism except over
¥ x X. Hence, the quotient Oz/Oc¢ is annihilated by Ig) «x for N large enough. In other words,

for every point ¢t of X, we have
(1.6.1) I - Og C Oc,.

As a result, Oc, is determined by the subspace H°(Og, /I - Og,) of HO(OC~t JIY - Og,)-
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Consider the following sequence on P:
0— Oc/(I&, x - 0z) = Oz/(I&, x - Og) = Oz/Oc¢ — 0.
Applying 7., we obtain a sequence of vector bundles on X:
(1.6.2) 0= m (Oc/(Ihx - Og)) = 1 (Og/ (I x - Og)) = . (Og/Oc) — 0.
Since C = 50 x X, the middle vector bundle is in fact trivial:
7. (Og/ (I8« x - 0g)) = V @ Ox, where V = H° (O /I8, - Og) ) -

The sequence (|1.6.2)) gives us a morphism p: X — G, where G is the Grassmannian of quotients of
V' of the appropriate dimension. Moreover, by our discussion above, for every point ¢ of X, the fiber
b1 Cy — Py is determined by pu(t). Since X — s x_y ¢ is quasi-finite, 1 must also be quasi-finite.

We conclude that the pullback to X of the Pliicker line bundle on G is ample. By (|1.6.2), this

pullback is simply det 7, (Oz/Oc). On the other hand, applying 7, to the exact sequence
0— O¢ — Oz = O5/O¢ — 0,

and keeping in mind that C =Coy x X is a constant family, we get
det m, (Og/Oc) = det R'7, Oc.

We deduce that the right hand side, which is the pullback of —\ to X, is ample. O

PRrOOF OF [THEOREM 1.6.11 We want to show that br: H — M is projective. Denote also by
A the pullback to H of A on J#?. Since Pic(H)®Q = Pic(H)®Q, we may treat \ as a Q line bundle
on H. We claim that —\ is br-ample. It suffices to check this on the fibers of br : H — M. Let
s — M be a k-point and set H, = br™'(s). Choose a lift 5 — M of s — M. Then H, is the coarse
space of 5 X H. There is a scheme X and a finite surjective map X — § X H.
implies that —\ is ample on X. Since X — H, is finite and surjective, we deduce that —\ is ample

on H,. O
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1.7. Spaces of weighted admissible covers

The proper morphism 5 — .# lets us construct several compactifications of different variants
of the Hurwitz spaces. Some of these have appeared in literature in different guises. In this section,
we describe a particularly interesting sequence of new projective compactifications.

Let g, h, and b be non-negative integers related by
29 —2=d(2h —2) +b.

Let A, C A be the open and closed substack whose k points correspond to (P;X), where P is a
connected curve of arithmetic genus h and ¥ C P a divisor of degree b. Let My, C 4y, be the
open substack where P is smooth and ¥ is reduced. Then .#},;, is a smooth stack and it contains
M., as a dense open substack.

Let e%i]‘jh be the open and closed substack of .#., X _« ¢ whose k points correspond to
(P = P;¢: C — P) where C is connected. By the Riemann—-Hurwitz formula, C has arithmetic

genus g. Observe that the small Hurwitz stack ’HZ /p 18 simply the open substack defined by

d d
Hg/h = Mpp X M %/h.

We recall a sequence of open substacks of .#},,;, that contain M}, and are proper over the base

field. These are the spaces of weighted pointed stable curves constructed by Hassett [18].

DEFINITION 1.7.1. Let € be a rational number. Let P be a nodal curve over k and ¥ C P a
divisor supported in the smooth locus. We say that (P, X) is e-stable if

(1) for every point p of P, we have
e-mult,(X) < 1;

(2) the Q line bundle wp ® Op(eX) is ample, where wp is the dualizing line bundle of P.

Denote by ﬂh;b(e) C My the open substack parametrizing e-stable marked curves.
Recall the main theorem from [I8].

THEOREM 1.7.2. [18, Theorem 2.1, Variation 2.1.8] Myy(€) is a Deligne—Mumford stack,

proper over K. It admits a projective coarse space M (€).
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If deg(wp(eX)) = €- b+ 2h — 2 < 0, then Mj,(¢) is empty. Otherwise, it contains My, as a

dense open substack.
DEFINITION 1.7.3. Define the stack ﬂg/h(e) of e-admissible covers by the formula
Hasn(©) = Mia () .10 Ayl
We sometimes call e-admissible covers weighted admissible covers.

COROLLARY 1.7.4. ﬁz/h(e) s a Deligne—Mumford stack, proper over K. It admits a projective

—=d
coarse space Hg/h(e) and a morphism

br: ﬁj/h(e) — Mpp(e).

PRrOOF. Follows directly from [Theorem 1.3.8 and [Theorem 1.6.1} [l

As before, if €- b+ 2h — 2 < 0, then ﬁj/h(e) is empty. Otherwise, it contains Hg/h as an open

substack (but it may not be dense; see [Example 1.7.9).

1.7.1. Examples. We describe the geometry of the spaces of weighted admissible covers by
some illustrative examples.
These spaces generalize some known compactifications of Hurwitz spaces, mentioned in the

following two examples.

EXAMPLE 1.7.5 (Twisted admissible covers). Consider the case € = 1 and the resulting stack of
1-admissible covers ﬁ;i/h(l). It parametrizes (P — P;¢: C — P), where br¢ C P is étale over the
base. The induced morphism on coarse spaces C' — P is an admissible cover in the sense of Harris

and Mumford [I5] (but with unordered branch points).

By |Pr0position 1.5.4L the stack ﬁj /(1) is smooth and contains the small Hurwitz stack H,/p,

as a dense open substack. In fact, ﬁz /h(l) is essentially the stack of twisted admissible covers of
Abramovich, Corti, and Vistoli [2]; the only difference is that in [2], the branch points are ordered,

whereas in ﬂj /n(1), they are unordered.

EXAMPLE 1.7.6 (Spaces of hyperelliptic curves). Consider the case h = 0 and d = 2, and
the resulting stacks ﬁf}(e) of e-admissible covers. Consider a k-point of ﬁj(e), given by a cover

(P — P;¢:C — P). Say |1/e] = n. Away from over the nodes of P, the singularities of C are
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>
<

! ! l

(a) Node (b) Triple ramification (c) Stacked simple ramification

FIGURE 1. Possible local pictures of ¢ for 1/3 < e <1/2

(étale) locally of the form

—2
for m < n. Thus, the spaces H g(e) are just the spaces of hyperelliptic curves with A,, singularities

constructed by Fedorchuk [9].

The singularities of C get much more interesting for higher degrees, as illustrated in the next

example.

ExAMPLE 1.7.7 (Singularities of C). Let (P — P;¢: C — P) be a k-point of ﬁj/h(e). Notice

that we do not explicitly restrict the singularities of C; the restrictions are imposed indirectly by the

allowed multiplicity of the branch divisor. We list some examples of the singularities that appear

on C for small values of 1/e and d > 3.

(1)

1/2<e<1

In this case, C is smooth (except, of course, over the nodes of P) and simply branched
over P.
1/3<e<1/2

In this case, C can have only nodal singularities. Also, the branches of the nodes must
be individually unramified over P as in This case also allows certain kinds of
multiple ramification in ¢: it can be triply ramified as in [Figure 1(b)| or it can have two
simple ramification points lying over the same point of P as in
1/4<e<1/3

In this case, C can have nodal and cuspidal (formally k[z,y]/(y?> — 22)) singularities
as in This case also allows even more multiple ramification in ¢; for example,
it is possible to have ramification types (4), or (3,2) or (2,2,2) in a fiber of ¢.

Another interesting possibility is a ramified node (Figure 2(b))—it is a combination

of multiple ramification and the development of a singularity. This is a node on C, one of
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/
S

(a) Cusp (b) Ramified node

FIGURE 2. Some of the possible local pictures of ¢ for 1/4 < e <1/3

FIGURE 3. Planar triple points are allowed for e < 1/6

whose branches is simply ramified over P, formally expressed by
E[t] — k[t, 2] /z(z® —t).

(4) e<1/4
In this case, C can have non-Gorenstein singularities. Indeed, the spatial triple point
(formally the union of the coordinate axes in A®) is a branched cover of a line with branch
divisor of multiplicity four. Since multiplicity four is allowed in the branch divisor for

€ < 1/4, the cover C — P can have formal local picture of a spatial triple point:

E[t] — k[t 2z, y]/(zy, y(x —t), 2(y —t)).

In the case of admissible covers (¢ = 1) and in the case of hyperelliptic curves (d = 2), the
morphism

br : ﬁ;l/h(e) — Mpp(€)

is finite. This is no longer the case if d > 3 and e is sufficiently small. In fact, as soon as € < 1/6,

we have positive dimensional fibers, as illustrated in the next example.
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EXAMPLE 1.7.8 (Non-finiteness of the branch morphism). For every ¢ € k, consider the the

planar triple point expressed as a triple cover of a smooth curve (Figure 3)) by the formal description:
(1.7.1) E[t] — E[t, ] /z(z — t)(z — ct).

The discriminant is the ideal (t°). Although the rings k[t, 2] /x(x — t)(z — ct) are isomorphic for
different choices of ¢, they are not necessarily isomorphic as k[t] algebras. Said differently, although
the singularities Speck[t, z]]/x(z — t)(x — ct) are isomorphic abstractly, they are not necessarily
isomorphic as triple covers of Spec k[[t]. One way to see this is the following. Consider the tangent
space to Spec k[t, z]/x(z — t)(z — ct) at (0,0). In this two dimensional vector space, there are four
distinguished one dimensional subspaces: the three tangent spaces of the branches and the kernel
of the projection to the tangent space of Speck[t]. The moduli of the configuration of these four
subspaces depends on ¢. Up to a finite ambiguity, different choices of ¢ give non-isomorphic triple
covers.

For d > 3, e < 1/6 and h, b large enough to allow € - b + 2h — 2 > 0, the formal descriptions
in are realizable in covers of a fixed genus h curve with a fixed branch divisor. We thus get

infinitely many points in a fiber of br : ﬁz/h(e) = Mpp(e).

—d
In the case of admissible covers (e = 1), the small Hurwitz space Hg/h is dense in Hg/h(e). By
this remains the case for arbitrary e if d < 3. However, this is not true in general,

as illustrated by the following example.

ExXAMPLE 1.7.9 (Extraneous components in ﬂggh(e)). For a sufficiently large d and a sufficiently
small €, we exhibit a point in ﬁg/h(e) that is not in the closure of ’Hg/h. For simplicity, take h = 0;
the phenomenon is local, so the case of h = 0 can be used to construct examples for any h.

Let C be a reduced, connected curve that is not a flat limit of smooth curves (see the article by
Mumford [29] for the existence of such curves). For sufficiently large d, we have a finite map ¢: C' —
P! of degree d. Let € be so small that € - mult,(br¢) < 1 for all p € P1. Then (P';¢: C — P!) is
a point in ﬁj(e) which, by construction, is not in the closure of Hg. Hence ﬁj(e) has eztraneous
components—components other than the closure of Hg.

Thanks to [Theorem 1.5.5] there are no extraneous components for d = 2 or 3. By
tion 1.5.4] unsmoothable singularities are the only reason for extraneous components.

We end the chapter with a question prompted by
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QUESTION 1.7.10. For which d, g and h is 3@% irreducible? More precisely, for which d, g, h

and € is ﬁj/h(e) irreducible?



CHAPTER 2

Moduli of d-gonal singularities and crimping

In we constructed the stack .# of divisorially marked, pointed nodal curves and the
stack % of degree d covers of pointed orbinodal curves. They are related by the branch divisor
morphism

br: # — .

The goal of this short chapter is to understand the fibers of this morphism.

Consider a point s: Speck — .#. For simplicity, assume that it corresponds to a smooth curve
P with a marked divisor ¥. The fiber of br over s consists precisely of degree d covers ¢: C — P
with br¢ = X. Let C — C be the normalization. Since C is smooth, the cover C — P is determined
by its restriction C |p\» — P\ ¥, which is étale. Since there are only finitely many étale covers of
degree d of a smooth curve, there are only finitely many possibilities for 5 : C — P. The fiber of
br over s thus decomposes into finitely many (open and closed) components corresponding to the
choice of 5 : C' — P. Within each component, C' — P is obtained by crimping a fixed C — P over
the points of ¥. The crimping can be described formally locally around the points of ¥ in P. In
this way, the description of the fibers of br includes the discrete global data of the normalization
and the continuous local data of the crimping.

The chapter is organized as follows. In we define the functor of crimps of a finite
cover and reduce its study to the study of the functor of crimps over a formal disk. In

we prove that the functor of crimps over a formal disk is represented by a projective scheme. In

[Section 2.3| and [Section 2.4] we describe the space of crimps of double and triple covers of a disk,

respectively. In addition to providing explicit examples, the study of crimps of triple covers will be
relevant in the later chapters about the Mori theory of spaces of trigonal curves.

Moduli of singular curves and the phenomenon of crimping have been studied extensively by
van der Wyck [40]. Our study of crimping in the context of finite covers, however, is much more

elementary.

54
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2.1. The space of crimps of a finite cover

Let YV be a reduced, purely one dimensional Deligne-Mumford stack over k and ¥ C Y a Cartier
divisor. Let q~5 : X — Y a finite cover of degree d, étale over Y\ X. In all the cases we consider, ) is
either a (pointed) orbinodal curve or the spectrum of a DVR.

Define the functor Crimp(;E : Schemes; — Sets of crimps of gg over X, by
Crimp (T) = {(XxT—x 4y x T)}/Isomorphism,

where ¢: X — Y x T is a finite cover of degree d with br(¢) = X x T. Two such crimps X x T —
X, = Y x T, for i = 1,2, are isomorphic if there is an isomorphism AX; — A5 that commutes with
the relevant maps

XXxT— X, — YT

n ! H

XXT — Xy —YXxT

We sometimes write Crimp(%, ¥)) instead of Crimp;}g’E for better readability.
If Z — Y is a morphism such that ¥z C Z is also a divisor, then we have a natural transfor-
mation
Crimp(%, ¥) = Crimp(az, Yz)
defined by
(XXxT =X 3YXT) > (Xz xT — Xz 23 Yz xT).

Let G = Aut(qg) be the group of automorphisms of X over the identity of Y. This is a finite

group, which acts on Crimp(a7 %) as follows.
G3a: ()EXTLLngXT)i—)()?XTV%IngXT).

REMARK 2.1.1. A crimp may be equivalently thought of as a suitable subalgebra ¢.Oy of the
algebra 5*0 wxr on Y x T. Then isomorphism of crimps simply becomes equality of subalgebras.

The action of G is induced by the action of G on (E*O 5

Throughout, we view O, and Ox as sheaves of algebras on Y x T', omitting gg* and ¢, to
lighten notation. Observe that the quotient O, ./Ox is an Oyx7 module supported entirely on

supp(X) x T'. In other words, X xT— Xis an isomorphism away from ¥ x T'.
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Having defined Crimp(a, Y)) in wide generality, we immediately turn to the case of interest. Let
(P — P;o1,...,0,) be a pointed orbinodal curve and ¥ C P a divisor supported in the general

locus P& = PSm\ oy, ... 0,. Let ¢: C — P be a finite cover, étale over P\ £. We begin my

making precise our remark that crimps can be described formally locally around the points of 3.

ProproOsSITION 2.1.2. Let 5: C — P and T be as above.

(1) Let U C P be an open set containing X. Then the transformation
Crimp(¢, ) — Crimp(dy, %)

s an isomorphism.

(2) The transformation

Crimp(¢, X) — H Crimp(¢ xp Spec Op., ¥ xp Spec Op.,)
s€supp(X)

s an isomorphism.

(3) The transformation

Crimp(¢, X) — H Crimp(¢ xp Spec O/;S, ¥ xXp Spec O/\ps)
sesupp(X)

s an isomorphism.

PRroOF. The last assertion is the strongest, so we prove that. Following we treat

crimps as subalgebras. For brevity, we set

~

ﬁs = Spec(j;s, Y =X Xp ﬁs, and 53 :5X'p P,

Given crimps CoxT = Cy — ]33 x T for s € supp(¥), construct a subalgebra O¢ of Og, . as the

fiber product of algebras
OC OC~ xT

| !

[I,0c, ——— 11, O, r

We thus get a natural transformation

H Crimp(qz X p Spec O/ES, 3 Xp Spec O/\RS) — Crimp(a7 %).
s€supp(X)
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It is easy to check that it is inverse to the transformation in . O

2.2. Crimps over a disk

Thanks to [Proposition 2.1.2] we now focus on the crimps of covers of the formal disk. Set

R = k[t] and A = Spec R. Let A* be the punctured disk A\ {0}. Fix a finite cover ¢: C — A

of degree d, étale over A*, with br(¢) given by (t?). Fix a divisor ¥ C A given by (t*) and set
d=(b—a)/2.

PROPOSITION 2.2.1. Let C x T — C 5 A X T be a crimp with br(¢) = X x T. Set Q =
Ogyr/Oc. Then Q is a T-flat sheaf on A x T annihilated by t’. When restricted to the fibers of
A xT — T, the sheaf Q has length ¢.

PROOF. In the proof, all the linear-algebraic operations are over Oax7.
First, @ is T-flat simply because the inclusion i: Oc—=Og, . remains an inclusion when re-

stricted to the fibers of A x T'— T'. For the rest, consider the diagram

0= Oaxr > (det 0% )*2 — B =0

H J'det(iv)2 J

0 — Oaxr =, (det O%)®% — B — 0

The horizontal maps 5 and & define the respective branch divisors as in [Section 1.1} In particular,

B is annihilated by (t*). The snake lemma yields the sequence
(2.2.1) 0 — B — B — cok(det(i")?) — 0.

Since t* annihilates B, it annihilates cok(det(i¥)?), hence cok(det(i¥)), hence cok(i¥) and hence
coki = Q.
To compute the length of @ on the fibers, replace T by a field. By (2.2.1)), we get
2length Q = length(cok(det(i¥)?))
= length B — length B

=b—a=26.
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REMARK 2.2.2. By [Proposition 2.2.1} if C' is smooth, then § is indeed the § invariant of C.

We now exhibit the space of crimps over a disk explicitly as a projective variety. Set F' =
Og/ tb05 and denote by Quot = Quot(F, ) the Quot scheme of length ¢ quotients of the A module
F. Since supp F' is projective (it is finite!), Quot is a projective scheme. The idea is to identify
quotients which arise as Og/Oc¢. For this to be true, the quotient must satisfy the following two
properties:

(1) The kernel must be closed under multiplication, to get a subalgebra O¢ of Og;

(2) The resulting C' — A must have the right branch divisor.
We now formalize both conditions. Let 7: A x Quot — A be the projection. On A x Quot we have
the universal sequence

0—= S = F®,Oquet = @ — 0.

The multiplication F' ® A F — F' induces maps
S ®A><Qu0t S — (F XA F) R OQuot — F R OQuot — Q

Define the closed subscheme X C Quot as the annihilator of the composite map 7. (S @A xQuot S) —
T.Q on Quot. This takes care of (IJ).
On A x X, the sheaf S inherits the structure of an Oa x algebra. Form the subalgebra O¢ of

Og, x as the fiber product

OC 05><X
| !
S F®,Ox

and set C' = Spec O¢.

CLAIM. In the above setup, C — A x X is flat.

PrOOF. By the definition of O¢, we have the sequence
0—=0c —0s,x —Q—0.

Since @ is X-flat, we conclude that O¢ is X-flat and Oc — Og, y remains an inclusion when
restricted to the fibers of A x X — X. For every point # € X, the sheaf O¢, is a subsheaf of the

free sheaf Og and hence is free. It follows that Oc¢ is a locally free A x X module. O
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At this point, we have CxX = C4%Ax X, where C — Cis an isomorphism over A* x X

and C' — A x X is finite and flat. We now enforce . Define B by
0= Oaxx > (det O%)®2 — B — 0,

where the linear algebraic operations are over Oax x, and J is the usual discriminant as in

Observe that § remains an injection when restricted to the fibers of 7: A x X — X, and hence B is

X-flat. By [Proposition 2.2.1| applied to a fiber, we conclude that B has fiberwise length b. Define

the closed subscheme Y C X as the annihilator of
tb
T« B — m,.B.

This condition would be superfluous if X were reduced. However, it appropriately restricts the
non-reduced structure on X, taking care of .
By construction, we have a crimp CxY = C % AxY with br¢ = ¥ xY. We thus get a

morphism
(2.2.2) Y — Crimp(¢, ).

PRrROPOSITION 2.2.3. The morphism Y — Crimp(a, %) in (2.2.2)) is an isomorphism. In partic-

ular, Crimp(gg7 Y) is a projective scheme.

PROOF. We construct a transformation Crimp(a7 ¥) = Y, inverse to (2.2.2). Let T be a scheme

and CxT = C XA AXTa crimp with branch divisor 3 x T'. Define the quotient Q = O, ,./Oc.

By |Pr0position 2.2.1|7 Q is a T-flat quotient of OéxT/tboéxT = F ®, Op, fiberwise of length §.

This gives a map T'— Quot(F, ). Since the kernel of F ®) Or — @ is the image of O¢, it is closed
under multiplication. Hence T' — Quot factors through T'— X. Since br(¢) = ¥ x T, the cokernel
of

Oaxr > (det OF)®2

is annihilated by t’. Therefore, the map 7' — X factors through 7' — Y. In this way, we get a
morphism Crimp(¢, ) — Y, which is clearly inverse to (2.2.2). O

COROLLARY 2.2.4. Let C — P be a finite cover of an orbinodal curve and ¥ C P&"™ a divisor.

Then Crimp((?% P.Y) is represented by a projective scheme.

PRrROOF. Follows immediately from [Proposition 2.1.2] and [Proposition 2.2.3] (I
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Finally, we relate the spaces of crimps with the fibers of br: #¢ — .#. Let p: Speck — A
be a point corresponding to a divisorially marked, pointed curve (P;X;01,...,0,). As usual, we
abbreviate o1,...,0, by 0. Let T be the set of (P — P;a;gz C — P), where (P — P;o0) is a
pointed orbinodal curve and (E a finite cover of degree d such that

(1) 5)(73 Ps™ is smooth;
(2) ¢ is étale over P \ ; and
(3) (Z corresponds to a representable classifying map P — 7.

Assume that no two elements of I' are isomorphic over the identity of P. Then I is a finite set. We

have a morphism
(2.2.3) |_|Crimp($, ¥) = p X g A
T
given by
(C~><T—>C£>73><T)H(73><T—>P><T;a><T;C£>73><T).

Recall that we have an action of Aut(¢) on Crimp(¢,X). The morphism above clearly descends to

a morphism

(2.2.4) | |[Crimp(¢, %)/ Aut(¢)] = p x4 A
Iy

PROPOSITION 2.2.5. The morphism in (2.2.3)) is finite and surjective. The morphism in (2.2.4)

is representable and a bijection on k-points.

PROOF. The statement is true almost by design. The details are straightforward. O

[Proposition 2.2.5|is as close as we can come to explicitly identifying the fibers of br : J#% — .
P Yy ymng

However, this is good enough for determining many crude properties like the dimension.

2.3. Crimps of double covers

Let 5: C — A be a double cover with C smooth. Let ¥ C A be the divisor given by (t*). In
this section, we describe Crimp(%, ¥). Let the branch divisor of C — A be given by (t*). Observe
that

0 if 5 is étale

1 if QNS is ramified.
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ProrosiTION 2.3.1. With the above notation,

~ Point ifb=a (mod 2)
Crimp(¢, ¥) =
) otherwise.

In the first case, the point corresponds to the cover

R — R[z]/(x? —t*79).

PROOF. The restriction on b — a modulo 2 comes from [Proposition 2.2.1] The rest is straight-

forward. 0

2.4. Crimps of triple covers

Let 5; C — Abea triple cover with C smooth. Let ¥ C A be the divisor given by (t*). Observe
that there are three possibilities for 5:
(1) étale: C = AUAUA — A,
(2) totally ramified: C' = Spec R[z]/(z3 —t) = A.
(3) simply ramified: C' = A L Spec R[z]/(a% — t) — A,
In this section, we describe Crimp(a7 %)) for each of the three cases. The description is much more

involved than the case of double covers. Instead of describing Crimp((?ﬁ, Y) completely, we describe

a stratification given by a numerical invariant called the p invariant.

2.4.1. The p-invariant. Let ¢: C' = SpecS — A be a cover of degree three and C = Spec S -

C the normalization of C. We first treat the case where C' — A is étale. Set

Q=0z/Oc = (S/R)/(S/R).

Then @ is an R-module of finite length and is a quotient of the free R-module S /R of rank two. It
follows that
Q = k[t]/t™ @ K[t] /1",

for some m,n > 0. We denote by u the difference |m — n|

#(6) = [m —nl.
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We now the treat the case where C' — A is not necessarily étale. In this case, let A" — A be
a finite cover such that A’ is smooth and the normalization ¢’ of C' = C' x A A’ is étale over A’.
Define
() = u(C" — A')/ deg(A” — A).

In general, the p-invariant is only a rational number. It is easy to check that p(¢) does not depend

on the cover A’ — A, as long as C' — A/ is étale. A canonical choice is simply A’ = C.
PROPOSITION 2.4.1. p is a lower semicontinuous function on Crimp(a, Y).

ProoF. It suffices to treat the case where 5 : C' = A is étale. The remaining two cases follow

after replacing A by an appropriate A’.

Let C = C % Abea crimp. Let @ = O5/O¢. By |Proposition 2.2.1L we see that length(Q) =

b/2. Let
Q = k[t]/t™ @ k[t]/t",

where n +m = b/2 and n — m = u(¢). Then u(p) < I if and only if t[®/4+1/2] annihilates Q. This

is clearly a closed condition. O

Throughout the rest of the section, fix a non-negative rational number [ > 0 and a divisor
¥ C A given by (t*). Denote by Crimp(g, 3, 1) the locally closed subset of Crimp(%, ¥) counsisting
of crimps with p invariant [. Although we can put a natural scheme structure on Crimp(a, 2,10,
we only describe the underlying variety. Clearly, the action of Aut(a) on Crimp(%, Y) preserves the

p-invariant and hence induces an action of Aut(%) on Crimp(gg, 2,10).

2.4.2. Crimp(&, 3, 1) for 5 étale. Fix 5: C = Spec§ — A, a triple cover with 5éta1e. Fix an
isomorphism of R-algebras

SYR®R®R.

Then Crimp(qz, 3, 1) can be thought of as the parameter space of certain R-subalgebras of S.
PROPOSITION 2.4.2. Let S C S be an R-module such that
(2.4.1) RC S and §/S = k[t]/t™ @ k[t] /1",

with m <n. Then

(1) S contains t"S.
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(2) The quotient S/{R,t"S) is an R-submodule of S/(R,t"S) generated by the image of one
element t™ f, for some f € S nonzero modulo (R, t).
(3) S is an R-subalgebra if and only if t*™ f2 € S.
In particular, if 2m > n, then every R-submodule S ofg satisfying is an R-subalgebra.

ProOOF. From , it follows that S is generated as an R-module by 1, t"* f and t"g for some
fand g in S such that 1, f and g are linearly independent modulo t. The first two assertions follow
from this observation. For the third, see that S is closed under multiplication if and only if the
pairwise products of the generators lie in S. By , this is automatic for all products except 2™ f2.

Finally, if 2m > n then the condition is vacuous by . (Il

Using |Proposition 2.4.2|, we can readily describe Crimp(%, INAN

PROPOSITION 2.4.3. Retain the setup introduced at the beginning of [Subsection 2.7.3. Let m, n
be such that

n+m=>b/2 andn—m=1.

First, Crimp(a,Z,l) is non-empty only if m and n are non-negative integers. If this numerical

condition is satisfied, then we have the following two cases:

(1) If 2m > n, then Crimp(g,E,Z) is irreducible of dimension l. Its k-points correspond to
R-subalgebras 0f§ generated as an R-module by 1, t"S and t™f for some f € S nonzero
modulo (R,t).

(2) If n > 2m, then Crimp(g,Z,l) is a disjoint union of three irreducible components of

dimension m, conjugate under the Aut(¢) = Sz action. Its k-points correspond to R-

subalgebras 0f§ generated as an R-module by 1, t"S and t™f, where f has the form
f={Q,h,=h) or (h,1,—=h) or (h,—h,1),
with h =0 (mod t"~2™m).
PROOF. Let C — C = Spec S — A be a crimp with g invariant [ and branch divisor . Then
S/S = k[t]/t" @ k[t] /t™.

In particular, m and n must be integers.
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The space Crimp(g, 3, 1) may be identified with the space of R-modules S satisfying
(2.4.2) RcC S cSandS/S = k[t]/t" & k[t]/t™,

satisfying the additional condition that S be closed under multiplication.

Set F = S/R. By |Proposition 2.4.2) ([2), the space of S as in (2.4.2) is simply the space of

submodules of the (R/t"~™R)-module t™ F/t"F generated by one element t" f, where f is nonzero
modulo ¢. To specify such a submodule, it suffices to specify the image f of f in F/t"~™F, such
that it is nonzero modulo t. Two such f define the same submodule if and only if they are related
by multiplication by a unit of R/t"~™R.

In the case 2m > n, the condition of being closed under multiplication is superfluous. Thus,

Crimp(cz, 3, 1) may be identified with the quotient
(F /1= By [(RJE=R) & (K[~ (Kl ",

where the superscript * denotes elements nonzero modulo ¢. This quotient is simply the jet-scheme
of order (n—m—1) jets of P! = Py, (F/tF). In particular, it is irreducible of dimension (n—m) = I.

In the case n > 2m, we must check when S is closed under multiplication. It is not too hard to
check that after multiplying by a unit of R/t"~™R, the element f in F//t""™F can be represented

as the image in F/t"~™F of
(2.4.3) (1,h,—h) or (h,1,—h), or (h,—h,1), for some h € R/t""™R.

It is easy to check that t2™ f2 lies in the R-submodule S of S generated by 1, tnS and ™ f if and
only if t2m?2 € R{t™f) in t™F/t"F, or equivalently h = 0 (mod t"~2™). Hence, the choice of f
that gives an R-subalgebra S is equivalent to the choice of h from t"~2™R/t""™R = k™. Also,
see that different choices of h give different S. Hence, Crimp(quS, 3,1) is the disjoint union of three
irreducible components of dimension m corresponding to the three possibilities in . Since the

group S3 acts by permuting the three entries, these three components are conjugate. O

Let us illustrate the p stratification of Crimp(g7 Y}) and the dichotomy in |Propositi0n 2.4.3| in

the example of b = 8 (this is the first non-trivial but manageable case).

EXAMPLE 2.4.4. We have three choices for (m,n), namely (2, 2), (1,3) and (0,4), corresponding

to p invariants 0, 2, and 4, respectively.
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Crimp(g, 3,0): This stratum consists of a single point, corresponding to the R-subalgebra S of S
generated as an R-module by 1 and #2S. The curve Spec S has a spatial (non-Gorenstein)

singularity; it is given parametrically as the union of the three branches
tes (£,0,t%), = (t,1%,0), and t = (t,0,0).

Crimp(g, 3, 2): This stratum is the disjoint union of three one dimensional components, conjugate
under the S3 action. The points of one of the components correspond to R-subalgebras S

of § generated as an R-module by
1, t(1,at,—at), and 38,

where a € k. For a # 0, the singularity of Spec S is planar; it is abstractly isomorphic to
the singularity (u? —v?)(u—v) = 0. For a = 0, the singularity is spatial (non-Gorenstein).
Crimp(g, %, 4): This stratum is the disjoint union of three points, conjugate under the Sz action.

One of them is the R-subalgebra S of S generated as an R-module by
1, (1,0,0) and t*S.

The curve Spec S is disconnected (as the case must be if m or n is zero); it is the disjoint

union of A and Spec R[y]/(y? — t%).

2.4.3. Crimp(g, 3, 1) for % totally ramified. Fix 5: C = Specg — A, a triple cover with C
smooth and ¢ totally ramified. Let A’ — A be the triple cover given by R — R = R[s]/(s% — t).

Let S’ be the normalization of S ®x R’ and set C/ = Spec S’. Fix an isomorphism of R algebras

S

1%

Rlz]/(«® — 1),

and an isomorphism of R’ algebras
S~“ReoRe®R,

such that the normalization map S ®r R’ — S’ is given by
T '_> (87 CS’ C2s)7

where ( is a third root of unity. Identify R with its image in S and R’ with its image in S

PROPOSITION 2.4.5. Let M C S be an R-submodule of rank three.
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(1) M is spanned by three elements f;(x) € S, fori=1,2,3, having x-valuations v; that are
distinct modulo 3.

(2) Set M' = M ®r R’ and identify it with its image in S'. Then
S'/M" = k[s]/s"* & k[s]/s"* @ k[s]/s"2.

(8) M contains R and is closed under the multiplication map induced from S if and only if

M’ contains R’ and is closed under the multiplication map induced from s’

PROOF. Take an R-basis (f;) of M with f;(x) = zg;(z), where g;(0) # 0 and the v; are

distinct. Then M’ C S’ is spanned by the elements

s (9i(5), ¢" 9i(¢5), ¢ 9i(¢?9)).

Since the v; are distinct and the three elements above are R’-linearly independent, the three vectors
(9:(0),¢%g;(0),¢%ig;(0)) must be k-linearly independent. It follows that the v; are distinct modulo
3 and

S'IM' = k[s]/s"* @ k[s]/s" & k]s]/s"2.

For the last statement, see that M contains R if and only if the map M — S /R is zero; M is
closed under multiplication if and only if the map M xrp M — S /M is zero. Both conditions can

be checked after the extension R — R'. O

Using |Pr0position 2.4.5| and our analysis of R'-subalgebras of the étale extension R’ — S from

|Subsection 2.4.2|, we get a description of Crimp(g, DINAN

PROPOSITION 2.4.6. Retain the setup introduced at the beginning of [Subsection 2.4.3 Let m, n
be such that

n+m =3b/2 and n —m = 3l.
First, Crimp(%, 3, 1) is non-empty only if m and n are non-negative integers distinct and nonzero
modulo 3 and 2m > n. If these numerical conditions are satisfied, then Crimp(a, 3, 1) is irreducible
of dimension |1|. Its k-points correspond to R-subalgebras ofg generated as an R-module by 1, S
and x™f € §, with f of the form

f=1+ Z a;xt,

0<i<n—m
i=m (mod 3)
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for some a; € k.

PROOF. Let C — C = Spec S — A be a crimp with branch divisor given by (t*) and p-invariant
I. Then C' — C xa A’ — A is a crimp with branch divisor given by (s3%) and p-invariant 3[. Set
S’ =S ®gr R'. Then
S'/8" = k[s]/s™ @ k[s]/s".

In particular, m and n must be integers. From [Proposition 2.4.5, 0, m and n are distinct modulo 3.

Crimp(g, ¥, 1) may be identified with the space of R-modules S satisfying
(2.4.4) RcC ScSandS'/S = k[s]/s" & ks]/s",

(where S’ = S®g R’) with the additional restriction that S be closed under multiplication. Let S be

an R-submodule of S satisfying (2.4.4). From [Proposition 2.4.5, S is generated by 1, 2™ f and z"g

where f and g are nonzero modulo z. Then S is determined by the image of f in S /x"‘mg For S
to be closed under multiplication, the image of 2™ f2 in S /2" S must be an R-linear combination of
1 and 2™ f. Since all elements of S lying in R have z-valuation divisible by three, this is impossible
unless 2™ f2 = 0 in g/xng, that is 2m > n.

For 2m > n, every f € S/z"~™S nonzero modulo (R, x) yields an S satisfying closed
under multiplication. Two choices f; and fy determine the same S if and only if they are related
by

2™ f1 = az™ fo + b,

for a,b € R with a invertible. It is not hard to check that f can be chosen uniquely of the form

f=1+ Z a;xr’,

0<i<n—m
i=m (mod 3)

for some a; € k. Therefore, the stratum Crimp(¢, %, 1) is irreducible of dimension |(n —m)/3| =

[1]. O
Note that since n and m are distinct modulo 3, the rational number [ € %Z is never an integer.

2.4.4. Crimp(g, 3,1) for 5 simply ramified. Fix 5: C = Spec§ — A, a triple cover with C
smooth and ¢ simply ramified. Let A’ — A be the double cover given by R — R’ = R]s]/(s2 — t).

Let S’ be the normalization of S @z R’ and set C' = SpecS’. Set S; = R[z]/(22 — t) and fix an
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isomorphism of R-algebras

gggl@Ry

and an isomorphism of R’-algebras

S~RaoRaoR,
with the normalization map S ®g R’ — S’ given by
(.’L‘,O) = (87_570) (0,7") = (0707T)'

Identify R with its image in S and R’ with its image in 9.

PROPOSITION 2.4.7. Let M C S be an R-submodule of rank three containing R.
(1) M is spanned by three elements: 1, (fi1(x),0) and (f2(z),0), with the fi(z) having x-
valuations v; that are distinct modulo 2.

(2) Set M' = M ®r R’ and identify it with its image in S'. Then
S'/M' = k[s]/s"* @ kls]/s"2.

3) M is closed under the multiplication map induced from S if and only if M’ is closed under
( y

the multiplication map induced from S’

ProOF. Identify S /R with Si. Then there is an equivalence between submodules of S contain-

ing R and submodules of S;. With this modification, the proof is almost identical to the proof of

IProposition 2.4.5, with S; playing the role of S. O

Using [Proposition 2.4.7/and our analysis of R’ subalgebras of the étale extension R’ — S’ from

|Subsection 2.4.2|, we get a description of Crimp(g7 2.0).

PROPOSITION 2.4.8. Retain the setup introduced at the beginning of [Subsection 2.7.7. Let m, n
be such that

n+m=>bandn—m = 2l.

First, Crimp(%, 1) is non-empty only if n and m are non-negative integers distinct modulo 2. If these
numerical conditions are satisfied, then we have the following two cases:

(1) If 2m > n, then Crimp(g, 3, 1) is irreducible of dimension |l]. Its k-points correspond to

R-subalgebras of S generated as an R-module by 1, 2"S and (™ f,0) for f € Sy of the
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form

f=1+ Z a;z’,

0<i<n—m
i odd
(2) If n > 2m, then we have two further cases:
(a) If m is odd, then Crimp(%, 3, 1) is empty.
(b) If m is even, then Crimp(%, 3, 1) is irreducible of dimension m/2. Its k-points cor-
respond to R-subalgebras of S generated as an R-module by 1, z"S and (z™f,0) for
fe S of the form

f=1+ Z a;x’,

n—2m<i<n—m
i odd

for some a; € k.

PROOF. Let C — C = Spec S — A be a crimp with branch divisor given by (t*) and p-invariant
I. Then C’ — C xa A’ — A’ is a crimp with branch divisor given by (s?%) and p-invariant 2. Set
S" =S ®r R'. Then
S'/8" = k[s]/s™ @ k[s]/s".

In particular, m and n must be integers. From [Proposition 2.4.5) m and n are distinct modulo 2.

Crimp(%, ¥, 1) may be identified with the space of R-modules S satisfying
(2.4.5) Rc ScSandS/S =k[s]/s" @ k[s]/s",

(where S” = S®g R') with the additional condition that S be closed under multiplication. Let S be
an R-submodule of S satisfying . See that S is determined by the image of f in gl/x”*mgl.
For S to be closed under multiplication 2™ f2 € §1 /:c"gl must be an R-multiple of 2™ f in S /x"§1

In the case 2m > n, any f € 51 /:c"fmgl nonzero modulo x yields an S satisfying closed

under multiplication. Two f; and f, give the same S if and only if they are related by

fl = a/f27

for some unit a € R. It is not hard to check that f can be chosen uniquely of the form

f = 1+ Z aimi7

0<i<n—m
i odd
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for some a; € k. Thus, Crimp(¢, 3, 1) is irreducible of dimension |(n —m)/2] = |1].

In the case n > 2m, the condition for being closed under multiplication is non-vacuous. For
this to hold, z2™f2 € §;/2™S; must be an R-multiple of 2™ f. Since elements of R have even
x-valuation, we conclude that m must be even. In this case, 22" f2 = 2™ fg (mod z") for some
g € R implies that the image of f in S, /x"_2m§1 is contained in the image of R. Thus the unique
choice of f as above must have the form

f=1+ Z a;xt.

n—2m<li<n—m
i odd

Thus, Crimp(%, ¥, 1) is irreducible of dimension m/2. O



CHAPTER 3

Spaces of trigonal curves with a marked unramified fiber

In we constructed the stack of d-gonal covers .#¢ in wide generality and explained
how it can be used to construct several compactifications of the classical Hurwitz spaces. We
observed that these compactifications are especially well-behaved for d = 2 and 3. In the case of
d = 2, we recovered the spaces of hyperelliptic curves first constructed and studied by Fedorchuk
[9].

We now take up a detailed study of various birational models of spaces of trigonal curves—
degree 3 covers of P!. A particularly interesting picture emerges for the moduli of trigonal curves
along with a marked fiber of the trigonal map to P'. In this and the next chapter, we consider
the case where the marked fiber is unramified. The generalization to the case of a fiber with other
ramification types is carried out in

The standard compactification of the space of (marked) trigonal curves is the space of (marked)
admissible covers. Using the spaces of weighted admissible covers of we obtain a sequence
of new birational models. In this chapter, we construct a sequence of yet more birational models that
extends the sequence of the spaces of weighted admissible covers. The extended sequence culminates
in a Fano fibration, in accordance with the Minimal Model Program. The construction of the new
compactifications featurs an interplay of the classical global geometry of trigonal curves and the local
geometry of triple point singularities studied in The new compactifications are indexed
by a positive integer [; they parametrize the so-called [-balanceed triple covers .
The condition for being Il-balanced involves a global and a local restriction. For a triple cover
¢: C — P!, the global restriction is that the Maroni invariant of ¢ be at most [; this measures, in
some sense, how “balanced” the vector bundle ¢.O¢ is. The local restriction only pertains to the
¢ for which br(¢) is supported at one point. It requires that the yp invariant of the singularity of C
be greater than [; this measures, in some sense, how “balanced”the singularity is. The main result
of this chapter is that these two restrictions give a proper moduli problem for the

space of triple covers with a marked unramified fiber.

71
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The chapter is organized as follows. In we give an overview of the weighted ad-

missible cover compactifications of the space of marked trigonal curves and motivate the quest for

yet more compactifications. In [Subsection 3.2.1) we define [-balanced covers and state the main

theorem (Theorem 3.3.4). In |Section 1.4] we prove the main theorem. This chapter is primarily

about the construction of the new compactifications. The birational geometry of the resulting spaces

is the content of the next chapter. Needless to say, the conventions from are in force

throughout.

3.1. Background and motivation

Let g be a non-negative integer and set b = 2g + 4. Let
Moy C M

be the open and closed substack parametrizing (P; X; 01), where P is a connected curve of arithmetic
genus zero and ¥ a divisor of degree b. Recall that oy is required to be away from ¥. Then .#j,; 1
is an irreducible, smooth algebraic stack, containing as a dense open the stack My, 1 where P is
smooth and X is reduced.
Let
Ty C I3 X gy Mop

be the open and closed substack parametrizing covers (P — P;o1;¢: C — P), where Aut,, (P)

is trivial and C is a connected curve. By the Riemann—-Hurwitz formula, C has genus g. By

[Proposition 1.5.4] ;.1 is a smooth algebraic stack, containing as a dense open the stack 741 where

P and C are smooth and ¢ is simply branched. Since 7g,; is irreducible, so is J;.1. The stacks 3,1

and .#y,1 are related by the branch morphism

br: %;1 — %O;b,l

(P — P;0;¢: C— P) — (P;br(¢);0).

One of the main results (Theorem 1.3.8]) of |[Chapter 1|is that the branch morphism is proper.

Let Ty;1 (resp. Mop,1) be the coarse space of Ty.1 (resp Moy, 1); these are quasi-projective vari-
eties. As described in [Section 1.7 compactifications of My, 1 give corresponding compactifications

of Ty.1 by taking the preimage under the branch morphism. In particular, the compactifications of
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Moy.p,1 given by Hassett’s spaces of weighted marked rational curves give corresponding compactifi-
cations of T,,; by the spaces of weighted admissible covers.

Let us first focus on the compactifications Mo, 1(€) of the branching data. Recall that Mo, 1 (€)
is the coarse space of the open substack ﬂo;m (€) C Mo,p1 that parametrizes e-stable marked curves.
Also recall that a marked curve (P;X;0) is e-stable if € - mult, ¥ < 1 for all p € P and wp(o + €X)
is ample. For € > ¢, we have a birational morphism Mg, 1(€) — Mo, 1(€’), which sends a marked
curve (P;X;0) to (P';¥;07), where P’ is obtained from P by contracting the components on which
wp(o+€'3X) is not ample (see. The resulting morphism Mo, 1(€) — Mo.p.1(€') is a divisorial
contraction. Clearly, the only relevant values of € are reciprocals of positive integers. Furthermore,
we must have b-e+1 > 2 to have a non-empty space. We thus get the following sequence of divisorial

contraction:ﬂ
(811)  Mopa(1) = = Moga(1/5) = Mopa (/G + 1)) = - — Mo (1/(b - 1)).

The first model M., 1(1) is simply the Mumford-Knutsen compactification of Mo 1; in this model,

\_‘_‘_‘X'><‘\N_/ Mtiplicity 3

g — g

FIGURE 1. The divisorial contraction M. 1(1/3) — Mo.p.1(1/4)

¥ is required to be reduced. The last model Mo, 1(1/(b—1)) is a weighted projective space; in this
model, P = P! and the only restriction on 3 is that it must not be supported at a single point. The
picture of the alternate birational models of Mg, 1(1) presented in agrees perfectly with what
is expected by the Minimal Model Program. After all, M., ; is a rational (in particular, uniruled)
variety. According to the Program, we expect to have a sequence of birational transformations of
MO;M that culminates in a Fano fibration. The sequence is indeed such a sequence.

Having described the geometry of the spaces of the branching data, we now turn to the geometry

of the spaces of covers. Set

Tg;l(E) = mO;b,l(e) X %;1.

By [Theorem 1.3.8] T 4.1(€) is a proper Deligne-Mumford stack. By [Theorem 1.5.5| it is smooth and
irreducible. By [Theorem 1.6.1] it has a projective coarse space Ty.1(€). We thus obtain the following

sequence of projective birational models of Ty, each lying over the corresponding model of My 1:

IThe first map Mo;b,l(l) — Mo;byl(l/Q) happens to be an isomorphism.
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Tga(1) ==+ == Tga(1/5) == Toa(1/(G+ 1)) ==» - == Tga(1/(b 1))

l l l l

(312 Mopi(1) — -+ — Mopa(1/§) = Mopa(1/(j +1)) — -+ — Mopa(1/(b—1))

The first space T (1) is simply the (twisted) admissible cover compactification; in this model, the
covers are simply branched. The last space T,1(1/(b— 1)) turns out to be a model of Picard rank
three; in this model, the base of the covers is P! and the only restriction on the branching is that
the branch divisor must not be supported at a single point. Since Tg;l(l /7) is normal, the map
Ty1(1/§) ==+ Tg:1(1/(j +1)) is regular away from a locus of codimension two. However, in general,
it is not regular everywhere. See that the exceptional locus of its inverse is the locus of covers

whose branch divisor contains a (j + 1)-fold point. From our dimension calculation of the spaces of

crimps of triple covers (Proposition 2.4.3| [Proposition 2.4.6|and [Proposition 2.4.8]), it follows that this

exceptional locus has codimension at least two. In this sense, the maps T';1(1/5) --» Tg1(1/(j +1))
are divisorial contractions; they contract certain components of the boundary T.1(1/4) \ Ty to
loci of higher codimension. A component of T.1(1/5) \ Ty.1 gets contracted precisely if it lies over
a component of M., 1(1/j) that gets contracted.

The sequence of birational models of T,.; obtained in this way is incomplete in two respects.
First of all, the rational maps Ty.1(1/j) --» T4.1(1/(j + 1)) are, in general, not everywhere regular.
It would be nice to get an explicit, preferably modular, resolution of these intermediate maps.
Secondly, and more importantly, the final model T'y.1(1/(b — 1)) is not what is expected to be an
ultimate model according to the Minimal Model Program. It is easy to see that Ty, is unirational
(in particular, uniruled). So we expect to arrive at a Fano-fibration. Therefore, it is natural to ask if
can be extended to reach such a model. The search for the answer to this question motivates
the work in this chapter. The spaces of [-balanced covers constructed in this chapter provide such

an extension.

3.2. The stack 77’2;1 of [-balanced covers

The notion of [-balanced covers depends on two invariants: the Maroni invariant and the u-

invariant.

2Again, the first map Tg;1(1) = Tg;1(1/2) happens to be an isomorphism.
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3.2.1. The Maroni invariant. Let C be a reduced curve over k of arithmetic genus g and
¢: C — P a triple cover. Set F = ¢,Oc/Op1. Then F is a vector bundle on P! of rank two and

degree —(g +2). We clearly have H(F(—1)) = 0. Therefore, we must have
F OPI (—m) ©® Opl (—n)

for some m,n > 0 with m +n = g+ 2. In this case, we say that the splitting type of ¢ is (m,n) and

its Maroni invariant is |n — m|. We denote the Maroni invariant by M (¢):
M(¢) = [n —m].

We say that a cover with a lower Maroni invariant is more balanced than one with a higher Maroni

invariant. By the upper semicontinuity of cohomology, the Maroni invariant is upper semicontinuous.

REMARK 3.2.1. The Maroni invariant M (¢) satisfies the following numerical conditions:
0<M(¢)<g+2and M(¢)=g (mod 2).
Furthermore, if C' is connected then m,n > 0 and hence
0<M(¢) <g.

3.2.2. The p invariant. Let C be a curve over k of arithmetic genus g and ¢: C — P! a triple
cover such that supp br(¢) = {p} for some point p € P*. In this case, we say that ¢ has concentrated

branching at p. The p-invariant of ¢ is simply the p invariant of the triple cover Cp, — le, as defined

in [bubsection 3.2.21

For the convenience of the reader, we recall the definition in the current context. Let C—C
be the normalization and ¢: C — P! the induced map. Then C' = P! LU P! U PL. Consider
the quotient Q = 5*05/@0(;. Then @ is an Op: module of length (g + 2) supported at p.
Since @ = ((Z*Oé/ol)l)/((b*Oc/Opl), the module Q is in fact a quotient of the free Op: module

6.0~ Op1 of rank two. Therefore, we must have
c

Q = k[t]/t™ @ k[t] /1",
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for some m,n > 0 with m 4+ n = g+ 2. In this case, we say that the splitting type of the singularity

of ¢ over p is (m,n) and its p-invariant is |[n — m|. We denote the p-invariant by p(¢):

(@) = [n—m|.

By an argument essentially the same as in [Proposition 2.4.1} the p-invariant is lower semicon-

tinuous in a family of triple covers with concentrated branching.

REMARK 3.2.2. The p invariant satisfies the same numerical conditions as the Maroni invariant,

namely:

0<pu(p) <g+2and pu(¢p) =g (mod 2).

Furthermore, if C is connected then m,n > 0 and hence

0<pu(o) <y

The Maroni invariant and the p-invariant are related by an inequality.

PROPOSITION 3.2.3. Let C be a curve over k of genus g and ¢: C — P a triple cover with

concentrated branching. Then

M(¢) < p(9).

PROOF. Let br(¢) = b-p for some p € P!, where b = 2g + 4. Let the splitting type of the
singularity over p be (m,n), where n > m and n+m = g+ 2. Set F' = ¢.O¢c/Op:. Then
F = Op:(—m') ® Op1(—n') for some n’ > m/ with m’ +n’ =g+ 2.

Let C — C be the normalization. We have the sequence
(3.2.1) 0 F = ¢.05/O0p1 — klz]/z™ @ k[z]/z" — 0.

Since C' = P! U P! U P!, the middle term above is simply Og?. Tt is easy to see that we have a

surjection

HO(OF (n — 1)) - H(K[a] /2™ @ kla] /™).

Using the sequence on cohomology of (3.2.1)) twisted by Op1(n—1), we conclude that H*(F(n—1)) =

0, or equivalently that n’ < n. It follows that

M(9)=n' —m/ =20 (g +2) <20 — (g+2) =n —m = p(9).
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3.2.3. The stack of [-balanced covers.

DEFINITION 3.2.4. Let [ be an integer. A triple cover ¢: C — P! is I-balanced if the following
two conditions are satisfied:

(1) The Maroni invariant of ¢ is at most [
M(¢) <.
(2) If ¢ has concentrated branching, then its p-invariant is greater than [

n(¢) > 1.

DEFINITION 3.2.5. Define 7’;1 to be the category whose objects over a K scheme S are

T A(S) = {(P — S;o56: C — P)},

where
(1) P— Sis a P! bundle and o: S — P a section;
(2) C — S is a curve with geometrically connected fibers of arithmetic genus g;
(3) ¢: C — P is a triple cover with br(¢) disjoint from o(S) such that for all geometric points
s — S, the cover ¢4: Cs — Py is [-balanced.

We often abbreviate (P — S;0;¢: C — P) to (¢: C — P;0).

. . ey .
We have an obvious morphism 7., — Z.1, given by

(P— S;0,¢:C = P)— (P — P;o;¢: C — P).

PRrROPOSITION 3.2.6. The morphism ﬁ];l — Ty is an open immersion.

PROOF. Follows easily from the upper semicontinuity of the Maroni invariant and the lower

semicontinuity of the p invariant. (|
We now state the main theorem.

THEOREM 3.2.7. Letl be a non-negative integer. Then 77’;;1 s a Deligne—Mumford stack, smooth

and proper over K. It is irreducible of dimension 2g + 2.
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The new content in is properness; the rest follows from our work in
We prove [T'heorem 3.3.4]in [Section 3.3|

REMARK 3.2.8. For | > g, we have an equality as substacks of 7,;:

Toa(1/(b—1)) =T,

g;1°

Indeed, since the Maroni and the p invariants lie in the range [0, g] for connected triple covers, both
sides are the open substack of .1 parametrizing (P;o;¢: C' — P) where P is smooth and ¢ does

not have concentrated branching.

l

COROLLARY 3.2.9. ﬂ;l admits a coarse space Tg;l) which is an irreducible algebraic space of

dimension 2g+ 2 with at worst quotient singularities, proper over K. In particular, it is normal and

Q-factorial.

PRrooOF. The existence of a coarse space is a theorem of Keel and Mori [22]. The listed properties

follow easily from the properties of the corresponding Deligne-Mumford stack. O

A priori, T, is only an algebraic space. However, in |Chapter 4] we show that it is in fact a
projective variety by exhibiting ample line bundles on it (Theorem 4.6.2]).

REMARK 3.2.10. By |Remark 3.2.1|and [Remark 3.2.2] the only pertinent values of [ are the ones

satisfying

0<l<gandl=g (mod 2).

Henceforth, we assume that [ satisfies these conditions.

3.3. Proof of the main theorem

This section is devoted to the proof of It suffices to prove the theorem after
passing to an algebraically closed K-field k. Therefore, we work over k in the rest of the chapter.

The proof is quite explicit and elementary. The main ingredient is the behavior of vector bundles
under pull back and push forward along blow ups of smooth surfaces. Throughout, we use without

explicit citation the fact that vector bundles, and hence finite covers, on punctured smooth surfaces

admit unique extensions (Proposition 1.4.19).

LEMMA 3.3.1. Let X be a smooth surface, s € X a point, f: Blg X — X the blowup, and

FE C Bly X the exceptional divisor. Let V' be a locally free sheaf on Bly X. Denote by e the natural



map

Then,
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e: BBV — V.

(1) B.V is torsion free; that is Hom(Os, 8.V) = 0.

(2) If H(V|g @ Op(—1)) = 0, then B.V is locally free and e is injective.

(3) If Vg is globally generated, then R'B.V =0 for all i >0, and e is surjective.

(4) More generally, if I > 0 is such that V|g ® Og(l) is globally generated, then cok(e) is

annihilated by I}E, where Iy C Opy, x is the ideal sheaf of E.

PrOOF. Without loss of generality, take X to be affine.

(1)
2)

(3.3.1)

We have Hom(Og, 8.V) = Hom(8*O4, V) = 0, since V is locally free.
Set X° = X\ {s} =Bl; X\ E and let i: X°—~X be the open inclusion. We have a natural

map

which is injective by (1). The target i.i*S,V is locally free—it is the unique locally free

extension to X of i*3,V = V]x. on X° (see, for example, [Proposition 1.4.19). We prove

that the map is surjective. Equivalently, we want to prove that every element of
H°(X°,V) extends to an element of H°(Bl; X, V). Take f € H°(X°, V). Let n > 0 be the
smallest integer such that f extends to a section f in H 9(Bly X,V (nE)). The minimality
of n means that the restriction of fto FE is not identically zero. If n = 0, we are done.
If n > 1, then the hypothesis H°(V|g ® Og(—1)) = 0 implies that f restricted to E is
identically zero, contradicting the minimality of n.

Since B,V is locally free, so is *8,V. The map 5*8.V — V is injective away from FE,
and hence injective.

Let V|g be globally generated. By the theorem on formal functions, we have
(RUB.V), = lm H(V]ur).
To get a handle on V|, g, we use the exact sequence

0=>Vig® Igb_l = Vime — V‘(m—l)E — 0.
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Since V| is globally generated, so is V|g ® Igb_l =V|g®Og(m—1), for all m > 1. Tt
follows by induction on m that H(V|,,g) = 0 for all m > 1 and i > 0. Thus RS,V = 0.

We now prove that e is surjective. It is an isomorphism away from E. We need to
prove that it is surjective along E. Since V|g is globally generated, it suffices to prove

that 8.V — B, (V|g) is surjective. From the exact sequence
0=Ig®V >V =>V|g—0,
we get the exact sequence
BV = B (VIg) = R'B.(Ig® V).

Since (Ig @ V)|r = V| ® Og(1) is globally generated, R'S.(Ir ® V) vanishes and we
conclude that 8,V — B.(V|g) is surjective.

(4) Consider the diagram

BB oV) — LoV — 0

l l !

BBV — vV Q 0

The first row is exact by (3), as (I ® V)| = V|g ® Og(l) is globally generated. It
follows that the multiplication map I, ® V — @Q is zero. Since V — @Q is surjective, the

multiplication IL, ® Q — Q is zero as well.

O

allows us to analyze the “blowing down” of trigonal curves. This analysis is the
content of the following lemma. Roughly, it says that blowing down a trigonal curve of Maroni

invariant M results in a singularity of p invariant at most M.

LEMMA 3.3.2. Let X, s, f: Bly X — X, E and X° be as in[Lemma 3.3.1, Let F C X be
a smooth curve passing through s and F C Bl; X its proper transform. Let f: C — Bl; X be a
triple cover, étale over F. Assume that é\E is a reduced curve of genus g and 55: 5|E — E has
Maroni invariant M. Denote by ¢: C — X the unique extension to X of %: 6’|Xo — X°. Then

¢: C|lp — F is étale except over s, and it has a singularity of p-invariant at most M over s:

u(dlr) < M(dlp).
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The setup is partially described in In this setup, we say that C'— X is obtained by

Bls X X

FIGURE 2. The setup of

blowing down C > BL X along E.

ProoOF. To simplify notation, we drop the qg* (resp. ¢.) and simply write Og (resp. Oc),
considered as a sheaf of algebras on Bl; X (resp. X).

We apply [Lemma 3.3.1| to the vector bundle O on Bl, X. The condition (2) in [Lemma 3.3.1

is clearly satisfied; therefore 5,04 is a locally free sheaf of rank 3. Note that 8,05 is naturally an

Ox algebra which agrees with O¢ on X°. It follows that
Oc¢ = B.0g.

Since C~'\ﬁ — Fis étale, C|p — F is étale except possibly over s. Next, set § = FNE. Consider
the map of Opy, x algebras
v 6*16*05 = ﬁ*OC — 05.
This is an isomorphism away from E, and hence, when restricted to ﬁ, we have a sequence

v|ip

(3.3.2) 0— (ﬁ*Ocﬂﬁ — Oé'ﬁ — Q — 0,

where @ is supported at s.

The sequence exhibits Oz|z as the normalization of 3*O¢|z. Moreover, since f3: F—F
is an isomorphism, the algebra 5*Oc¢|z on F can be identified with the algebra O¢|p on F via
5. Hence, the splitting type of the singularity of C — F' over s is simply the splitting type of the
module Q.
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Let z be a uniformizer of F near 3. Suppose
Q = klx]/z™ & klz]/z",
and
OalE/OE = OE(—m’) S OE(—TZI),

for some positive integers m, n, m’ and n’ with m +n =m’ +n’ = g+ 2. By|Lemma 3.3.1| (4), the
ideal Iga’({m,’"/} annihilates the cokernel of v. Restricting to F, we see that 2™*{™" 7'} annihilates
Q. In other words,

max{m,n} < max{m’,n'}.

Since m +mn =m’ + n’, it follows that

w(glr) = m—n| < |m' —n'| = M(d]r).

Next, we prove a precise result about the behavior of rank two bundles under elementary
transformations, especially about their splitting type. We first introduce the setup. Let R be a
DVR with uniformizer ¢, residue field k, and fraction field K. Set A = Spec R. Consider P =
Proj R[X,Y] = PL with the two disjoint sections sy = [0 : 1] and so, = [1 : 0]. Denote by F the

central fiber of P — A, and by 0 (resp. co) the point F' N sy (resp. F' N sy ). Consider the map
B: P\{x} =P, [X:Y]—[tX:Y]

Then § has a resolution (see [Figure 3|)

P
N

B
P--------- ' P

Here (1: P — P is the blow up at co and fs: P — P is the blow up at 0. The central fiber of
P> Ais Fy U F5, where F; is the exceptional divisor of ;. The F; meet transversely at a point,

say s.
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B1 B2
0o Soo OOKFX @NO oo Soo
F F
: P :
: S0 © 80
0 : 0 :
o 3 o
P P

FIGURE 3. Resolution of 8: [X : Y] — [tX : Y].

LEMMA 3.3.3. Let n > m be non-negative integers, and O(1) the dual of the ideal sheaf of sg.
Identify
Ext' (O(=m),0(=n)) = R(X"~™m=2 . Xiyn—m=2=i  yn-m=2)

Let V' be a vector bundle of rank two on P given as an extension
(3.3.3) 0—0(-n) >V —=0(-m)—0,

corresponding to the class e(X,Y) € Ext'(O(—m),0(—n)). Denote by W the unique vector bundle
on P obtained by extending B* (V). Assume that the class t™ " Tle(tX,Y), lying a priori in K ®pg

Ext'(O(=m),0(=n)), lies in Ext'(O(—m),0(—n)). Then W can be expressed as an extension
0—O(-—n) =W — O(-m) — 0,

with class t™~"Tle(tX,Y). Moreover, in this case, we have an exact sequence

(3.3.4) 0— (BIW)|m, — (B3V)|m, — klu]/u™ & k[u]/u™ — 0,

where u is a uniformizer of Fy at s.

We say that a class in K®@pgExt' (O(—m), O(—n)) is integral if it belongs to Ext' (O(—m), O(—n)).

The class t™ "e(tX,Y) is integral if e(X,Y") is sufficiently divisible by t.

PrOOF. The proof is by a possibly tedious but straightforward local computation. Write P =

Spec R[x] U Spec Rly], where z = X/Y and y = Y/X. To ease notation, write e(x) for e(z,1). Note
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that
B! Spec R[x] = Spec R[z]; ' Spec R[y] = Spec K[y].

The union 37! Spec R[z] U 37! Spec K[y] is P\ {oo}, as expected.

We can choose local trivializations (vy,v2) and (v,,v;) for V on Spec R[z] and Spec R[y] re-

T T

spectively, such that they are related on the intersection by

-n 1
T 0 vy

<

(3.3.5)

<
<N QR

" le(x) am | \ 02
The bundle §*V is trivialized by (8*v}, 8*v2) on S~' Spec R[z] and (5*v), 5*v2) on 3~* Spec R[y].

The transition matrix on the intersection is simply the pullback of the matrix in ([3.3.5):

B*vk A A 0 B*vl
(3.3.6) Y=
By t—ntlp=ntle(ty) t—mp—m B*v?
Construct W by gluing trivializations (w,,w?) on Spec R[z] and (w,,w;) on Spec R[y] by

z " 0 w

g

(3.3.7)

g
<N Q-

tmontlp=ntle(ty) o™ w?

Construct an explicit isomorphism v : 8*V = W on P\ {o0}, as follows:

By wy .
(R — on 7" Spec R[z] = Spec R[z],
B*vz w;
(3.3.8)
5*,01 t—nwl
P N = Y on 37! Spec R[y] = Spec K[y].
B*U:LQ} t_"bwi

From the transition matrices (3.3.6) and (3.3.7)), it is easy to check that this defines a map ¢: g*V —
W on P\ {00}, which is clearly an isomorphism. From (3.3.7), we see that W is an extension of

O(—m) by O(—n) corresponding to the class t™ " Tle(tX,Y).

Finally, we establish the exact sequence (3.3.4). By [Lemma 3.3.1} 81,85V is a vector bundle

which is identical to 8*V on P\ {oc}. Therefore, we must have

W= pB,B85V.
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The map SiW — 3V in (3.3.4) is simply the natural map

(3.3.9) BIW = BiB1,(B3V) % B3V

To obtain the cokernel, we express ev in local coordinates around s. Set u = S7y; this is a function
on a neighborhood of s in P. A basis for 85V around s is given by (830!, B5v2). A basis for 57 W

around s is given by (8iw,, Bfw7). From the description of ¢ in (3.3.8), it follows that ev is given

by
Biw, u” 0 B3,
ev: —
Brw? tmortlyn=le(t/u) um |\ Biv2
Note that t™ "y ~te(t/u) lies in R(u™*! ... u"~1). Hence, we get
cok(ev|r,) = k[u]/u™ & k[u]/u™.
Since u|p, is a uniformizer for Fy around s, the sequence (3.3.4) is established. O

We now have the tools to prove [['heorem 3.3.4] which we restate for the convenience of the

reader.

THEOREM 3.3.4. Letl be a non-negative integer. Then 7’;1 is a Deligne—Mumford stack, smooth

and proper over K. It is irreducible of dimension 2g + 2.

ProoF oF [ITHEOREM 3.3.4l Without loss of generality, assume that [ satisfies the conventions
in [Remark 3.2.10, namely 0 <! < g and [ = g (mod 2). We divide the proof into steps. Recall that
Ty:1 is the moduli of (¢: C — P;o) where P = P!, C is smooth and connected of genus g, ¢ is a
simply branched triple cover and o € P\ br ¢.

That 7, is smooth, of finite type, and irreducible of dimension 2g + 2: By

tion 3.2.6 77’;;1 is an open substack of 1. By [Theorem 1.5.5] .7;.; is smooth, and hence 77‘;;1 is

smooth.

Again, by Ty contains T,.1 as a dense open substack. Since 7,1 is irreducible
of dimension 2g + 2, we conclude that 7;;1 is irreducible of the same dimension.

To see that it is of finite type, denote by ///&M C Mop,1 the open substack parametrizing
(P;¥;0) with P smooth. It is easy to see that ./, , is of finite type over K. By the definition of
=

4:1, the open immersion 7Jg;1‘—>9g;1 factors as

T S
7~;;1‘—>///0;b,1 X oy Tg1 C Tgi1-
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Since Jy.1 — Mop,1 is of finite type, we conclude that .Z5, | X 4., , 741 and hence ﬁm if of finite
type over K.

That 7;;1 is separated: We use the valuative criterion. Let A = Spec R be a the spectrum of
a DVR, with special point 0, generic point 7 and residue field k. Consider two morphisms A — 77';;1
corresponding to (P; = A;oy;¢;: C; — P;) for i = 1,2. Let ¢, be an isomorphism of this data over
77, namely isomorphisms 1/17173 : Pi|, = Py, and wg : C1], = Cs,, over i that commute with ¢; and
0;. We must show that ¢, extends to an isomorphism over all of A.

Suppose that wf; extends to a morphism ¥ : P — P5 over A. Then ¥ must be an isomor-
phism, because the P; = A are P! bundles and 1/)7173 is an isomorphism. It also follows that ¢ must

be an isomorphism of marked curves
PP (Pr;broy; o) =5 (Py;brdo; o).

By the separatedness of J.1 — #y,1, we conclude that we have an extension P : C1 — Cy over
PP
Therefore, it suffices to show that 1/)7’73 extends. Denote by ¥* the maximal extension of @[17]]3 .

Since P; — A are P! bundles, the rational map ¢ has a resolution of the form

(3.3.10) ,

where P is smooth and its (scheme theoretic) central fiber is a chain of smooth rational curves
EyU---UE,; the map P Py blows down FE,, ..., Fj successively to a point p; € Pi|o; and the
map P - P, blows down Eq, ..., E,_1 successively to a point ps € Palo (see . If n =0,
then ¥ is already a morphism, and we are done. Otherwise, we look for a contradiction.

Since wf; takes o1(n) to o2(n), either p; = 01(0) or p = 02(0). By switching 1 and 2 if necessary,
say p1 = 01(0).

Let C — P be the pullback of C; — P;. Since C; — P is étale over o1(0), the cover C—> P
is étale over Eq,...,E,. Then Cy — P, is obtained by blowing down C—> P successively along
Eo,...,En_1. Thus, Co|g — P»|o is has concentrated branching at po; let p be its p-invariant. On
the other hand, C |, — Fo is isomorphic to C|g — Py|o; let M be its Maroni invariant. Since both
(C; — P;)o are l-balanced, we have

w>1>M.
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E,
D2
En7~-~7E1HP1§ i By = Pao
P T :
Eo =5 Pio - éEow--,Ena — P2
p1
Ey
P P
P

FIGURE 4. The resolution of %" : P, — P,

However, by repeated application of [Lemma 3.3.2| and [Proposition 3.2.3] we get

w< M.

We have reached a contradiction.

That 7;;1 is Deligne—-Mumford: Since we are in characteristic zero, it suffices to prove that
a k-point (¢: C 4 Pl o) of 7;;1 has finitely many automorphisms. We have a morphism of algebraic
groups

7: Aut(¢: C — P o) — Aut(Ph).

The kernel of 7 consists of automorphisms of ¢ over the identity of P'. Such an automorphism is
determined by its action on a generic fiber of ¢. Hence ker 7 is finite.

Since 7—_19;1 is separated, Aut(¢: C — P! o) is proper. On the other hand, Aut(P?!) is affine. It
follows that im 7 is finite. We conclude that Aut(¢: C' — P1, o) is finite.

That 7;;1 is proper: Let A = Spec R be as in the proof of separatedness. Denote by 7 a
geometric generic point. Let (¢: C R P,;0) be an object of 7;;1 over . We need to show that,
possibly after a finite base change, it extends to an object of 7’;1 over A. Without loss of generality,
we may assume that the object over 7 lies in a dense open substack of 77';;1. Therefore, we may
take ¢: Cy — Py to not have concentrated branching. Extend (P;br ¢;0) to an object (P;X;0) of
Mop1(A). Since ﬂgl;l — Mop,1 is proper, we get an extension (C' — P;o) of (C — P;0), over
(P;X;0), possibly after a finite base change. Assume that C|y — PJo satisfies the second condition

of [Definition 3.2.4] This can be achieved, for instance, by having X|o not supported at a point.
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If the Maroni invariant of Clg — P|o is at most [, we are done. Otherwise, we must modify
C — P along the central fiber to make it more balanced. Fix an isomorphism of P — A with
Proj R[X,Y] — A such that the section o: A — P is the zero section [0 : 1]. Set V = ¢.0¢c/Op; it

is a vector bundle of rank 2 on P. Let
V‘p0 =~ Op: (—m) @ Op1 (—n),

where m < n are positive integers with m +n = g+ 2 and n — m > [. Then we can express V as

an extension
(3.3.11) 0— Op(—n) -V — Op(—m) — 0.
Denote the extension class by
e(X,Y) € Ext!(Op(—m),Op(—n)) = R(X""™72  yn—m=2),

Since Cy; — Py is I-balanced but n—m > [, the class e(X,Y") is nonzero. However, as the restriction
of to Py is split, ¢ divides e(X,Y). By passing to a finite cover A= A, ensure that a
sufficiently high power of ¢ divides e(X,Y), so that t™~"Tle(tX,Y) is integral.

Consider the rational map 5: P --» P, sending [X : Y] to [tX : Y]. Then § is defined away
from [1 : 0] on the central fiber. Let ¢': C' — P be the unique extension of 3*C — P. Then C' — P
is isomorphic to C' — P on the generic fiber, whereas the central fiber C'|y — P|o is unramified
except at [1: 0]. The section 0 = [0: 1] of P — A serves as the required marking.

The cover C' — P may be thought of in terms of the resolution of 3 (as in [Figure 3))

P

Recall that S; is the blowup at [1 : 0] and S2 at [0 : 1] on the central fiber, with exceptional divisors
Fy and F5 respectively. Set C = B5C. Then C' — P is the blowdown of C —» P along 1. Set
V =6.05/05 and V' = ¢,0¢/Op. Then V = B3V, and V' = 3, V.

CLAIM.
(1) V' is an extension of Op(—m) by Op(—n) given by €'(X,Y) = tm " Hle(tX,Y).

(2) The splitting type of the singularity of C'|g — Plo over [1: 0] is (m,n).
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PROOF. The first claim is directly from [Cemma 3.3.3] For the second, consider the natural map
B1O0cr = B1B1.0z — Og.

Its restriction 57Ocr|r, — Og|F, expresses Oz|r, as the normalization of 5{Ocr|r,. On the other
hand, 81 gives an isomorphism between 57O¢|r, and O¢/|p,. Hence, the splitting type of the
singularity of C’|o over [1 : 0] is the splitting type of the cokernel of 5{Oc|r, — Og|r,. We can

factor out the Op|p, summands, by considering the diagram

BiOp|p, === Op|p,
| |
0 BiOc:|F, Oclr, Q 0
l |
0 BV, Ve, = B3Vr, Q 0
Thus, the second claim follows from the last exact sequence in O

Returning to the main proof, we see that the operation e(X,Y) — ¢t "Hle(tXY) in coordi-
nates is:

Xiyn-m=2=t y ymontlti xyiynom=2-i for ; —=0,...,n —m — 2.

See that the above operation acts by purely “negative weights” ™~ "*1+% Tt follows that after a base
change A 3N fora sufficiently divisible N and a sequence of transformations [X : Y] — [tX : Y]
as above, we can arrange:

(I) The extension class ¢/(X,Y) € Ext'(Op(—n),Op(—m)) of V' is nonzero modulo .

(IT) The splitting type of the singularity of C'|g — P|g over [1: 0] is (m,n).

By (I), the new central fiber ¢j: C'|o — P|o is more balanced than the original Clog — Plo.
Since I < n — m, the new central fiber also has u-invariant greater than {. If M(¢;) < I, then
the new central fiber is [-balanced, and we are done. Otherwise, we repeat the entire procedure.
After finitely many such iterations, we arrive at a central fiber of Maroni invariant at most [ and

p-invariant greater than [. The proof of properness is thus complete.



CHAPTER 4
The birational geometry of Tlg;l

. =) .
In [Chapter 3} we constructed a sequence of proper Deligne-Mumford stacks 7 ., as compactifi-

. . . . . il
cations of the stack 7g;1 of trigonal curves with a marked unramified fiber. Their coarse spaces T’

give a sequence of birational models of the space T}.1:

(4.0.12) Tg;l RIS T;;l LR T;;_f I Tg;(l)r !

In this chapter, we study these spaces and these birational transformations.

We use Exc to denote the locus where a rational map is not an isomorphism. Thus, Exc(f8;) C
Tlgll is the locus of covers of Maroni invariant ! and Exc(8; ') C Tlgjlz the locus of covers with
concentrated branching and p-invariant [.

Here is a summary of the main results of this chapter.

THEOREM 4.0.5. Let [ be an integer with 0 <1< g and l =g (mod 2).
(1) The algebraic spaces T;;l are projective schemes.
(2) The rational map
By Ti;l - Tg;_12
extends to a morphism, which contracts the “hyperelliptic divisor” to a point.

(3) If g is even, then the rational map
—2 —0
Pa: Ty —=> Ty,

extends to a morphism, which contracts the “Maroni divisor” to a PL.

(4) Except in the two cases mentioned above, the rational maps

=1 =l—2
Bi:Tyq - Ty,

)

are isomorphisms away from codimension two. In these cases, Exc(8;) is covered by K-
negative curves and Exc(ﬁl_l) by K -positive curves, where K is the canonical divisor.

90
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(5) For even g, the final model ng is the quotient of a weighted projective space by an action
of S3. In particular, it is Fano of Picard rank one.

(6) For odd g, the final model T;l admits a morphism to P whose fibers are Fano of Picard
rank one.

(7) For 0 <l < g, the rational Picard group off;;l has rank two. For g # 3 it is generated by

A and 6. The canonical divisor is given by

2 2
sz(3(29+3)(g—1))\_(g —3)9).

(8) There are elements Dy in the rational Picard group, given in the case of g # 3 by

2

(g;3> Dy = {(Tg +6)A — g6} +

9N -6},
g+2 { }

such that the following hold. For 1 > 0, the interior of the cone (Dy, Diy2) is the Mori
chamber associated to the model Tlg;l. For even g, the cone (Dy, D) is the Mori chamber
associated to the model T;l. For even (resp. odd) g, the ray (Dg) (resp. (D1)) is an edge

of the effective cone.

shows a sketch of the Mori chamber decomposition along with an approximate location
of the ray (K).

- Diya

. s . . =1,
F1GURE 1. The Mori chamber decomposition of Picq given by the models T ; and
an approximate location of the ray spanned by the canonical class K.

The statements are not proved in the order in which they are stated. In [Section 4.1} we recall

some structure theorems for triple covers. In we use the structure theorems to make
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basic dimension counts and prove that most of the ; are isomorphisms away from codimension
two. The assertion about K-negativity and K-positivity, however, is proved later in[Section 4.6 In
we study the hyperelliptic contraction and in the Maroni contraction. In
we compute the Picard group and the canonical divisor. In [Section 4.6 we compute
the ample cones. In we study the final models.

For the convenience of the reader, we list the statements in the main text corresponding to the

statements in the summary above.
(1) [Theorem 4.6.2| for 0 < I < g, [Theorem 4.7.2| for I = 0. The case | = g follows from the
equality Tg;l =T41(1/(b—1)) (see [Remark 3.2.8).

Theorem 4.7.4

[Proposition 4.5.1f and [Proposition 4.5.4]

(2)
(3)
(4)
(5) [Theorem 4.7.2}
(6)
(7)
)

Throughout, we work over an algebraically closed K field k. Recall that b = 2g+4 is the degree

of the branch divisor.

4.1. Structure of triple covers

In this section, we recall some structural results for triple covers. The results of this section

hold over Z.

4.1.1. Canonical embedding. Let Y be a scheme and ¢: X — Y a triple cover. Assume
that the fibers of ¢ are Gorenstein. Define F' by
(4.1.1) 0— 0y = ¢.0x = F—=0.

Then F is a vector bundle of rank two on Y. Setting E = FV and dualizing, we get a morphism

E — ¢.wy, where wy is the dualizing line bundle of ¢. Equivalently, we have a map

d)*E — We.
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By explicit verification on the geometric fibers of ¢, it is easy to check that the above map is

surjective and gives an embedding X—PF over Y. We thus get a sequence
(4.1.2) 0—=1—0Oprg—Ox —0,

where I has degree —3 on the fibers of 7: PE — Y. Twisting (4.1.2) by Opg(1) and applying =,
gives

0— E — ¢owy — R'7.(I ®Opp(l)) — 0.

Comparing with the dual of ([4.1.1)), we get an isomorphism R'7,(I @ Opg(1)) — Oy. Using Serre

duality for 7, for which the dualizing line bundle is Opg(—2) ® det E, we get an isomorphism
T (IY ® Opp(—3) @ ™ det E) — Oy,
or equivalently, an isomorphism
I = Opp(—3)®@n*det E.

Hence (4.1.2)) takes the form
0— OPE(f-?)) @ det E — Opg — Ox — 0.

4.1.2. Structure theorem. Using the canonical embedding, one can deduce an explicit struc-
ture theorem for triple covers. This result is originally due to Miranda [27]. Our exposition is based
on the letters of Deligne [6l [7] in response to the work of Gan, Gross, and Savin [13].

Let % be the stack over Schemes given by %(S) = {(E,p)}, where F is a vector bundle of
rank two on S and p a global section of Sym3(E) ®det EV. Then 4 is an irreducible stack, smooth
and of finite type (over Z).

Recall that 7 is the classifying stack of triple covers. We define a morphism % — 7. Let
(€, p) be the universal pair over Z. Set P = P& and let 7: P — % be the projection. The section
p gives a map i: Op(—3) @ n*detE — Op. Let W C £ be the locus over which this map is
not identically zero. It is easy to see that the complement of W C £ has codimension four. In

particular, 4 is injective because £ is smooth and ¢ is generically injective. Define Q as the quotient

0—O0p(-3)®@7n"detE - Op — Q — 0.
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Applying ., we get

0= 0p—m0—E —=0.

Hence, 7, Q is an O4 algebra which is locally free of rank three. We thus get a morphism

(4.1.3) fi B — .

THEOREM 4.1.1. ([27, Theorem 3.6], [6]) Let B be the stack over Schemes described by B(S) =
{(E,p)}, where E is a vector bundle of rank two on S and p a section of Sym® E ® det EV. Then
the morphism % — o5 in (4.1.3)) is an isomorphism.

We follow the proof by Deligne [7], which is based on the following observation.

PROPOSITION 4.1.2. [34, Proposition 5.1] The stack <3 is smooth. The complement of the

Gorenstein locus U has codimension four.

PROOF. We have a smooth and surjective morphism Hilbs A2 — %, where Hilbs A? is the
Hilbert scheme of length three subschemes of A% Since the Hilbert scheme of points on a smooth
surface is smooth, we conclude that .27 is smooth.

The only non-Gorenstein subschemes of A7 of length three are Speck[z,y]/m?, where m C
klx,y] is a maximal ideal. The locus of such has dimension two in the six dimensional space

Hilbs A2. Tt follows that the complement of U C &/ has codimension four. O

ProOF OF [THEOREM 4.1.1] We construct an inverse g: o3 — %. Denote by ¢: Z — of5 the

universal triple cover. Define E by
0= 0y — ¢.09 — EV = 0.

Then E is a vector bundle of rank two on .«%. We now construct a global section p of Sym® E@det EV.
By the procedure of over the Gorenstein locus U, we have an embedding 2 —P =
PE giving the sequence

0—Op(-3)®detE — Op — Og — 0.

The map Op(—3) ® det E — Op gives a section of Sym?® E @ det EY over U. Since the complement
of U C 473 has codimension at least two and o753 is smooth, this section extends to a section p of

Sym® E ® det EV over all of . The pair (E, p) gives a morphism g: «% — 4.
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We must prove that f: & — o3 and g: o3 — P are inverses. Here is a sketch. Consider the
composite fog: @3 — of. It corresponds to a triple cover of 7. To check that f o g is equivalent
to the identity, we must check that this triple cover is isomorphic to the universal triple cover. By
construction, such an isomorphism exists over the Gorenstein locus U. Since the complement of U
has codimension higher than two and @73 is smooth, the isomorphism extends.

For the other direction, consider the composite go f: 8 — . It corresponds to a pair (£/,p’)
on %, where £ is a vector bundle of rank two and p’ a section of Sym*(£’) ® det £’Y. To check
that g o f is equivalent to the identity, we must check that this pair is isomorphic to the universal
pair (£,p). By construction, such an isomorphism exists over W. Since the complement of W has

codimension higher than two and 4 is smooth, the isomorphism extends.

4.2. Dimension counts

We return to working over the algebraically closed field & of characteristic zero.

Let 0 <1 < g be an integer with [ = ¢ (mod 2). Denote by Z.1(I) C F,.1 the locally closed
locus consisting of (P;0;¢: C — P) where P = P! and ¢ has Maroni invariant [. Let m < n be
such that

n+m=g+2andn—m=I.

Recall that 7, is irreducible of dimension b — 2 = 2g + 2.

PROPOSITION 4.2.1. Let 0 <1 < g be an integer with 1 = g (mod 2). Then Fy.1(l) is irreducible

of dimension given by
2 +2 if1=0,
dim Z1 (1) = S 29 43 — 1 if0<1<(9+2)/3,
Bg+0)/2+1 if(g+2)/3<l.

In particular, T4.1(1) has codimension one in the following two cases: | = g and | =2 (for even g).

For 2 <1 < g, it has codimension at least two.
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PROOF. Let E = Op1(m) ® Op1(n) and set
V = H°(Sym*(E) ® det EV)
= H" (Op1(2m — n) @ Op1(m) @ Op1(n) ® Op1(2n —m)).
Usingn+m=g+2andn—m=102>0, we get

2(g+2)+4 if 2m > n,ie. 1 <(g+2)/3
(4.2.1) dimV = :

3(g+D)/24+6 if2m<mn, ie l>(g+2)/3

Using [Theorem 4.1.1} a point v € V gives a triple cover ¢,: C — P! with ¢,,0c/Op:1 = EV. Let
U C V x P! be the open subset

U={(v,p) | p¢&br(s,)}.

Then we have a surjective morphism U — 5.1 (l). Hence J;1 (1) is irreducible. The dimension of a

general fiber of U — J.1(1) is simply
dim Aut E 4 dim Aut(P') = dim Aut E + 3.
Hence
(4.2.2) dim J;1 (1) =dimU —dimAut £ — 3 =dimV — dimAut E — 2.

Observe that

4 ifl=0,ie. m=n
(4.2.3) dim Aut F = dim Hom(E, E) =
[+3 ifl>0,ie. m<n
By combining (4.2.1)), (4.2.2)) and (4.2.3)), we get the desired dimension count. O

Denote by 7% (I) C .1 the locally closed locus consisting of (P;o;¢: C — P) where P = P!

and ¢ has concentrated branching with p invariant .

PROPOSITION 4.2.2. Let 0 <1< g andl =g (mod 2). Then 72 (1) is irreducible of dimension
given by

-1 if1<(g+2)/3
i 7%, (1) = ifl <(9+2)/ '

(g—0/2 ifl>(9+2)/3
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In particular, T2 (1) C Jy.1 has codimension at least two.

PROOF. As usual, let m, n be such that n +m = g+ 2 and n — m = [. Denote by e C .#,51
the closed locus consisting of (P;¥;0), where P = P! and ¥ is supported at a point. Then .72, (1)
is contained in @ X s, 7;.1. Note that e has a unique k-point, say p: Speck — .#;,1 given by

(P1;b-0;0). However,
(4.2.4) dim(e) = —1,

because of the automorphism group Aut(P!,0,00) = G,,.

Set C =P UP! LUP! and let 5: C — P! be the projection. Let
Crimp®™®(¢; b - 0) C Crimp(d; b - 0)

be the open and closed locus parametrizing crimps o=Yei % P! with br ¢ =0-0 and C connected.

By |[Proposition 2.2.5] we get a bijective morphism

[Crimp®™ (¢;b - 0)/ Aut()] = p X.at0,,, Tt

Moreover, p X_z,, , 71 (1) is simply the locus of crimps with p-invariant [. From [Proposition 2.4.3]

we get

l if 2m < n, i.e. 1 < (g+2)/3,

(4.2.5) dim(p Xz, Zgn (1)) =

(g+2-0/2 if2m>n,ie > (g+2)/3.

|Pr0position 2.4.3| also implies that the locus in [Crimpcon“(gZNS; b-0)/ Aut &] of crimps with p invariant

[ is irreducible. By combining (4.2.4) and (4.2.5)), we get the desired dimension count. O

Let b= by + -+ b, be a partition of b with b; > 1 and n > 2. Denote by #4., 1({b;}) C Mo.p1
the locally closed locus consisting of k-points (P; ;o) where P 2 P! and ¥ has the form ¥ = Y, b;p;

for n distinct points p1,...,p, € PL. Set

Tga({bi}) = Mop1({bi}) X a0, Tgi1-
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PROPOSITION 4.2.3. With the above notation, we have
dim 1 ({bi}) <n—2+ ) [b:/6).

In particular, T4, ({b;}) has codimension at least two if n < b— 2.

PrOOF. First of all, see that dim .#,1({b;}) = n — 2. Next, we compute the dimensions

of the fibers of br: J,.1({bi}) = Ao, 1({b;}). Let p: Speck — F.1({b;}) be a point, given by

(PY0;¢: C — P') with ¥ = 3", b;p;. By [Proposition 2.2.5| and [Proposition 2.1.2] the dimension

of the fiber of br containing p is simply the dimension of ], Crimp(ai, b; - pi), where (Z is the cover

of the disk A; around p; obtained by normalizing ¢. From the descriptions of Crimp(gi, b; - p;) in

[Proposition 2.4.3] [Proposition 2.4.6| and [Proposition 2.4.8] we see that

dim(Crimp(¢;, b; - pi)) < [b:/6].
The result follows. O

A part of [Theorem 4.0.5 follows immediately from the dimension counts.

—l —=1—2
PROPOSITION 4.2.4. For 2 <1 < g, the rational map py: Ty --» Ty is an isomorphism away

from codimension two.

Proor. Exc(f;) is an open subset of the locus of covers of Maroni invariant [. By

. =1 . .
tion 4.2.1} Exc(f;) C T';,; has codimension at least two.

Exc(8, ) is an open subset of the locus of covers with concentrated branching and u invariant

l. By |Proposition 4.2.2|7 Exc(8; ") T;;_f has codimension at least two. O

4.3. The Hyperelliptic contraction

Let g > 2. In this section, we prove that g, : T;l --» ngz is a divisorial contraction morphism.
The idea is to analyze the exceptional loci Exc(8,) and Exc(8; 1); the result follows seamlessly from
this analysis.

Set H = Exc(8y) C Tfm; this is the locus of curves with Maroni invariant g. By

tion 4.2.1] H is irreducible of dimension 2g + 1. In other words, it is an irreducible divisor. We call

H the hyperelliptic divisor. The terminology is justified by the following observation.

PROPOSITION 4.3.1. A (geometric) generic point of H corresponds to a marked cover (PY;o;¢: C —

Pl) of the following form (see :
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FIGURE 2. A generic point of the hyperelliptic divisor.

Pl

— C=EUP with P=P! and ENP = {p},

E is a smooth hyperelliptic curve of genus g and p € E is a non-Weierstrass point,

— ¢: E = P! has degree two and ¢: P — P! has degree one,
o & bro.

PROOF. Let (P!;0;¢: C = EU P — P!) be such a cover. Then we have
7 (6.0c ® Op: (1)) = 17(¢"Opr (1)) = 3,

which implies that ¢.O¢ = Op1 @ Op1(—1) @ Opi1(—g — 1). Hence ¢ has Maroni invariant g. See
that the covers (P';0;¢: C = EU P — P!) as above form a locus of dimension 2g + 1. Since this

locus lies in H, which is irreducible of the same dimension, we conclude that this locus is dense in

H. (]

THEOREM 4.3.2. The birational map Bg: T;l - T‘Z;Q extends to a morphism. The exten-
sion contracts the hyperelliptic divisor H to a point. The point B4(H) corresponds to the cover

(PL0;6: C — PL), where ¢ has concentrated branching and C has a singularity of type Dogyia.

We first prove a lemma (essentially [37, Lemma 4.2]) that gives a simple criterion to check

whether an extension defined on k-points is in fact a morphism.

LEMMA 4.3.3. Let X andY be algebraic spaces over k with X normal and Y proper. Let U C X
be a dense open set and ¢: U — Y a morphism. Let ¢': X(k) — Y (k) be a function that agrees
with the one given by ¢ on U(k). Assume that ¢’ is “continuous in one-parameter families” in
the following sense: for every A which is the spectrum of a DVR with residue field k, and every

morphism v: A — X which sends A* to U, we have

¢'(7(0)) = (¢ 0 7)(0),
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where the right hand side is the image of 0 under the unique extension to A of poy: A* =Y. Then

¢: U —Y extends to a morphism ¢: X — Y that induces ¢’ on k-points.

PROOF. Let & C X x Y be the closure of the graph ® of ¢: U — Y. Denote by m: & — X
and my: ® — Y the two projections. Then m;: ® — X is proper and an isomorphism over U. We
prove that it is an isomorphism. Then the extension of ¢ is obtained by composing m; LX 5o
with the projection ma: & — Y.

Since X is normal and 7, : ® — X is proper and dominant, by Zariski’s main theorem, it suffices
to prove that 7 is an injection on k-points. Let p1, ps € ®(k) be two points with 71 (p;) = z € X (k).
Since @ is dense in ®, we can choose maps 7;: A — ® which send A* to ® and 0 to p;. Since ¢’ is

continuous in one-parameter families, we get
ma(pi) = T2 07%(0) = (p om0 %) (0) = ¢' ().

Since 1 (p;) = x, we get p1 = p2 = (z,¢'(x)). -

PrOOF OF [THEOREM 4.3.21 Consider the exceptional locus Exc(8, ") C T‘Z;z. Let p: Speck —
Exc(ﬁg_l) be a point, given by a cover (P;0;¢: C — P!). Then M(¢) < g — 1 and ¢ has concen-
trated branching with u(¢) = g. Without loss of generality, we may take o = co and br¢ = b - 0.

The normalization C of C is the disjoint union P! U P P!, Let Spec k[z] € P! be the standard

neighborhood of 0. From [Proposition 2.4.3] we see that, up to permuting the three components of

C over P!, the subalgebra O¢ C Og is generated locally around 0 as an Op: module by

1

)

ngrlO@, and (z,az?, —ax?),

for some a € k. Observe that if a = 0, then M (¢) = g, which is not allowed; hence a # 0. However,

two covers given by nonzero a,a’ € k are isomorphic via the morphism induced by the scaling

(P!,00,0) = (P',00,0), x> {/a/a'x.

We conclude that Exc(8, 1) consists of a single point. Taking a = 1, we see that the map C' — P!
is given locally by

k[z] = klz, 9]/ (y* — *)(y — ).

In particular, the singularity of C' is a Dy singularity.
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Next, consider the pointwise extension f3; : Ti;l (k) — ngz(k) which agrees with the one induced
by B4 on the complement of H = Exc(f,) and sends all the points of H to the unique point of
Exc(ﬂ;l). It is clearly continuous in one-parameter families in the sense of [Lemma 4.3.3] Since
Tz;1 is normal and TZ;Z proper, we conclude that 3, extends to a morphism that contracts H to a

point. [

4.4. The Maroni contraction

Let g > 4 be even. In this section, we prove that [s: Ti;l -—» Tg;l is a divisorial contraction
morphism. The idea is the same as in the case of the hyperelliptic contraction; we first define
the extension on k-points and then argue that it is a morphism by checking continuity on one-
parameter families. The details are a bit more involved as Exc(f; ') is not merely a point. The
pointwise extension is obtained by relating the so-called cross-ratio of a marked unbalanced cover
on one side and the so-called principal part of an unbalanced crimp on the other side. We begin by
defining these two quantities.

For use throughout this section, set V = k®3/k, where k is diagonally embedded and P =
PsuV/S3, where S3 acts on V' by permuting the three coordinates. The two dimensional vector

space V is to be thought of as the space of functions on {1, 2, 3} x Spec k modulo constant functions.

4.4.1. The cross-ratio of a marked unbalanced cover. Consider a point p: Speck — F.1

given by (P!;0;¢: C — PY). Set F = ¢.0¢c/Op1 and assume that
F 2 Opi(—m) ® Op1(—n) with 0 <m < n.
Define the cross-ratio of ¢ over o as a point of Py, (F|,) as the line given by
k= H°(F ® Opi(m))—F|, ® Opi(m) = F|,.

Since the isomorphisms on both sides are canonical up to the choice of a scalar, this line is well
defined. An identification C|, — {1,2,3} induces an identification F|, — V and lets us treat the
cross-ratio as a point of Pg,,V. Let x(p) be the image of the cross-ratio in P = Pg,,V/S3. Then
X (p) is independent of the identification C|, — {1,2,3}.

The name “cross-ratio” comes from the following geometric realization of x(p). For simplicity,

assume that C' is Gorenstein. We have the canonical embedding C— Fj;, where M = n — m and
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F); = PFV is a Hirzebruch surface. Let 7: P! — Fj; be the unique section of negative self-
intersection and P = P! the fiber of F; — P! over 0. On P, we have four marked points, namely
the three distinct points of C|, and the point 7(o). The element x(p) is simply the moduli of
(P,C|,,7(c)). Even if C is not Gorenstein, it is Gorenstein over an open set U C P! containing o.

The geometric description of x(p) goes through if we consider the restricted embedding C|y— Fs |v-

4.4.2. The principal part of an unbalanced crimp. Analogous to the cross ratio, there
is a P-valued invariant of a cover with concentrated branching. This is a local invariant, so we
consider 5: C— A, where A is the disk Spec k[t] and 5 an étale triple cover. Let C—C% Abe

a crimp; set F = Og/0a and F = O¢ /O and Q = O5/O¢ = F/F. Assume that
Q = k[t]/t™ @ k[t]/t" with 0 < m < n.
Then the map ¢: F — F is divisible by t™ and the rank of the induced map
t~™i: Flo — Flo

is one. Define the principal part of the crimp to be the point of Psub(ﬁ‘o) given by the image of

t ™.

More explicitly, from [Proposition 2.4.3] we know that O¢ is generated as an Oa module by 1,

t™ f and t"Og, where f € F is nonzero modulo ¢. The principal part is simply the line (f(0)) C 13|0.
Thus, it partially encodes the moduli of a crimp.

Finally, consider a point p: Speck — 7,1 given by (P';0;¢: C — P'), where ¢ has concen-
trated branching at 0 with an unbalanced crimp, as above. Identifying C|, — {1,2, 3} lets us treat
the principal part as a point of Pg,, V. Let p(p) be the image of the principal part in P = Pg,,V/Ss3.
Then p(p) is independent of the identification C|, — {1,2,3}.

The invariants x(p) and p(p) are equal in a particular case.

PROPOSITION 4.4.1. Let p= (PY;0;¢: C — P) be such that ¢ has concentrated branching and

M(¢) = (o) > 0. Then the cross-ratio equals the principal part:

PROOF. Let C = P! UP! UP! — C be the normalization. Set F = $+O¢c/Op1 and F =

5*05/01:)1 as usual. Let the splitting type of F' and the splitting type of the singularity be (m,n)
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with m < n. Suppose suppbr(¢) = {0} and let Opi1(—1) — Op: be the ideal sheaf of {0}. The

inclusion i: F — F factors through
i': F® Opi(m) — F = 052,

Clearly, it is an isomorphism away from 0. Let f be a nonzero global section of F'® Opi(m). Now,
x(p) is defined by the image of f in F ® Opi(m)|, = F|, and p(p) by the image of f in F|o. Since

Fis trivial, the two are equal. ([

We now relate the cross-ratio and the principal part in the context of the blowing down of a
trigonal curve. Let X be a smooth surface, s € X a point, 8: Bly X — X the blowup and E the
exceptional divisor. Let P C X be a smooth curve through s, Pits proper transform and s = F nP.

Let C — Bl; X be a triple cover, étale over 13, and set F = Oz/Ogl, x. Assume that
ﬁ|E >~ Og(—m) ® Og(—n), with 0 <m < n.

Let C — X be the cover obtained by blowing down C - Bl X along E. Then C|p — P is a
crimp over s with normalization C |5. Assume that the singularity of C|p — P over s also has the

splitting type (m,n).

PROPOSITION 4.4.2. In the above setup, the cross-ratio of (E;§;5|E — E) and the principal

part of (5’|15 — C|p — P) are equal.
ProoOF. By|Lemma 3.3.2} we have Oc = $.0gs. Denote by v the map
v: 5*00‘13 — OC~’|ﬁ'

This map expresses Og|p as the normalization of 3*O¢|s = Oc¢lp. Set F' = Oc/Ox. As the
singularity of C|p — P over s has splitting type (m,n), there is a nonzero section f of F defined
around s such that v(5* f|5) has valuation m with respect to a uniformizer of P at 5. By shrinking
X if necessary, assume that f is defined on all of X. As F' = B*ﬁ , we can interpret f as a section of
F on Bl, X. Since F|g = Og(—m) & Og(—n), the section f must in fact be the image of a section
f/ under the inclusion

FoIp —F.

Furthermore, since the section f|z has valuation m at 5, the section f’|5 has valuation zero at 5.

Said differently, the restriction of f’ to 5 is nonzero. We see that the cross-ratio of (F;5; C~'|E — E)
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and the principal part of (C| 5 — C|p — P) are defined by the line spanned by the image of f’ in

Fls. O

4.4.3. The Maroni contraction. We are now ready to tackle f5: Tf;;l --3 72;1- The ex-

ceptional locus Exc(f2) is the locus in T, consisting of covers with Maroni invariant two. By

[Proposition 4.2.1] this locus is an irreducible divisor. We call it the Maroni divisor.

THEOREM 4.4.3. Let g > 4 be even. The birational map Pa: 73;1 -— 72;1 extends to a mor-

phism. The extension contracts the Maroni divisor to P = P1.

PROOF. Set g = 2h. Consider the exceptional locus Exc(8;') C 72;1- Let p: Speck —
Exc(B;') be a point, given by (P';0;¢: C — P'). Then M(¢) = 0 and ¢ has concentrated
branching with p(¢) = 2. Without loss of generality, we may take 0 = oo and br¢ = b-0. The

normalization C' of C' is the disjoint union P! U PY LU P! Let Speck[z] C P! be the standard

neighborhood of 0. From [Proposition 2.4.3} the subalgebra Oc C Og is generated locally around 0

as an Op1 module by

1, thO@ and xhilf,

for some f € Oz whose image in F = Og/Op1 is nonzero modulo x. Clearly O¢ is determined
by f € ﬁ/xQﬁ and f only matters up to multiplication by a unit in k[z]/x2. Let f = fi + zfo,
where f; € f\o with f; # 0. By multiplying by units of k[z]/x2, we see that O¢ is determined by
a line (f1) C Flo and an element f, in the one-dimensional k-vector space Flo/(f1). However, if
fo =0, then M(¢) = 2, which is not allowed. On the other hand, two covers given by f; + zf> and

f1+azfs, for a € k*, are isomorphic via the map induced by the scaling
(P!, 00,0) = (P!, 00,0), 2~ az.

The upshot is that p € Exc(8y ) is determined by the line (f;) C F lo, or equivalently by the
principal part p(p) € P.

We now define an extension 85 of Ba: Ti;l --» Tg;l on k-points. Let p € Exc(f2) be a point
corresponding to (P';0;¢: C — P) with M(¢) = 2. Let £5(p) be the unique point of Exc(3; ")
whose principal part equals the cross-ratio x(p) as points of P.

By it suffices to check that B is continuous in one-parameter families. Let
A — T;l be a map sending A* to the complement of Exc(f2) and 0 to a point p € Exc(52). By

replacing A by a finite cover, assume that the map lifts to A — 7';1 and is given by the family
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(P;o;¢: C — P) over A. From the proof of the valuative criterion for 7;;1 (Theorem 3.3.4), we

know the procedure to modify (P;o;¢: C — P) so that the central fiber lies in ?2;1. After a

sufficiently large base change, it involves blowing up ¢(0) and blowing down the proper transform

of P|o, until the central fiber has Maroni invariant 0. Throughout this process, the central fiber

continues to have u-invariant 2. By repeated applications of [Proposition 4.4.1|and [Proposition 4.4.2]

we conclude that the principal part of the resulting limit equals the cross-ratio of the original central

fiber. It follows that S5 is continuous in one-parameter families. O

4.5. The Picard group

In this section, we compute the rational Picard groups and the canonical divisors of T’ for

0<l<yg. By |Pr0position 4.2.4L in this range, all the models T;;l are isomorphic to one another

away from codimension two. Hence their Picard groups are identical. Denoting by Picq the rational

Picard group Pic ®Q, we have the equality
. = . 7l
Picq (T 1) = Picq(Th1).

Moreover, it is clear that the locus of points with nontrivial automorphisms has codimension at least
two in ﬁ;l. As a result, the coarse space morphism ﬁ;l — Tlg;l is an isomorphism in codimension
one. Hence, we may transfer divisors from one to the other without worrying about multiplication
factors.

We begin by defining several classes in Picq (77'19;1). Let (P;0;¢: C — P) be the universal family
over ’77Jg;1. Denote by mp: P — ’77';;1 and m¢: C — ﬁ;l the projections. When no confusion is likely,
we denote both projections by 7. Let ¥ C P be the branch divisor ¥ = br ¢.

Define the following:

A: Observe that R'7mc,Oc is a vector bundle of rank g. We define \ as the determinant of its
dual
A = det(R'7m,.0c)".
d:  The locus of points in 77‘;;1 over which C is singular is a divisor. We define § to be its class.
T: The locus of points in 77’1_«;;1 over which ¢ has a point of triple ramification is a divisor. We

define T to be its class.

Br?: Define Br? as the pushforward

Br® = 7, (X?).
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c2: Define ¢} as the pushforward

& = 7. (2(6.00)[P)
co:  Define ¢y as the pushforward
2 = Ty (c2(¢Oc)[P]) -

02: Define 02 as the pushforward

K: Define K to be the canonical divisor

K=Kz =Kp

g;1

PROPOSITION 4.5.1. Let 0 <l < g and ! = g (mod 2). Then
NG 2 ~ 02
PICQ<Tg;1) = Q<CI7C2> = Q .

The reason we prefer ¢2 and ¢ as a basis is that their cohomological nature allows us to compute

intersections with curves very easily.

ProoF. We may throw away loci of codimension at least two. Consider the open subset Vj,;

(resp. Ug;1) of ’77'19;1 consisting of (P;0;¢: C — P) where br(¢) has at least (b — 1) (resp. b) points

in its support. By [Proposition 4.2.3] the complement of V;;; has codimension at least two. Hence

Picq (7—19;1) = Picq(Vg).

On the other hand, it is easy to see that the complement of Uy, in Vi, consists of two irreducible
divisors, namely T' (the divisor where ¢ has a triple ramification point) and ¢ (the divisor where C

is singular). We thus have an exact sequence
Q(T,d) — Picq(Vy.1) — Picq(Uy1) — 0.

We claim that Picq(Uy1) = 0. Indeed, consider the moduli space U, of unmarked trigonal

curves

Uy ={(P;¢: C = P)},
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where P = P!, C is a smooth and connected curve of genus g and ¢ is simply branched. From the
work of Stankova-Frenkel [38, Proposition 12.1] or Bolognesi and Vistoli [4, Theorem 1.1], we know
that Picq(U,) = 0. Let ¢: C — P be the universal object over U,. Then P — Uy is a conic bundle
and Uy C P is the complement of br(¢). We conclude that Picq(U,.1) = 0.

At this point, we know that the dimension of Picq (Tf];l) is at most two. It is easy to verify (for

example, by intersecting with test curves) that ¢3 and ¢y are linearly independent. O

We now express all the divisors described above in terms of ¢ and c;. We are particularly

interested in the expressions for A, § and K. As in the proof of |[Proposition 4.5.1] we may throw

away loci of codimension higher than two. Accordingly, let Wy, 1 C 4,1 be the open locus
consisting of points (P;o; %), where P = P! and supp ¥ has at least (b — 1) points. As before, let

. " . . =
Vg:1 be the preimage of Wy, 1 in Tg;l. Throughout the rest of this section, we work on Vi;; C 7Jg;1.

PROPOSITION 4.5.2. Denote by D C Wyyp,1 the divisor consisting of points where ¥ is not
reduced. Then
br* D = 3T + 6.

ProoF. Consider a point w of D given by (P;%;0). Then ¥ = 2p + p3 + - - - + pp for distinct
points p, ps, ...,py € P. Consider a point v of V.1 over (P;X;0) given by a triple cover ¢: C' — P.

Then ¢ either has a triple ramification point or a node over p. Hence,
supp br* D = suppT U suppd.

We must verify the multiplicities.
We look at the morphism Defy — Def p., to compute the multiplicity of br* D. Let U — P! be
a neighborhood of p and ¢y : C|y — U the restriction of ¢; it suffices to look at Defy, — Defy 5, .

In fact, we may even restrict to an étale neighborhood.

Take the case where v € T. Then, étale locally around p, the cover ¢ has the from ¢ =
Spec k[x,y]/(z — y*) — Spec k[x]; the branch divisor is given by ¥ = 22. A versal deformation of

the subscheme ¥ C Speck[z] can be given over R = k[u, v] as the family

Spec R[z]/(x* + uzx + v).
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The divisor D C Spec R corresponding to non-reduced ¥ is given by (u? —4v). A versal deformation

of ¢ can be given over S = kla, b] as the family
Spec S|z, y]/(x —y* — ay — b) — Spec S[z].

The divisor T' C Spec S corresponding to covers with a triple ramification point is given by (a). On
the other hand, the branch divisor in Spec S[z] is (27(z — b)? 4 4a3). Thus, under the induced map
Spec S — Spec R, the pullback of (u? — 4v) is (a®). In other words, T appears with multiplicity
three in br* D.

The case where v € § is similar. Etale locally around p, the cover ¢ has the form ¢ = Spec k[z]U
Spec k[x,y]/(z? — y?) — Speck[z]. A versal deformation of ¢ can be given over S’ = k[c] as the
family

Spec S’ [z] U Spec S'[z,y]/(x? — y* — ¢) — Spec S’ [z].

The divisor 6 C Spec S’ corresponding to singular covers is given by (c). On the other hand, the
branch divisor in Spec S'[x] is (#% —¢). Thus, under the induced map Spec S — Spec R, the pullback

of (u? — 4v) is {¢). In other words, § appears with multiplicity one in br* D. O

ANOTHER PROOF OF [PROPOSITION 4.5.2] OVER C. Assume that & = C. In this case, we can
compute the multiplicities of T and § in br* D by a beautiful topological argument due to Joe Harris.
Take a point w € D and let v € V1 be a point over w. The idea is to compute the multiplicity of
the component of br* D containing v by analyzing the monodromy of Vj.; — Wy, 1 around w near
v. Concretely, this can be done by lifting a (real) loop around w, beginning at a point near v.

Let w = 2p+ p3 + - - - + pp. Take a nearby point w’ = p; +pa + p3 + ... py, where p; # ps. Take

a loop v in Wy, 1 based at w’ that exchanges p; and ps in the standard way:

N
Pie o2

NS

Set 1 = m (P*\ {p1,...,p}). Take a point v’ over w’ near v. Then v’ is determined by some

monodromy data m; — S3. Choose a basepoint O in P! and represent the generators of m; by the
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standard circuits around p;:

Express the monodromy 7; — S3 by the b-tuple (o1, ...,0p) where o; is the image of the standard
loop around p; described above. Observe that the lift of v which starts at v' = (01, 09,...) ends at
v" = (09,05 '0109,...). The order of the operation v’ — v is the multiplicity of the component of
br* D containing v.

For v € §, we can take

g1 =02 = (12).

Then v' = v”, and hence § appears with multiplicity one in br* D.
For v € T, we can take

g1 = (12), 09 = (23)

Then v’ — v” has order three; the cycle is given by
(12),(23) — (23),(13) — (13)(12) — (12),(23).

Hence T appears with multiplicity three in br* D. ([

PROPOSITION 4.5.3. Let | be such that 0 < I < g and | = g (mod 2). Then the following

relations hold in Picq(T 1)

Br® = 4¢2,
_ &C% — ¢,
2(g+2)
T = 362,
4g9+6 5
= -9
G+
1
2 _ 2
(g+22"

PrOOF. The relations follow from straightforward Chern class calculations. The first few are

scattered throughout [38]. We present the details for completeness.
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Take a one-parameter family of triple covers
C - P — B,

where B is a smooth projective curve, P — B a P! bundle and C — B a family of connected
curves of genus g. Let ¥ = br¢ C P. Set E = (¢.0¢/Op)Y. Then ¢1(¢.O¢c) = —c1(E) and
¢2(9.0¢) = c2(E). Choose a (possibly rational) class ¢ on P which has degree one on the fibers of
7 and satisfies ¢ = 0.

In the calculations that follow, we omit writing pullbacks or push-forwards where they are clear
by context. We use [ ] to denote the class of a divisor in the Chow ring. Chern classes are understood
to be applied to the fundamental class.

Since ¥ = br ¢ is the zero locus a section of (det ¢*Oé)®2, we have
[X] = 2¢1(E).
This gives the first relation.

Using that ¥ has relative degree b = 2(g + 2) over B and (% = 0, we get

_ d(E) _ _d(E)
(4.5.1) [E]~Cfg+2 andcl(E)(fQ(g_'_Z).

From Grothendieck—Riemann—Roch applied to 7: P — B, we get

ch(Rm.O¢c) =g+ A

= 7, (ch(¢,0¢) - td(P/B))
:w*<0—mmEy+%u”zf@u”>.u—go.

Combining with (4.5.1]), we get the second relation

2
A:@—CQ(E)+Z~C
g+1l o

= ——c] — Ca.
20g+2) " 7



4.5. THE PICARD GROUP 111

We have an embedding C<—PFE over P that exhibits C' as the zero locus of a section « of the

line bundle L = Opg(3) ® det EY. Set € = ¢1(Opg(1)). Then ¢ satisfies the equation
€2 —c1(E)¢+ c2(E) = 0.

Let J3L be the bundle of order three jets of L along the fibers of mp: PE — P. More precisely,
J3L =7y, (72" L ® O3a) ,

where 7; are the two projections PE xp PE — P and A C PE x p PFE the diagonal divisor. Then
the locus T' C B of points b € B over which C|, — P|, has a triple ramification point is simply
the image in B of the zero locus of the section Jsza of J3L induced from the section o of L. In
particular,

degT = c3(J5L).

Since J3sL = L+ L ® Qpg/p + L ® Q%%/P in the Grothendieck group of sheaves on PE and

c1(Qpg/p) = =28 + c1(E), we get the third relation

degT =7, (3§ —c1(E)) - § - (=€ + c1(F))
= 302(E) = 302.

Our next goal is to compute the divisor br* D. This is simply the branch divisor of ¥ — B.

The ramification divisor of ¥ — B is given by wy,p. By adjunction, we have

ws/p = (wp/B +c1(X))|s

= (=20 +2c1(E)) - 2c1(E)

49 +6
= 9102,
g+ 2

and hence br* D = %C% Using [Proposition 4.5.2|, we get the third relation

6 =br*D —-3T

4 6
= g+ C%—gcg.
g+2

For the last relation, assume furthermore that we have a section o: B — P disjoint from 3.

Abusing notation, also denote by o the image o(B) C P. Now, [o] and % are two divisor classes

on P that have degree one on the fibers and their product is zero. The last relation follows. 0
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PROPOSITION 4.54. Let 0 <l < g andl = g (mod 2). The canonical divisor 0f77‘;;1 (or Tlg;l)

is given by

2(9+3)(29+3) ,
(gr2 A0
2

= T3 (e -DA- (4" =3)9).

K =

PROOF. Retain the notation introduced just before [Proposition 4.5.2] We restrict to the open

subset V1. Let Ky (resp. Kyw) be the canonical divisor of Vg1 (resp. Woy,1). Since the finite

morphism V1 — W1 is étale except over D C Wy, 1 and br* D = 3T + 4, we have

We first compute Ky in terms of D. Let w be a point of Wy.; 1 corresponding to the data (P;3;0).

We have the following canonical identification of the tangent space to Wy,,1 at w:
TwWop1 = Hom(Is /I, Ox) @ Hom(I,/I%,0,).

With this, the relation between D and Ky follows from an easy test-curve calculation. Here are

the details. Take a one parameter family (7: P — B;o; %) giving a map f: B — Wy, 1, where B is

a smooth projective curve. Set ( = [g—] + % Then ¢ has degree one on the fibers of 7 and satisfies

¢? = 0. Hence wp/p = —2¢. By adjunction
degws/p = (=2¢ + [2)) - [¥] = —— - 52

Therefore,

b—1
deg D = degws/p = 5 »2.

On the other hand, we have
f*TWO;b,l = W*%OmE(IE/I%n OZ) D W*%Omd(jﬂ/-[ga OU)'

Observe that

d
deg w7 oms (I /I3, Ox) = deg (# oms (Is /13, Ox)) — %
_degD  b+1

2 2(b-1)

=x2 deg D.
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Using 02 = —%2/b? = —deg D/(b(b — 1)), we get

—deg Ky = deg f*Tw,,, ,

= deg T, omy(Is/I%, Os) + deg w0 omy (I, /I2,0,)

b+1 9 b+2
=———degD =—" D.
20 —1) degD + o 5% deg

Using (4.5.2)) and [Proposition 4.5.2) we get

b+2
Ky = 222 .37 4 6) + 2T,
2b
Substituting 7" and § from [Proposition 4.5.3| and using b = 2¢g + 4 yields the result. O

4.6. The ample cones

In this section, we identify the cone of ample divisors on T';,;. We retain the notation, especially
the list of divisors, introduced at the beginning of

Define the divisor D; by the formula
20\ ?
Di=ttea -+ () &

where b = 2g + 4, as usual. Recall that a Q-Cartier divisor on a space is nef if it intersects non-
negatively with all complete curves in that space. The bulk of the section is devoted to proving that

o =l
certain divisors on T ; are nef.

THEOREM 4.6.1. Let 0 <l < g andl =g (mod 2). A divisor is nef on T;;l if and only if it is

a non-negative linear combination of D; and Dj4o.

The proof is the content of [Subsection 4.6.1] and [Subsection 4.6.2|

Using the Nakai—-Moishezon criterion for ampleness, we then deduce projectivity.

=l
THEOREM 4.6.2. Let 0 <1 < g and | = g (mod 2). A divisor is ample on T, if and only
=l
if it is a positive linear combination of Dy and Diyo. In particular, the algebraic space T'yq is a

projective scheme.

The proof is the content of [Subsection 4.6.3]

In terms of the more standard generators A and 4, the divisor D; admits the following expression:

2

<~‘723) Dl:((7g+6)/\—95)+g:_2'(9)\76).
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4.6.1. Positivity for families with Br* > 0. We prove that D; and D42 are non-negative

e . R . .
on one-parameter families in 7';,; with non-negative Br?.

PROPOSITION 4.6.3. Let B be a smooth projective curve and w: P — B a P! bundle with a
section 0: B — P. Let ¢: C — P be a triple cover, étale over o. Assume that on the generic point
of B, we have

$+0c/Op = Op(—m) ®© Op(—n),

where m < n are positive integers. Assume, furthermore, that br(¢)? > 0. Set ¢; = ¢;(¢+Oc). Then

2
(402 —c2+ (Z—I—an;) cf) [P] > 0.

COROLLARY 4.6.4. Assume that 0 <1< g andl =g (mod 2). Let B be a projective curve and

f:B— Tlg;l a morphism such that f*(Br®) > 0. Then
f*Diyo > Dy > 0.

PrROOF. By replacing B by a finite cover and normalizing, we may assume that we have a map

B — 7;;1 and B is smooth. Then |Pr0position 4.6.3| applies. Since Br? = 4c?, and Br? > 0, we have

¢? > 0. Hence f*Dyyo > f*D;. Putting n +m = b/2 in the conclusion of [Proposition 4.6.3[ and

using [ < n —m (as the curves are I-balanced) we conclude that f*D; > 0. O

We give two proofs of [Proposition 4.6.3] We freely use the divisor relations from
[fion 453

4.6.1.1. First proof. The underlying tool in the first proof is the following result, coupled with

an amusing “balancing trick” (Lemma 4.6.6]).

PROPOSITION 4.6.5. Let B be a smooth projective curve, P — B a P! bundle, and E a vector
bundle of rank r on P. If the restriction of E to any fiber of P — B is balanced, then the class

7. (2rea(E) — (r — 1)c2(E)) on B is non-negative.

Recall that F is balanced if E = O(d)®" for some d. The result is a special case of a result of
Moriwaki |28, Theorem A]. Stankova-Frenkel [38, Proof of Proposition 12.2] proves the particular

case (r = 2) that we need. Nevertheless, here is an independent proof.
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PROOF. Observe that 2rca(E) — (1 —1)c2(E) is unaffected if E is replaced by E® L for any line
bundle L. Thus, possibly after replacing B by a finite cover, assume that det F = Op. We must
conclude that m.co(E) > 0.

That E is generically balanced and det E = Op forces E, & O%br for a generic b € B. Then
m«E is a vector bundle of rank r on B. Since 7*m.E — FE is generically an isomorphism and
det E = Op, it follows that ¢;(m+E) < 0. Since R'm,E is supported on finitely many points, we
evidently have c;(R'm,E) > 0. Therefore, ¢;(Rm.E) < 0. But Grothendieck-Riemann—Roch shows

that ¢ (RmE) = —mwca(E). O

The following lemma lets us cook up a balanced vector bundle from a possibly unbalanced
cover. We will use the lemma for L = O¢. It is formulated more generally because the proof is by

induction.

LEMMA 4.6.6. Let ¢p: C — P! be a triple cover, s € P! a point over which ¢ is étale, {t,t,t3}

an ordering of ~1(s) and L a line bundle on C. Assume that
¢*L = Opl &>, Opl (—m) D Opl (-’I’L),

for some positive integers m < n. Then there is an effective divisor D of degree n —m supported on
{t1,t2,t3} such that
¢«(L(D)) = Op1 & Op1(—m) & Op1(—m).

PrOOF. The proof is by induction on n —m. If n = m, take D = 0.

Let n —m > 1. Set O¢(1) = ¢*Op1(1). Consider the chain of inclusions
L‘—)L(tl)‘—%[/(tl + t2)‘—>L(t1 + 19 + tg) =L® OC(].),

and the induced inclusions on global sections
HY(L ® Oc(m—1)) < HO(L(t;) ® Oc(m — 1)) & HO(L(t1 + t2) ® Oc(m — 1))
L3

S HO(L(ty +ta +13) ® Oc(m — 1)) = H(L ® Oc(m)).

From ¢.L = Opr @ Opi1(—m) ® Op1(—n), and n > m, we see that

KO(L ® Oc(m)) — h(L & Oc(m — 1)) = 2.
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Therefore, at least one of the ¢; is an isomorphism. For such a j, the inclusion
H(L ® Oc(m —1))=H°(L(t;) ® Oc(m — 1))
must be an isomorphism. This isomorphism implies that
¢« L(tj) = Op1 @ Op1(—m) @ Op1(—n + 1).

The induction step is thus complete. (I

REMARK 4.6.7. In [Lemma 4.6.6) the support of D cannot be all of {¢1,t2,¢3}. Otherwise,
¢« (L(D)) will contain ¢.L ® Op:1(1) and hence also Op1(1), contradicting the conclusion of the

lemma.

FIRST PROOF OF [PROPOSITION 4.6.3l After a base change if necessary, assume that we have

three distinct sections 7;: B — C' lying over o, for i = 1,2,3. For a generic b € B, we have
¢)*ch = OPb D OPb(fm) D OPb(*n)'

By [Lemma 4.6.6] there is an effective linear combination D of the sections 7;(B) of degree n —m
such that

$+0¢, (D) = Op, ® Op,(=m) ® Op,(—m).

Consider the map Op — ¢,.O¢(D) adjoint to the map O¢ =t Oc¢(D). The map of vector bundles

Op — ¢.0¢(D) on P is fiberwise nonzero, since D does not contain any fiber of C' — P, by

[Remark 4.6.71 Define V as the cokernel

0— Op = ¢.0c(D) -V = 0.

Then V is locally free of rank 2. The restriction of V' to P, is balanced. Hence, by [Proposition 4.6.5|

we have
(4.6.1) 4eo(V) — (V) > 0.

We compute the Chern classes of V' in terms of those of ¢.O¢. Throughout, we abbreviate ¢;(¢.O¢)
by ¢;, and omit writing pullback or pushforward symbols where they are clear by context. Note

that ¢; - 0 = 0 since ¢ is étale over o.
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Say D = a1y + bry, where a and b are positive integers with a + b = n — m. We have the exact

sequences

0 — O¢ — O¢(am) = Ogr, (am1) — 0, and

0 — O¢(am) = Oc(D) = Opr, (D) — 0.

Here am; denotes the subscheme of C' defined by the ath power of the ideal of 7, and likewise for

bro. Pushing forward along ¢, we get a relation in the Grothendieck group of P:

Qb*OC(D) = QZS*OC + d)*Oa‘rl (aTl) + (b*Ong (D)

Since ¢ is étale over o, and 71, 7o are disjoint, we have ¢,Oyr, (a71) = Oy (ao) and ¢, Oy, (D) =

Opo (bo). Therefore,

(V) = c(¢+0c(D))
=¢(¢+0¢) - (1 +ao) - (1 + bo)
=1+ (c1 +(n—m)o)+ (ab- o + c3).
Using (4.6.1)), we obtain
(4.6.2) deg 4+ ab-o? — 2 — (n—m)?® > 0.

Since ab > 0 and o2 = B1r2/b2 > 0, we conclude that

2
402—cf+<z+2> i >0.

4.6.1.2. Second proof. The second proof resembles the proof of positivity in the Br? < 0 case.
Although it is somewhat less elegant, it is more transparent. The underlying idea is to use, in some

form, the morphism to P! given by the cross-ratio.

SECOND PROOF OF [PROPOSITION 4.6.3] Assume, possibly after a finite base change, that we

have three disjoint sections 7;: B — C' lying over o, for i = 1,2, 3. For a generic b, we have

(b*OCb = OPb D OPb(fm) D OPb(in)'
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If m = n, then by [Proposition 4.6.5, we get 4co — ¢ > 0. Since Br? = 4¢7 > 0, this implies the

desired result. Henceforth, assume that m < n.

Set F' = ¢.0¢/Op, and consider the map
X: T (F ® Op(mo)) = 7 (Flo @ Op(mo)).

Note that 7,(F ® Op(mo)) is a line bundle on B. Since ¢~'o = 71 U 7 LI 73, the bundle F|, is
trivial. Clearly, over the points b € B where F' = O(—m) @ O(—n), the map x is injective. Hence,

there is a map p: 022 = F|, — O, such that the induced map
pox: T (F ®Op(mo)) = 7. (Oy(mo))

is an isomorphism at the generic point of B.
Denote by (n —m)o the scheme defined by the (n — m)th power of the ideal of o. Consider the

diagram of vector bundles of rank (n —m — 1) on B:

T (F®O0p(m)) @ m.0p((n —m — 1)0) — m.05(mo) @ m.Op((n —m — 1)o)

J l

m(F @ Op((n —1)0)) TO(n—myo((n — 1)0)

(4.6.3)
The top and the left maps are clear. The bottom one is the composition
m(F @ Op((n — 1)) = T (F|(n—m)o @ Op((n — 1)0) & 7(O(—myo (0 — 1)0)).
The one on the right is induced by the map of rings
Os = Otn—m)o

dual to the projection (n — m)o — o. The map on the right is an isomorphism; the rest are

isomorphisms generically on B. In particular, we conclude that
(4.6.4) deg T O(p—m)o((n — 1)o) > deg m,.(F @ Op((n — 1)0)).

We compute both sides in terms of ¢;(¢.O¢) = ¢;(F), henceforth abbreviated by ¢;. The left side

is easy from the exact sequences

0= O0s((m+1)o) = Om—m—io((n—1)0) = Oy—m—i—1)s((n — 1)o) = 0,
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for 0 <i<n-—m—1. So we have

deg m.O(n—m)o((n —1)o) = (n —1)o + (n —2)o +---+mo) - o

(n+m—1)(n—m)
(4.6.5) - < 5 o
(m+m—1)n—m)\ ,
=— i
2(n +m)?
For the right side, apply Grothendieck—Riemann—Roch, keeping in mind
2 2
Wy 0= —02, 022—671, Wy € = — a ,andcl-azwfT
2(n+m) (n+m)

The result is
ch(Rm.(F @ Op((n —1)0)))

= (ch F - ch Op((n—1)0) - tdp/p)

:m(<2+c1+cj—c2)-<1+(n—1)a+m_21)202>.<1—

(4.6.6) so that

ci(Rm.(F @ Op((n —1)0)))

_((a+m)*+(n+m)—2n—1)*-2n-1)\ ,
( )

2(n+m)? ame
_ ((n—m)(n+m—l) —2mn> 2.
B 2(n +m)? Lo

See that R'm.(F ® Op((n — 1)0)) is supported on finitely many points of B. Hence

c1(m(F @ Op((n = 1)0))) = c1(Bm.(F ® Op((n — 1)0))).
Combining with (4.6.4]), we arrive at

c1(mOp((n = 1)0)|(n-m)o) = c1(Bm.(F @ Op((n = 1)0))).

=0.

119
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Substituting the left side from (4.6.5) and the right side from (4.6.6)), we get

((n+m—1)(n—m) 2> (n—=m)(n+m—1)—2mn 2 e
( = JERE

2(n +m)?2 2(n+m)?

dmn n—m\>
— 402 — (M) C% = (402 —C%)—f— (m) C? 20

The proof is thus complete. O

REMARK 4.6.8. Let us examine the proof to determine when equality holds. This is the case if
and only if 7. (F @ Op((n—1)0)) = m.0(n_m)s((n—1)0) is an isomorphism and R, (F®Op((n—
1)o)) = 0. Then the splitting type of F}, is (m,n) for all b € B. Therefore, all the maps in
are isomorphisms. In particular, we have an isomorphism 7,(F ® Op(m)) = O,(mo). Hence the
map

T (F ® Op(m)) = m(Fl, @ Op(m)),

which defines the cross-ratio, is equivalent to a (nonzero) global section of
Homp(m.(F @ O0p(m)), m(Fl, @ Op(m))) = OF>.

The upshot is that C — P is a family of triple covers with a constant Maroni invariant [ = n —m
and a constant cross-ratio.
Retracing the steps, it is easy to see that for such a family C' — P with a constant Maroni

invariant [ = n — m and a constant cross-ratio, equality holds; that is, the pullback of D; is zero.

4.6.2. Positivity for families with Br? < 0. Having taken care of families with Br? > 0, we

now consider families with Br? < 0.

PROPOSITION 4.6.9. Let B be a smooth projective curve and m: P — B a P' bundle with a
section o: B — P. Assume that Br? < 0 and let  be the unique section of ™ of negative self-
intersection. Let ¢: C — P be a triple cover étale away from (. Assume that the splitting type

of the singularity of C — P over ¢ is (m,n) over a generic point of B, where m < n are positive

2
(462 —cd+ (Z_’_Z) cf) [P] > 0.

integers. Then




4.6. THE AMPLE CONES 121

COROLLARY 4.6.10. Assume that 0 <l < g and l = g (mod 2). Let B be a projective curve

and f: B — T;;l a morphism such that f*Br? < 0. Then
f*Di > f*Dyya > 0.

PROOF. Since 4¢3 = Br® and Br? < 0, we have ¢; < 0. Therefore f*D; > f*D;yo. Hence, it
suffices to prove that f*D; o > 0.

By replacing B by a finite cover and normalizing if necessary, we may assume that f lifts to a
map f: B — 7;;1 and B is smooth. Say f is given by (P;0;¢: C — P). Since 4¢3 = Br? < 0, the

branch divisor of ¢ must be supported on the section ¢ of P — B of negative self-intersection. Thus,

[Proposition 4.6.9| applies. Since our family consists of [-balanced covers, we have n —m > [, and

hence n —m > 1+ 2 because n —m =1=g (mod 2). Using n+m =b/2, ¢} <0and n—m >1[+2

in the conclusion of [Proposition 4.6.9] we conclude that

[*Diy2 > 0.

PRrOOF OF [PROPOSITION 4.6.91 By making a base change if necessary, assume that we have
three sections 7;: B — C over o, for i = 1,2,3. Let C — C be the normalization and 5: C—>P
the corresponding map. By [39], the fibers are C' — B are normalizations of the fibers of C' —
B. Therefore, C is the disjoint union of three copies of P, each containing one section 7;. Set
F =¢.0c/Op, and E = 5*05/013. Note that F = O%Z. The inclusion @O@—)&O@ induces an
inclusion F—FE, which is an isomorphism away from (. We think of F' as a subsheaf of E via this
inclusion.

Since the generic spitting type of the singularity of the fibers of C' — B over ( is (m,n), we
have the inclusions

Ig-ECFCIg”-E.

Let F =F/ (Ig . E) and F = (IZ"/I?) -E. Both F and E are supported on ¢, are 7-flat, and their

n-fibers have lengths (n —m) and 2(n — m) respectively. Pushing forward F — E, we get

i F — W*E,
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a map of locally free sheaves on B of rank (n —m) and 2(n — m), respectively. The target 7, F is
isomorphic to . (1" /1) @ (OF?).

We examine i explicitly over a point b € B where the splitting type of the singularity is (m,n).
Let = be a local coordinate for P, near ((b). Since the singularity of C, — P is of type (m,n), the
subalgebra O¢, C Oéb = 0%3 is generated as an Op% module, locally around z, by (1, 2™ f, x"0%3>,

where the image of f in FEj is nonzero modulo x. Therefore,
Fy=k™fa™ . 2" f).

Since the image of f in E|¢ ) is nonzero, it is nonzero in one of the projections p: O?ﬁ) = Elew) —

O¢)- It follows that the composite j, = p o ij gives an isomorphism
gp: Fy = I&Lb)/Ig(b).

Consequently, the composition j = p o is an isomorphism on the generic fiber:
jimF — m (10 )17).

We conclude that

(4.6.7) degm, (I /1) > degm. .

We compute both sides in terms of ¢;(¢.O¢), abbreviated henceforth by ¢;. Since P — B is a P!
bundle with two disjoint sections o and ¢ of positive and negative self-intersection, respectively, we

have
WP/B = —0 — C

By Grothendieck—Riemann—Roch,

ch(m. (I I2)) = m.(ch(I/I2) - tdp )

= Tx ((Ch]g-n 7Ch]z~l) 'tdp/B)

e (s Y (1Y),

— m2—n2+n—m
c1(meE) = < n  m)? > .

The last equality uses (? = —0? = ¢2/(n + m)2.
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Similarly, using ¢; = —(m 4 n)¢ and Grothendieck—Riemann—Roch,
Ch(ﬂ'*F) = W*(Chf . tdp/B)
= ﬂ*((ChF — 2Chlg) . tdp/B)

(o) (459)

— m?2 —n?>+2mn+n—m
cr(mF) = ( 50m + n)? )C%—CQ

Substituting into (4.6.7)), we get

4mn 9 n—m 22
402—(M>C1:402—C1+(m+n> 0120.

REMARK 4.6.11. Let us examine the proof to determine when equality holds. This is the case
if and only if the map F — I IS /1 & s an isomorphism. Then fiber C, — P, has a singularity of
splitting type (m,n) for all b € B. Furthermore, the map F|: — E|¢, which defines the principal

part, is equivalent to a (nonzero) global section of
nl nl ~ 2
Fom(F|¢, El¢) = O? .

The upshot is that the family C' — P has singularities of a constant p invariant [ = n —m and a
constant principal part.

Retracing the above steps, it is easy to see that for such a family C' — P of covers with
concentrated branching with singularities of a constant g invariant [ = n — m and a constant

principal part, equality holds; that is, the pullback of Dy is zero.

We have essentially finished the proof of it is now a matter of collecting the

pieces. We recall the statement for the convenience of the reader.

THEOREM 4.6.1. Let 0 <l < g andl = ¢ (mod 2). A divisor is nef on T;;l if and only if it is

a non-negative linear combination of Dy and Dj4o.

Proor. By|Corollary 4.6.4]and [Corollary 4.6.10|we conclude that D; and D49 are non-negative

.ol . . . . .
on any complete curve in 7', ;. Hence, every non-negative linear combination of D; and Dy is nef.
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It remains to show that D; and Do are indeed the edges of the nef cone. For that, it suffices
exhibit curves on which D; is zero and D, is positive, and vice-versa. and
tell us how to construct such curves. We explain the constructions briefly. Let m < n
be such that n+m=¢g+2and n—m = 1.

For the edge (D;), we construct a family of covers with constant Maroni invariant { and constant
cross-ratio. Such a family can be constructed, for example, as follows. Let C' — P? be a connected,

generically étale triple cover with
O¢c/Op2 = Op2(—m) @ Opz(—n).

Let p € P2 be a point over which C' — P? is étale. Let P = Bl, P? and set ' = C xp2Bl, P2. Then
P — P!l is a P! bundle with a section o given by the exceptional divisor. The family (P;o;C’ — P)
gives a curve in Tlg;l. The pullback of D; to this curve is zero and the pullback of D, is positive.

For the edge (D;12), we construct a family of covers with concentrated branching having u-
invariant [ + 2 and constant principal part. To construct such a family, consider the two-parameter
family of sub-algebras S(a,b) of Ogi where S(a,b) is generated locally around 0 as an Op1 module
by

1 (2™ 4 az™ "t + b2™,0,0), and w”“O;‘ff’.

Via the scaling x +— tz, we have an isomorphism
S(a,b) = S(t""™a, t"" ™).

The resulting family on (k®2\ 0)/ G,, gives a curve in T;;l. The pullback of D;y9 to this curve is

zero and the pullback of D; is positive. [l

4.6.3. Projectivity. In this section, we prove that divisors in the interior of the nef cone of
T;; 1 are indeed ample. This would follow from Kleiman’s criterion if we knew that Tlg;l is a scheme.
However, it is a priori only an algebraic space. Kleiman’s criterion can fail for algebraic spaces, as
pointed out by Kollar [24], § VI, Exercise 2.19.3]. Recall, however, that Nakai-Moishezon’s criterion

is still true.

THEOREM 4.6.12 (Nakai-Moishezon criterion for ampleness). [23, Theorem 3.11] Let X be an

algebraic space proper over an algebraically closed field and H a Cartier divisor on X. Then H is
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ample if and only if for every irreducible closed subspace Y C X of dimension n, the number H™ -Y

18 positive.

To deduce that divisors in the interior of the nef cone are ample, we need a mild extension of a

result of Fedorchuk and Smyth [I1, Lemma 4.12].

LEMMA 4.6.13. Let X be an algebraic space proper over an algebraically closed field. Suppose
X satisfies the following: for every irreducible subspace Y C X, there is a finite surjective map
Z =Y and a Cartier divisor D on X whose pullback to Z is numerically equivalent to a nonzero

and effective divisor. Then any Cartier divisor in the interior of the nef cone of X is ample.

ProOOF. The proof follows the proof of [I1, Lemma 4.12] almost verbatim. In what follows,
“divisor” means a Q-Cartier divisor. Let H be a divisor in the interior of the nef cone. By the
Nakai-Moishezon criterion, it suffices to prove that for every n-dimensional closed subspace Y C X,
the number H™ - Y is positive. We induct on n; the case n = 0 is trivial.

Let Z — Y be as in the hypothesis and denote by f the finite map Z — X. Say

D-|[Z] Ezai[zi],

where a; > 0 and Z; C Z are reduced and irreducible divisors. Let f;: Z; — X be the restriction of
f- Then f; is also a finite map.
Since H is in the interior of the nef cone, for a sufficiently small € > 0, the divisor H — €D is

nef. Since H and H — e¢D are nef, we have

H" Y(H —eD)-[Z] > 0.

Therefore,
(deg f)-H"-[Y]=H"-[Z] > eH""'D - [Z]
=€ Z a;H" - [Z)]
i
=) ai(deg fi) - H" ' [fi(Z:)] > 0,
i
where the last inequality is by the induction hypothesis. The induction step is complete. (Il

We now have the tools to prove [Theorem 4.6.2] We recall the statement for the convenience of

the reader.
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THEOREM 4.6.2. Let 0 < I < g and |l = g (mod 2). A divisor is ample on T;;l if and only
if it is a positive linear combination of D; and Diyo. In particular, the algebraic space Tz;l s a

projective scheme.

PrOOF. We check that X = Tlg;l satisfies the hypothesis of [Lemma 4.6.13] Let Y C X be an

irreducible closed subspace. Choose a finite surjective map Z — Y such that Z is a normal scheme
and Z — X lifts to Z — TJg;l, given by a family (7: P — Z;0;¢: C — P). Set ¥ = br(¢) C P.
Then ¥ is a w-flat divisor of degree b, disjoint from ¢. By passing to a finite cover of Z if necessary,
assume that we have three disjoint sections 7y, 7, 73: Z — C over ¢ and sections o1,...,0p: Z — P
such that

S =01(Z) 4+ 0(Z)

as divisors on P. Observe that all the o; are disjoint from o, and hence are linearly equivalent to
each other. Furthermore, m.[0?] = —m,[0?].

We exhibit a divisor class on X whose pullback to Z is nonzero and effective.

Case 1: ¢; are not all coincident. Without loss of generality, o1 # o5 at a generic point of
Z. If 01(2) # 02(z) for all z € Z, then we have three disjoint sections 0,01 and o3 of the P! bundle
P — Z. Hence P — Z is trivial and ¥ C P is a constant family. In other words, the map Z — 7—;;1
lies in a geometric fiber of br : 3 — #. By the pullback of —X\ is ample on Z. In
particular, some multiple of —\ pulls back to a nonzero and effective divisor.

If 01(2) = 02(2) for some z € Z, then m, (07 - 02) is a nonzero and effective divisor on Z. Since
o1 ~ 09 ~ —0, the divisor 7, (01 - 02) is equivalent to the pullback of the divisor —o? on T;;l.

Case 2: ¢; are all coincident. Say o, = ( for i = 1,...,b. In this case, we have a family of

covers with concentrated branching. We begin as in the proof of [Proposition 4.6.9

Let the splitting type of the singularity over a generic z € Z be (m,n), with m < n. Let C—C
be the normalization. By [39], the fibers of C — Z are the normalizations of the corresponding

fibers of C'— Z. In particular, C~PUPUP. Set
F =$.0c/Op and E = $,05/0p = OF2.

We have inclusions

I'ECFcCI'E.
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Set
F=F/I’E and E = I"E/I'E.

Then we have an induced map F — E. Also, see that E = (I7*/I7*)%2. Since the generic splitting
type of the singularity is (m,n), there is a projection £ — I™/I* such that F = I /17 is an
isomorphism over the generic point of Z. Suppose F — I & /T ¢ is not an isomorphism over all of Z.

Then we get a map of line bundles on Z:
det m, F' — det m, (1" /17")

whose vanishing locus is a nonzero effective divisor. The class of this vanishing locus can be expressed

as a pullback of ¢? and cy; in fact, it is precisely D,, _,,, as computed in the proof of|[Proposition 4.6.9}

We are thus left with the case where F' — I & /T & is an isomorphism. In this case, F and £
are vector bundles on (n — m)( of rank one and two respectively. The map F — FE is just a global
section f of V = %”om(n_m)c(F, E) = O(Giim)c' The restriction f|¢ is a section of O%2, and hence
it is constant. We are thus dealing with a family of covers with concentrated branching, a constant
p-invariant and a constant principal part.

Set G = Isomyz((P,(,0),(P1,0,00)). Then G — Z is a G, torsor. We have a canonical
isomorphism

(Pa, (g 06) — (P' x G,0 x G,00 x G).

Let 2 be a uniformizer of P! around 0. Then Vg 2 (k[z]/2"™)%? @, Og. We can interpret the
global section fg of Vg as a G, equivariant map ¢¢: G — (k[x]/z"~™)%2, where G,, acts on the
k vector space (k[z]/x"~™)%% by t: 2* — t'z’. Since the restriction of fg to ( is constant, ¢g has
the form ¢ = (¢ + 1g), where ¢ € k%2 is a constant and ¢g: G — (zk[z]/2"~™)®2. Explicitly,

over a point b € G, the subalgebra O¢, C Oéb is generated as an Op, module, locally around 0, by
1,2"0g, and 2™ (c + ¢a(b)).

Since the Maroni invariant of the resulting cover is less than n — m, we conclude that ¥g(b) # 0
. =1l . . . .
for any b € G. Furthermore, since the map Z — T, is quasi-finite, so is the map ¢g: G —

(xk[x]/2"~™)®2. We thus have a finite map

Vi Z = [(wklz]/2")F2N 0/ G,
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where the right side is a weighted projective stack. We conclude that ¢*O(1) is ample. But ¥*O(—1)

is the line bundle associated to G — Z, which is P\ o — Z. Therefore,

c1(¥*O(1)) = e1(¢"Op(=())
= m.(=¢%) = ma(0?).

. o = .
In particular, the pullback to Z of some multiple of the divisor o2 on T, is effective.

The proof of is complete. O

As a result of the positivity of the interior of the cone spanned by D; and D;15, we can easily

deduce the following.

PROPOSITION 4.6.14. Let 0 <l < g and l = g (mod 2). Consider the map [;: T;;l - Tlg;_f.
Then Exc(f;) is covered by K-negative curves. If 1 > 0, then Exc(ﬂl_l) is covered by K-positive

curves.

Proor. Exc(f;) is the locus of (P;0;¢: C — P) where ¢ has Maroni invariant [. This locus
is covered by curves S in which the cross-ratio is constant. Similarly Exc(8; ") is the locus of

(P;o;¢: C — P) where ¢ has concentrated branching and p invariant [ + 2. For [ > 0, this locus is

covered by curves T in which the principal part is constant. By [Remark 4.6.8| (resp. [Remark 4.6.11)),

the divisor D; (resp. Dj12) is zero on such S (resp. T'). Since D;yo and K are on the opposite sides

of the line spanned by D; in Picq, the claim follows. ([

4.7. The final model

In this section, we prove that for even g, the final model Tg;l is Fano and for odd g, the final

= .
model T'y; is a Fano fibration over P'.

4.7.1. The case of even g. Let g = 2(h — 1), where h > 1. Fix an identification P! =
Projk[X,Y] and set 0 = [0 : 1] and oo = [1 : 0]. Let G = Aut(P?, 00); this is the group of affine
linear transformations piq 5: (X,Y) — (X 4+ BY,aY), where o € k* and 5 € k. Let A be the two
dimensional k vector space A = ker(tr : k2 — k), where tr is the sum of the three coordinates. A

should be thought of as the space of traceless functions on {1,2,3} x Speck.
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Set I' = A ® Op1(h) and

V =H° (Sym®T ®p: detT')

= (Sym®(A) @ det AY) @y, HO(Op:1 (h)).

By the structure theorem of triple covers (Theorem 4.1.1)), balanced triple covers of P! of arithmetic
genus ¢ correspond precisely to elements of V. Note that V' admits a natural action of GI(A) x G.

Indeed, G1(A) = Gly acts naturally on the first factor in V', whereas G acts on the second factor by
fiag: P(X,Y) = po s 5(X,Y).

Let v1,v2 € V be two points and C; — P! and Cy — P! the corresponding balanced triple
covers. Using the point co € P! as the additional marked point, treat them as marked triple covers
(C; — Pl;00). We observe that these two marked covers are isomorphic if and only if v; and vy
are related by the action of Gly xG. Thus, we might expect 72;1 to be the quotient [V/ Gly xXG].
However, this is not quite true since not all elements of V' give an element of 77’2; 1- Firstly, the cover

must be étale over co and secondly, it must not have p-invariant 0. Thus, we expect
=0
Tg;l = [U/GIQ XG]7

for a suitable open U C V. In what follows, we prove that this is indeed the case. Along the way,
we also simplify the presentation [U/ Gly xG].

The first step is to exhibit a morphism 72;1 — [V/ Glz xG]. Let S be a scheme and S — 77’2;1
a morphism given by (P;o;¢: C — P). Let E = (¢.0¢/Op)Y. By the structure theorem for triple

covers , the cover C' — P gives a global section v of Symg(E) ®det EV. Set
T =Isomg(c*E, A) x g Isomg((P,0), (P!, 0)).
Then T — S is a Gly XG torsor. Over T, we have canonical identifications
onEr = A®y O and (Pr,or) — (P! x T,00 x T).

Since C' — P is a family of balanced triple covers, E is fiberwise isomorphic to I'. On T, the

isomorphism ¢* Ep — A ®j Or gives a canonical isomorphism

~

ET — FT.
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Thus, we may treat vy as a global section of Sym® 'y ® det 'Y, or equivalently as a map T — V.

By construction, this map is Gly XG equivariant. We thus have a morphism

(4.7.1) q: Toq — [V/Cly xG).

PROPOSITION 4.7.1. The morphism q in (4.7.1)) is representable and an injection on k-points.

Recall that k-points of [X/H] are just orbits of the action of H(k) on X (k).

PROOF. Let p: Speck — 7’2;1 be a point. For representbility, we must show that the map
Aut, — Auty, is injective. Say p is given by (P;0;¢: C' = P). Set E = (¢.O¢/Op)" and pick
identifications E|, 2 A and (P,0) 2 (P!, ). Consider an element ¢ € Aut,. Then 1 consists of
(1,12), where 11 : (P';00) — (P1;00) is an automorphism and vy: C — C' is an automorphism

over 91. To understand the image of 1 in Aut,(,), consider the map on algebras

V¥ 7900 — ¢.0c

dual to ¥9: C' — C. The map 1/)# induces a map a: E — ¢7E. Then the image of ¢ = (11,12) is

juSt (a‘avwl)‘
Suppose that (a|s,%1) = id. Then ¢; = id. Furthermore, the fact that F is balanced and

a|, = id implies that o = id. From the sequence
0— Op = ¢.0c — EY =0,

it follows that ¢; = id. Thus Aut, — Autg,) is injective.
It is clear that ¢ is injective on k-points—two sections vy, vo in the same orbit of Glo X G clearly

give isomorphic marked covers. ([l

THEOREM 4.7.2. Let g = 2(h — 1), where h > 1. Then

To . = [(A2310)/(S5 x Gy)],

where G, acts by weights

1,2,...,h1,2,... b, 1,2,... h,2,3.. . h.
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The space ng is the quotient of the weighted projective space

by an action of Sg. In particular, 72;1 18 a unirational, Fano variety.
We use the following lemma in the proof to simplify a group action.

LEMMA 4.7.3. Let X be a normal variety over k with the action of a connected algebraic group
H. Let X' C X be a reduced and irreducible subvariety and H' C H a subgroup such that the action
of H' restricts to an action on X'. If [X'/H'] — [X/H] is a bijection on k-points, then it is an

isomorphism.

PrOOF. The map [X'/H'] — [X/H] is representable. Set Y = X xx/g) [X'/H']. Tt suffices to

prove that Y — X is an isomorphism. We have the diagram

X' x H—— X'
| & |
Y — [X'/H]
| O |

The smooth morphism Y — [X’/H'] shows that Y is reduced and the surjective morphism X’ x H —
Y shows that it is irreducible. Furthermore, Y — X induces a bijection on k-points. The quasi-finite
map Y — X can be factored as Y=Y — X, where the first is a dense open inclusion and the second
a finite map. Since X is normal, Zariski’s main theorem implies that ¥ — X is an isomorphism.

But then Y=Y is a bijection on k-points. It follows that ¥ =Y. ([

PRrROOF OF [THEOREM 4.7.2] Retain the notation at the beginning of [Subsection 4.7.1] Let

U C V be the open subset consisting of v € V' whose associated triple cover is étale over co. Then
U is invariant under the Gl xG action and ¢: 72;1 — [V/ Glz xG] lands in [U/ Glz XG].
We now simplify the presentation [U/ Glz xG]. Choose coordinates on A: say s = (1,—1,0) and

t = (0,1,—1). Write points of V explicitly as

Ver = (as® + bs?t + cst? +dt?) @ (s* A 1Y),
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where a,b,c,d € H*(Op1(h)). Let a = > a; X"~%Y"?, where a; € k, and similarly for b, ¢ and d. Let
W C U be the closed subvariety defined by

vs,4(1,0) = st(t +5) @ (s" At*) and 2a; +2d; — by — ¢ = 0.

The first equation specifies v over oo; the second is the result of imposing the condition that the
branch divisor of the triple cover given by v be centered around 0. Explicitly, the points of W have
the form

Zah XYy Z) ® (s* A tY)

1=

—

+<Xh+2bh X iyhe > 2t @ (s* AtY)
—|—<X +Zch JXiyh- l) st? @ (s* A tY)

(Z dhiX’Yh‘Z) 3@ (s* AtY).

i=1
where 2a; +2d; — by —c¢; = 0. The action of S3 C Gly by permuting the three coordinates of A C k3

and the action of G,, C G by scaling (X,Y) — (X,tY) restrict to actions on W.
CLAM. The map i: [W/S3 x Gy, — [U/ Gly xG] is an isomorphism

PROOF. By it suffices to check that it is a bijection on k-points.

We first check that i is injective on k-points. Said differently, we want to check that two points
of W that are related by the action of Gly XG are in fact related by the action of S3 x G,,,. Let
wr,we € W and ¥ = (¢¥1,12) € Gla XG be such that w; = Ywy. Then the linear isomorphism
1t k(s,t) — k(s,t) takes st(s +1t) ® s* At* to itself. It is easy to check that it must lie in the

S3 C Glg. Secondly, observe that for 12 : (X,Y) — (X + Y, aY), we have
(472) wz_l(2a1 +2d; — by — Cl) = 04(2(11 +2d; —c¢; — dl) — hg.

By the second defining condition for W, we must have § = 0. In other words, ¥ € S3 X G,
We now check that i is surjective on k-points. Said differently, we want to check that every
Gl xG-orbit of U has a representative in W. Take a point v € U. Since v describes a cover étale

over 0o, the homogeneous cubic in vs ¢(1,0) has distinct roots. By a suitable linear automorphism of
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k(s,t), the element v, (1,0) can thus be brought into the form st(s +t) ® s* At*. Secondly, (4.7.2)

shows that we can make 2a; +2d; —b; —c¢; = 0 after a suitable translation (X,Y) — (X+38Y,Y). O

Returning to the main proof, we have a morphism
q: Ty = [U/ Gly xG] = [W/S3 x G,

which is representable and injective on k-points. Denote by 0 € W the point corresponding to
a; =b;=c; =d; =0 for all i =1,... h. Its corresponding cover has concentrated branching over

0 € P! and y invariant zero. Hence ¢ factors through
=0
(4.7.3) q: Tgq — [(W\0)/(S5 x Gn)].

The right side [(W'\ 0)/(S3 x G;,,)] is smooth and proper over k. Indeed, it is a weighted projective
stack modulo an action of Sz. Thus, the morphism ¢ in is a representable, proper morphism
between two smooth stacks of the same dimension which is an injection on k-points. By Zariski’s
main theorem, it must be an isomorphism.

Finally, note that
W= AT = Aay,...,an,b1,...,by,c1,... cn,da, ... dp);
the d; can be dropped owing to the condition 2a; 4+ 2d; — by — ¢; = 0. The G,,, acts by weight 7 on

a;, b;,c;,d;. The proof is thus complete. ([l

4.7.2. The case of odd g. Let ¢ = 2h — 1. In this case, we do not have quite as explicit
a description of the final model as in the case of even g. Nevertheless, we prove that it is a Fano

fibration over P!.

The morphism to P! is defined by the cross-ratio as in [Subsection 4.4.11 We quickly recall the

construction. Set V' = k®3/k, to be thought of as the space of functions on {1, 2, 3} x Spec k modulo
the constant functions. Then there is an action of S3 on V and an induced action of S3 on Py, V.
The cross-ratio map

—=1
X: Tg;l — [PsubV/S3]

is defined by the following procedure. Let S — 77';1 be a morphism given by the family (7: P —
S;o;¢: C — P). Set F' = ¢.0¢/Op. Since F is fiberwise isomorphic to O(—h) @ O(—h — 1), we
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see that 7,.(F ® Op(ho)) is a line bundle on S. Consider the map
(4.7.4) T (F ® Op(ho)) @ 0*Op(—ho) — o*F.

It is easy to see that this remains injective at every point of S. Moreover, passing to Z =
Isomg(C|s, {1,2,3}), we have an identification o3 Fz; — V ®; Oz. Hence ([{.7.4) yields a map
Z — PgubV, which is by construction Sz equivariant. We thus get a map S — [Pgu,V/S3].

71 .
The map x: 7.1 — [PsunV/S3] induces a map on the coarse spaces:

(4.7.5) X: Ty = PoV/Ss = P,

THEOREM 4.7.4. Consider the cross-ratio map x: T;l — P! as in ([&.7.5). Then,
(1) x*Op1 (1) = 23

(2) fibers of x are Fano varieties of Picard rank one.

PROOF. We use the setup introduced above, assuming furthermore that S is a smooth curve.
On Z, we have

T(F ® Op(ho)) ® 0*Op(—ho) = ¢*F =V @, Og.

For the first relation, note that Py, V — Py, V/S3 = P is a degree six cover. Hence, it suffices to

prove that the pullback of Op_, v (1) to Z has class D;/4. But the class of this pullback is just
(4.7.6) — 1 (mF ® Op(ho)) — c1(0*Op(—ho)).

Since Rl7,(F®Op(ho)) = 0, the first summand in (4.7.6]) is a simple calculation using Grothendieck—

Riemann—Roch (see (4.6.6) in [Subsection 4.6.1.2] for this calculation in a more general case). The

result is

2
_M 2.,
(2h +1)2

The second summand in (4.7.6) is simply —hm.[0%]. Using [Proposition 4.5.3] we get

c1(mF ® Op(ho)) =

* h2 +h 2
—c1(mF ® Op(ho)) — ¢1(6*Op(—ho)) = ¢o — mcl
T4

The first relation is thus proved.
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Finally, set K = KT;:I and let Y C T;;l be a fiber of x. Then all curves in Y have intersection
number zero with Dy; it follows that they are (numerically) rational multiples of each other. Hence
the Picard rank of Y is one.

Since (D;) and (D3) bound the ample cone of T ;1 and D1 |y = 0, the ray (Ds) must be positive
on Y. But D3 and K are on the opposite sides of the line spanned by Djp; hence K|y = Ky is

anti-ample. ([

Finally, we collect the pieces together for the chamber decomposition. Recall that the Mori
chamber Mor(3) of a birational contraction 5: X --+ Y is the cone spanned by the pullback of the
ample cone of Y and the exceptional divisors of 5. If the birational map X --» Y is clear, we abuse

notation and call Mor(3) the Mori chamber of Y.

THEOREM 4.7.5. Let 0 <1 < g be such thatl = g (mod 2).
(1) Forl >0, the interior of the cone (Dy, Di12) is the Mori chamber of the model T;;l.
(2) For even g, the cone (Dy, D2) is the Mori chamber of the model 72;1.

(8) For even (resp. odd) g, the ray (Do) (resp. (D1)) is an edge of the effective cone.

PROOF. Since the T;; , are isomorphic to each other away from codimension two for 0 <[ < g,
the Mori chamber of qu;l is simply its ample cone. Hence, follows from

In the case of | = 0, consider the Maroni contraction T!2]§1 — Tg;l' It is easy to check that the
pullback of the ample ray of Tg;l is the ray (D2) and the class of the Maroni divisor is a positive
multiple of Dy (in fact Dg/4); both statements follow from a simple test curve calculation, which
we omit. Hence (D, Ds) is the Mori chamber associated to Tz;l — 72;1-

For the last statement, first consider the case of odd g. By[Theorem 4.7.4] some positive multiple
of D; is the pullback of Op1(1) along the cross-ratio map. Hence the ray (D;) must be an edge of
the effective cone.

For even g, some positive multiple of Dy is the class of the Maroni divisor. Since the Maroni

0

divisor is the exceptional locus of the birational morphism 7'y — T’ 4,

it follows that the ray (Do)

must be the edge of the effective cone. O



CHAPTER 5

Spaces of trigonal curves with a marked (ramified) fiber

The spaces of weighted admissible covers and the spaces of [-balanced covers together provide a
beautiful picture of the birational geometry of the space of trigonal curves with a marked unramified

fiber. The spaces of weighted admissible covers T'y.1(€) give a sequence of divisorial contractions
(5.0.7) Tga(1) =+ == Tgu(1/j) == Tga(1/(G +1)) == -+ ==» Tga (1/(b = 1)),

which is followed by a sequence of flips, given by the spaces of [-balanced covers

(5.0.8) Tya(1/(b—1) =Ty > Tg" =2 - T, 0"

culminating in a Fano-fibration, as expected from the Minimal Model Program.

In this chapter, we indicate how to generalize the above picture to the case of the space of
trigonal curves with a marked fiber of a given ramification type. To mark such a fiber, we use
pointed orbi-curves, as explained in Let 1 < r <3, and let 7/, C 3 be the
open and closed substack whose geometric points parametrize covers (P — P;o1;¢: C — P), where
Aut,, (P) = p and C is a connected curve of genus g. If » = 1, then we recover the previous
case. Consider the case r > 1. Let p: Speck — 7.1/, be a geometric point given by the cover
(P — P;o;¢:C — P). Let C — C be the coarse space and consider the induced cover ¢: C' — P.
Since C — P is étale around o and o is in the smooth locus of P, the curve C' is nonsingular over
a neighborhood of ¢. Furthermore, since Aut,(P) = ., the monodromy of C — P around o is
an r-cycle in Sg. Thus, if 7 = 2, then C — P has ramification type (2,1) over o and if r = 3,
then C — P has ramification type (3) over o. By the Riemann—-Hurwitz formula, we see that

degbro+r—1=2g+4. Set b=2g+ 5 —r. Then we have a morphism
%;l/r — %0;@17

which is proper by [I'heorem 1.3.8

136
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The recipe for constructing the first sequence of divisorial contractions analogous to ([5.0.7)) is
straightforward. Recall that Mo, 1(€) C .#o 41 is the open substack of e-stable marked rational

curves in the sense of Hassett [I8]. In analogy with 7 .1 (¢), set
7-g;l/r(e) = mO;b,l(e) X Mo 1 *99;1/?”'

Then 7T 41/, (€) is a smooth, proper, Deligne-Mumford stack which projective coarse space T'y.1 /. (€).

We thus get a sequence of divisorial contractions

Tg?l/r(l) o od Tg;l/r(l/j) -2 Tg;l/r(l/(j +1)) = o Tg;l/r(l/(b - 1)),

analogous to (5.0.7)).

It is natural to wonder if we can continue this sequence by constructing a sequence of flips as in
. In the case of an unramified fiber, such a sequence displayed an interplay between the global
geometry of covers and the local geometry of tri-branch triple points. For the ramified case, should
we expect an analogous interplay between the global geometry of covers and the local geometry of
unibranch or bi-branch triple points? It turns out that this is indeed the case! Again, the key is to
look at the splitting type of the structure sheaf ¢,O¢, encoded by a refined Maroni invariant and the
splitting type of a singularity of a cover with concentrated branching, encoded by the p invariant.

In this short chapter, we construct proper moduli stacks 7;;1 /r» Which generalize 77'19; 1 and whose

—l
coarse spaces T’y /. provide the analogue of (5.0.8). The birational geometry of the resulting spaces

and rational maps can be studied by the same methods as used for the study of (5.0.8]) in|Chapter 4}

we do not undertake this task.

The chapter is organized as follows. In we recall some facts about the orbi-curve
(P; o) with Aut, P = p,, which is the base in our families of triple covers. In we define
the Maroni invariant for a cover of (P; o) and relate it to the classical geometry of the induced cover
on the coarse spaces. In this section, we also recall the p invariant of a cover with concentrated
branching. In we define [-balanced covers and prove the main theorem. The proof is

by a formal reduction to the case r = 1; there is little extra work.

5.1. The teardrop curve P

In this section, we work over an algebraically closed K field k.
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< 2m/r

FIGURE 1. The “teardrop curve” P!({/c0) over C

Consider the orbi-curve P with coarse space p: P — P!, where the local picture of p over

oo € P! is given by
(5.1.1) [Spec k[v]/ur] — Spec k],
where p,. acts by v — (v and z = v". The curve P can also be described as the root stack

P =P!({/)

or as a weighted projective stack

P = [A*\0/ G,

where G,,, acts by weights 1 and r. The name “teardrop curve” is inspired by the picture for kK = C,
where P is imagined to be a ‘pinching’ of the Riemann sphere to make it have conformal angle 27 /r
at oo (see [Figure 1))

Let £ C P be the reduced preimage of co € PL. In the explicit description of P in (5.1.1), this
is the closed substack defined by v = 0. Let L be the dual of the ideal sheaf of £ in P and set

Op(d) = L®,

for d € 1Z. Thus, L = Op(1/r).

ProrosiTiON 5.1.1. With the notation above,
(1) Pic(P) is generated by Op(1/r).
(2) The degree of Op(d) is d, for every d € %Z,
(8) The canonical sheaf (which is also the dualizing sheaf) of P is Op(—1—1/r).
(4) We have
p*Opi(n) = Op(n), forn € Z,
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and

1
p-0p(d) = Op1 ([d]), for d € ~2.
(5) Every vector bundle on P is isomorphic to a direct sum of line bundles.

ProoF. All of these statements are easy to see, except possibly the last one. The proof for the
case of P! sketched by Hartshorne [16, V.2, Exercise 2.6] works verbatim. We present the details
for lack of a reference.

Let E be a vector bundle on P. Since the degree of subsheaves of p,F is bounded above, the
degree of subsheaves of F is also bounded above. Let L C E be a line bundle of maximum degree.
Then the quotient E' = E/L is locally free. We claim that Ext*(E’, L) = 0. Then E = E' @ L, and
the statement follows by induction on the rank.

By duality, Ext'(E’,L) = Hom(L(1 + 1/r), E')". Since we have an inclusion Hom(L(1 +
1/r),E") C Hom(L(1/r), E'), proving that the latter vanishes implies that the former vanishes. On

one hand, we have the exact sequence
Hom(L(1/7), F) — Hom(L(1/7), E') — Ext'(L(1/r), L) = Hom(L, L(—1))" = 0.

On the other hand, we know that Hom(L(1/r), E) = 0 by the maximality of deg L. We conclude
that Hom(L(1/r),E") = 0. O
5.2. The refined Maroni invariant and the g invariant

We continue working over an algebraically closed K-field k.

5.2.1. The refined Maroni invariant. Denote by P the teardrop curve P!(y/c0) as in

[tion 5.1} [Proposition 5.1.1| (5) gives us a way to define the Maroni invariant for triple covers of P.

DEFINITION 5.2.1. Let ¢p: C — P be a triple cover. Set F' = ¢.O¢/Op. Then we have
F 2 Op(—m) & Op(—n),
for some m,n € %Z. Define the Maroni invariant of ¢ to be the difference
M(¢) = |m —n].

Note that the Maroni invariant lies in %Z.
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The refined Maroni invariant can be read off from the usual Maroni invariant of a new cover
associated to ¢: C — P. We now explain this procedure. Choose a point p € P, away from £ and
define : P — P to be the cyclic cover of degree r branched over p. Explicitly, Pis given by

" r—1
(5.2.1) P = Specp <® Op(—i/?“)) )
i=0
where the ring structure is given by a section of Op(1) vanishing at p. It is easy to see that P~P!

Set

GZCXPIS

with the induced map gzNS: C - P.
PROPOSITION 5.2.2. With the above notation, we have M(¢) = M(¢)/r.

PROOF. By construction, we have ¢*Op(d) = Op(dr). Since qE*Oé = *¢$.O¢, the statement

follows. O

5.2.2. Relation with the gap sequence. At first sight, the refined Maroni invariant seems
to be an artifact of the stacky way of keeping track of ramification. However, it can be described
purely in terms of the geometry of the cover of the coarse spaces. We now describe this connection.

As before, let p: P = P!({/o00) — P! be the teardrop curve. Consider a k-point of ./,
given by (P — Pl;00;C — P) and let C — P! be the induced cover on the coarse spaces. To
lighten notation, we treat O¢ and O¢ as sheaves on P and P respectively, omitting the pushforward

symbols. Then O¢ = p.O¢. Therefore, if we have the splitting
Oc = Op © Op(—m) & Op(—n),
then we deduce the splitting
Oc = Op1 @ Opi1([—m]) @ Op:1 ([ —n]).

Thus, the splitting type of C — P determines the splitting type of C — P!. For r > 1, however,
it carries a bit more information. Let us understand what sort of extra information is contained in
this refinement. To that end, observe that the data of the splitting type of C' — P! is equivalent to
the data of the sequence (h°(O¢(1)) | I € Z).
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First consider the case r = 3. In this case, the map C' — P! is totally ramified over co. Denoting
by x € C the unique point over oo € P!, we have O¢(1) = O¢(3x). Therefore, the data of the
splitting type of C' — P? is the data of the sequence (h°(O¢(3lx)) | I € Z). On the other hand, the
data of the splitting type of C — P is precisely the data of the sequence (h°(O¢(lz)) | I € Z). Thus
the refined Maroni invariant encodes the so-called Weierstrass gap sequence of the point x on C.

Now consider the case 7 = 2. In this case, the map C — P! has ramification type (2,1) over
0o. Let the preimage of oo be 2z + y, where x,y € P!. As before, the data of the splitting type of
C — P! is the data of the sequence (h°(Oc(I(2z + y)) | | € Z). On the other hand, the splitting
type of C — P encodes, in addition, the data of h°(O¢(I(2x + y) — x)) and h°(Oc(I(27 + y) + 1)),
for | € Z.

5.2.3. The p invariant. Let ¢: C — P be a triple cover, étale except possibly over a point

p € P different from £. In this case, we say that ¢ has concentrated branching. Define the p invariant

of ¢ to be the p invariant of the singularity of C — P over p as in [Subsection 3.2.2]

We recall the definition in the current context. Let A = Spec 0/737, be the formal disk around p
and set C' =C xp A. Let C — C be the normalization. Then C — A is not necessarily étale. We
choose a cover A’ — A of degree d such that the normalization of C' = C xas A is étale over A’.

Then, by definition, we have
1 /! /
(5.2.2) w(C — A) = ;M(C — A').

Note that the p invariant lies in %Z.
As in the case of the refined Maroni invariant, the p invariant can be read off from that of the

modified cover 5 : C' — P. We recall the procedure. Define the cyclic cover P — P ramified only

over p, as in (5.2.1). Set
5 =C Xp }5

with the induced map <;~$: C — P. Let q € P be the unique point over p € P. See that %: C—P

has concentrated branching over q.

PROPOSITION 5.2.3. With the above notation, we have u(¢) = L pu(¢).

ProOOF. This follows immediately from (5.2.2]). O
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5.3. The stack Tlg;l/r of [-balanced covers

Having defined the Maroni invariant and the p invariant for covers of the teardrop curve, we
are ready to formulate and prove the analogue of We begin by defining /-balanced
covers. The definition follows [Definition 3.2.4] almost verbatim.

DEFINITION 5.3.1. Let | € 2Z be non-negative and P = P!({/cc) the teardrop curve with the
stacky point £ as in Let ¢: C — P be a triple cover, étale over £. We say that ¢ is
l-balanced if the following two conditions are satisfied.

(1) The Maroni invariant of ¢ is at most I:
M(¢) <1

(2) If ¢ has concentrated branching, then its p invariant is greater than I:
n(¢) > 1.

We can reduce to the case of an unramified fiber, namely by
looking at a modified cover C — P. Let p € P be a point contained in br(¢) and P — P the cyclic

cover of degree r branched over p as in ((5.2.1). Set
6 =C Xp ﬁ,
with the induced map 5; C — P.

PROPOSITION 5.3.2. With the above notation, the cover ¢ is l-balanced if and only if the cover

a s rl-balanced in the sense of .

PRrROOF. Combine [Proposition 5.2.2| and [Proposition 5.2.3| O

Recall that 7./, C 3 is the open and closed substack whose geometric points parametrize

covers (P — P;o1;¢: C — P), where Aut,, (P) = p and C is a connected curve of genus g.
DEFINITION 5.3.3. Define ﬂ;l/r to be the category whose objects over a K scheme S are
TJg;l/T(S) ={(P— S;P— P;o;¢: C = P)},

such that
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(1) (P— S;P — P;o;¢: C — P) is an object of T /,.(S);
(2) P — S is smooth, that is, a P! bundle;

(3) For all geometric points s — S, the cover ¢,: Cs — Ps is I-balanced.

. . L. . =)
Just as in the case of r = 1 (IProposmlon 3.2.6[)7 it is easy to see that the morphism Tg;l/r —

Tg;1/r is an open immersion.

We now come to the main theorem of this chapter.

THEOREM 5.3.4. Letl € %Z be non-negative. Then 7’;;1/r is an irreducible Deligne—Mumford

stack, smooth and proper over K.

By the jugglery of modifying a cover C — P to get a cover C — P used many times in
the major steps in the proof can be reduced to the analogous steps in the case of r = 1.
As a result, little hard work goes into the proof of [Theorem 5.3.4

PrRoOOF. We divide the proof into steps.

=l
That Tg;l/r is smooth and of finite type. We have an open immersion
77—;;1/?”%*79%1/”

Denote by 4, ; C .#o;,1 the open substack parametrizing (P; ¥; o) with P smooth. It is easy to see
. . s = . I

that .4, , is of finite type over K. By the definition of 7Jg;1/7,, the open immersion 7 gy /7.1 /7

factors as

—1 s
T g1 yr = Moy X ttons Tg1jr =Ty fr-

Since A5y, 1 Xty Tgi1/r 15 smooth and of finite type over K, so is TJQ;I/T. The irreducibility
follows from the irreducibility of 7., /..

That TZ;I/T is separated. We use the valuative criterion. Let A = Spec R be the spectrum
of a DVR, with special point 0, generic point 1 and residue field k. Consider two morphisms
A — TJg;l/r given by (P; = P; = A;04;¢:: C; — P;) for i = 1,2. Let ¢, be an isomorphism of this
data over 7. We must show that v, extends to an isomorphism over all of A. We may replace A
by a finite cover, if we so desire.

Let X; C P; be the branch divisor of ¢;. By passing to a cover of A if necessary, assume that

we have sections p;: A — ¥; which agree over n, that is 7,/}7}73 o p1lp = p2ly. Denote by & C P; the
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reduced preimage of o; and consider the cyclic triple cover P; — P; defined by
» r—1
P = Specpi @ OPi (751) )
j=0

where the ring structure is given by a section of Op, (r¢;) = Op, (p;) vanishing along p;. Set

with the induced map 52 CNVZ — 131 The reduced preimage o; of o; gives a section g;: A — E

By [Proposition 5.3.2L (]51, 0i; 51 C; — E) is a family of rl-balanced covers, for ¢ = 1,2. We have

an isomorphism 7:/;7, of this data over 7. By the separatedness in [Theorem 3.3.4 @Z,} extends to an

isomorphism {/}v over all of A. By descent, we conclude that 1, extends to an isomorphism over all

of A.
That Tlg;l /r is Deligne—Mumford. Since we are in characteristic zero, it suffices to prove
that a k-point (P — Pl;00;¢: C — P) of ﬁ];l /r has finitely many automorphisms. We have a

morphism of algebraic groups
7 Aut(P — Pt 00;6: C — P) — Aut(P),

where the group on the left is proper because 77’2;1 /r 1s separated and the group on the right is affine.
It is clear that ker 7 is finite. Hence the group on the left is finite.

That T;;l/r is proper. Let A = SpecR be as in the proof of separatedness. Let (P, —
P05 ¢y C;p — Py) be an object of 77'19;1” over 1. We need to show that, possibly after a finite
base change, it extends to an object of ﬁ;l/r over A.

By replacing A by a finite cover if necessary, assume that we have a section p: n — br ¢,,. Define

the cyclic cover ﬁn — P, of degree r branched over p, as before. Set
C, =Cy xp, Py,

with the induced map (E : 577 — f’n and the sections o,,: n — f’n and p,: n — ﬁ,, given by the reduced
preimages of o, and p,, respectively. Then (éﬁ On; (En: 577 — f’n) is a family of ril-balanced covers.

By the properness in |Theorem 3.3.4} it extends to a family of rl-balanced covers (]37 0; (E: C — ﬁ)

over A. The idea is to descend C' — P down to C — P, extending C,, — P,,.
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We first extend (P, 0y, py) over 1 to (P,o,p) over A so that P is the cyclic cover of degree
r of P branched over p. For this, note that P, — 7 is a P'-bundle. Possibly after replacing
A by a ramified cover of degree r, identify (P,,o,,p,) with (P,ll, 00,0) via an isomorphism that
induces an isomorphism (ﬁ,&,p) = (f’lA, 00,0), where the latter P! = P! covers the former P?
by [X : Y]~ [X" : Y"]. Set P = P} with two sections ¢ and p given by oo and 0, respectively.
Then (P, o,p) is an extension of (P, oy, py,). Setting P = P({/c), we get an extension of P,. Note
that the covering P — P factors through P - P, extending ﬁn — Py, and exhibiting P> Pasa
cyclic triple cover of degree r branched over p.

Let ¥ C P be the unique flat extension of the divisor br(¢,) C P,. Then the preimage of ¥ in P
is br g Since the divisor br q~5 is disjoint from &, the divisor ¥ is disjoint from . Thus (P;X;0) is an
object of .#,,,1(A). By the properness of .7/, — .#o,,1, we have a unique extension ¢: C — P.
It remains to prove that the central fiber is I-balanced.

We claim that we have an isomorphism
(5.3.1) C =5 C xp P over P.

Indeed, by construction, we have such an isomorphism over 7. Note that C — PandC Xp P are
covers of ﬁ, isomorphic over 7, and they have the same branch divisor. By the separatedness of
M3 — M, we conclude that the isomorphism 5',, —Cy Xp, 15,7 extends over A, yielding (5.3.1)).

Finally, since the central fiber of 5 :C = Pis ri-balanced, we conclude that the central fiber of

¢: C — P is I-balanced using |Proposition 5.3.2}

The proof is now complete. O



1]

Bibliography

D. Abramovich and A. Vistoli. Compactifying the space of stable maps. J. Amer. Math. Soc.,
15(1):27-75 (electronic), 2002. ISSN 0894-0347. doi: 10.1090/S0894-0347-01-00380-0. URL
http://dx.doi.org/10.1090/50894-0347-01-00380-0.

D. Abramovich, A. Corti, and A. Vistoli. Twisted bundles and admissible covers. Comm.
Algebra, 31(8):3547-3618, 2003. ISSN 0092-7872. doi: 10.1081/AGB-120022434. URL http:
//dx.doi.org/10.1081/AGB-120022434,

M. Aoki. Hom stacks. ArXiv Mathematics e-prints, Mar. 2005.

M. Bolognesi and A. Vistoli. Stacks of trigonal curves. Trans. Amer. Math. Soc., Feb. 2012.
URL http://www.ams.org/journals/tran/0000-000-00/S0002-9947-2012-05370-0/
S0002-9947-2012-05370-0.pdf.

I. Ciocan-Fontanine, B. Kim, and D. Maulik. Stable quasimaps to GIT quotients. ArXiv
e-prints, June 2011.

P. Deligne. Letter to Gan, Gross and Savin. Available at http://www.math.leidenuniv.nl/
~jbrakenh/lowrank/, November 2000.

P. Deligne. Letter to Edixhoven. Available at http://www.math.leidenuniv.nl/~jbrakenh/
lowrank/, June 2006.

D. Edidin, B. Hassett, A. Kresch, and A. Vistoli. Brauer groups and quotient stacks. Amer.
J. Math., 123(4):761-777, 2001. ISSN 0002-9327. URL http://muse.jhu.edu/journals/
american_journal_of_mathematics/v123/123.4edidin.pdf.

M. Fedorchuk. Moduli spaces of hyperelliptic curves with A and D singularities. ArXiv e-prints,
July 2010.

M. Fedorchuk and D. I. Smyth. Alternate compactifications of moduli spaces of curves. ArXiv
e-prints, Dec. 2010.

M. Fedorchuk and D. I. Smyth. Ample divisors on moduli spaces of pointed ratio-
nal curves. J. Algebraic Geom., 20(4):599-629, 2011. ISSN 1056-3911. doi: 10.1090/
S1056-3911-2011-00547-X. URL http://dx.doi.org/10.1090/S1056-3911-2011-00547-X.

W. Fulton. Hurwitz schemes and irreducibility of moduli of algebraic curves. The Annals of
Mathematics, 90(3):pp. 542-575, 1969. ISSN 0003486X. URL http://www. jstor.org/stable/
1970748.

146


http://dx.doi.org/10.1090/S0894-0347-01-00380-0
http://dx.doi.org/10.1081/AGB-120022434
http://dx.doi.org/10.1081/AGB-120022434
http://www.ams.org/journals/tran/0000-000-00/S0002-9947-2012-05370-0/S0002-9947-2012-05370-0.pdf
http://www.ams.org/journals/tran/0000-000-00/S0002-9947-2012-05370-0/S0002-9947-2012-05370-0.pdf
http://www.math.leidenuniv.nl/~jbrakenh/lowrank/
http://www.math.leidenuniv.nl/~jbrakenh/lowrank/
http://www.math.leidenuniv.nl/~jbrakenh/lowrank/
http://www.math.leidenuniv.nl/~jbrakenh/lowrank/
http://muse.jhu.edu/journals/american_journal_of_mathematics/v123/123.4edidin.pdf
http://muse.jhu.edu/journals/american_journal_of_mathematics/v123/123.4edidin.pdf
http://dx.doi.org/10.1090/S1056-3911-2011-00547-X
http://www.jstor.org/stable/1970748
http://www.jstor.org/stable/1970748

[13]

[14]

[15]

Bibliography 147

W. T. Gan, B. Gross, and G. Savin. Fourier coefficients of modular forms on Gs. Duke
Math. J., 115(1):105-169, 2002. ISSN 0012-7094. doi: 10.1215/S0012-7094-02-11514-2. URL
http://dx.doi.org/10.1215/50012-7094-02-11514-2.

J. Hall. Moduli of singular curves. ArXiv e-prints, Nov. 2010.

J. Harris and D. Mumford. On the Kodaira dimension of the moduli space of curves. Invent.
Math., 67(1):23-88, 1982. ISSN 0020-9910. doi: 10.1007/Bf01393371. URL Http://Dx.Doi.
Org/10.1007/Bf01393371.

R. Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. ISBN 0-387-90244-9.
Graduate Texts in Mathematics, No. 52.

R. Hartshorne. Deformation theory, volume 257 of Graduate Texts in Mathematics. Springer,
New York, 2010. ISBN 978-1-4419-1595-5. doi: 10.1007/978-1-4419-1596-2. URL http://dx.
doi.org/10.1007/978-1-4419-1596-2.

B. Hassett. Moduli spaces of weighted pointed stable curves. Adv. Math., 173(2):316-352, 2003.
ISSN 0001-8708. doi: 10.1016/S0001-8708(02)00058-0. URL http://dx.doi.org/10.1016/
S0001-8708(02) 00058-0.

B. Hassett and D. Hyeon. Log minimal model program for the moduli space of stable curves:
The first flip. ArXiv e-prints, June 2008.

G. Horrocks. Vector bundles on the punctured spectrum of a local ring. Proc. London Math.
Soc. (3), 14:689-713, 1964. ISSN 0024-6115.

A. Hurwitz. Ueber Riemann’sche Flachen mit gegebenen Verzweigungspunkten. Mathematische
Annalen, 39:1-61, 1891.

S. Keel and S. Mori. Quotients by groupoids. Ann. of Math. (2), 145(1):193-213, 1997. ISSN
0003-486X. doi: 10.2307/2951828. URL http://dx.doi.org/10.2307/2951828.

J. Kollar. Projectivity of complete moduli. J. Differential Geom., 32(1):235-268, 1990. ISSN
0022-040X. URL http://projecteuclid.org/getRecord?id=euclid. jdg/1214445046.

J. Kollar. Rational curves on algebraic varieties, volume 32 of Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathe-
matics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-
Verlag, Berlin, 1996. ISBN 3-540-60168-6.

A. Kresch. On the geometry of Deligne-Mumford stacks. In Algebraic geometry—Seattle 2005.
Part 1, volume 80 of Proc. Sympos. Pure Math., pages 259-271. Amer. Math. Soc., Providence,
RI, 2009.

G. Laumon and L. Moret-Bailly. Champs algébriques, volume 39 of Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics].
Springer-Verlag, Berlin, 2000. ISBN 3-540-65761-4.


http://dx.doi.org/10.1215/S0012-7094-02-11514-2
Http://Dx.Doi.Org/10.1007/Bf01393371
Http://Dx.Doi.Org/10.1007/Bf01393371
http://dx.doi.org/10.1007/978-1-4419-1596-2
http://dx.doi.org/10.1007/978-1-4419-1596-2
http://dx.doi.org/10.1016/S0001-8708(02)00058-0
http://dx.doi.org/10.1016/S0001-8708(02)00058-0
http://dx.doi.org/10.2307/2951828
http://projecteuclid.org/getRecord?id=euclid.jdg/1214445046

[27]

[28]

Bibliography 148

R. Miranda. Triple covers in algebraic geometry. American Journal of Mathematics, 107(5):
pp. 1123-1158, 1985. ISSN 00029327. URL http://www. jstor.org/stable/2374349,

A. Moriwaki. Relative Bogomolov’s inequality and the cone of positive divisors on the moduli
space of stable curves. J. Amer. Math. Soc., 11(3):569-600, 1998. ISSN 0894-0347. doi: 10.
1090/50894-0347-98-00261-6. URL http://dx.doi.org/10.1090/S0894-0347-98-00261-6.

D. Mumford. Pathologies IV. American Journal of Mathematics, 97(3):pp. 847849, 1975.
ISSN 00029327. URL http://www. jstor.org/stable/2373780.

D. Mumford. Abelian varieties, volume 5 of Tata Institute of Fundamental Research Studies in
Mathematics. Published for the Tata Institute of Fundamental Research, Bombay, 2008. ISBN
978-81-85931-86-9; 81-85931-86-0. With appendices by C. P. Ramanujam and Yuri Manin,
Corrected reprint of the second (1974) edition.

F. Nironi. Moduli spaces of semistable sheaves on projective Deligne-Mumford stacks. ArXiv
e-prints, Nov. 2008.

M. Olsson and J. Starr. Quot functors for Deligne-Mumford stacks. Comm. Algebra, 31(8):
4069-4096, 2003. ISSN 0092-7872. doi: 10.1081/AGB-120022454. URL http://dx.doi.org/
10.1081/AGB-120022454. Special issue in honor of Steven L. Kleiman.

M. C. Olsson. (Log) twisted curves. Compos. Math., 143(2):476-494, 2007. ISSN 0010-437X.

B. Poonen. The moduli space of commutative algebras of finite rank. J. Fur. Math. Soc.
(JEMS), 10(3):817-836, 2008. ISSN 1435-9855. doi: 10.4171/JEMS/131. URL http://dx.
doi.org/10.4171/JEMS/131.

M. Schaps. Deformations of Cohen-Macaulay schemes of codimension 2 and non-singular de-
formations of space curves. American Journal of Mathematics, 99(4):pp. 669-685, 1977. ISSN
00029327. URL http://www. jstor.org/stable/2373859.

D. Schubert. A new compactification of the moduli space of curves. Compos. Math., 78(3):297—
313, 1991. ISSN 0010-437X. URL http://www.numdam.org/item?id=CM_1991__78_3_297_0.

D. I. Smyth. Modular compactifications of the space of pointed elliptic curves II. Compos.
Math., 147(06):1843-1884, 2011. doi: 10.1112/S0010437X11005549. URL http://dx.doi.
org/10.1017/S0010437X11005549.

Z. E. Stankova-Frenkel. Moduli of trigonal curves. J. Algebraic Geom., 9(4):607-662, 2000.
ISSN 1056-3911.

B. Teissier. Résolution simultanée, I. In Séminaire sur les Singularités des Surfaces, volume
777 of Lecture Notes in Mathematics, pages 71-81. Springer, Berlin, 1980.

F. van der Wyck. Moduli of singular curves and crimping. PhD thesis, Harvard University,
2010.

A. Vistoli. Intersection theory on algebraic stacks and on their moduli spaces. Invent. Math.,
97(3):613-670, 1989. ISSN 0020-9910. doi: 10.1007/BF01388892. URL http://dx.doi.org/
10.1007/BF01388892.


http://www.jstor.org/stable/2374349
http://dx.doi.org/10.1090/S0894-0347-98-00261-6
http://www.jstor.org/stable/2373780
http://dx.doi.org/10.1081/AGB-120022454
http://dx.doi.org/10.1081/AGB-120022454
http://dx.doi.org/10.4171/JEMS/131
http://dx.doi.org/10.4171/JEMS/131
http://www.jstor.org/stable/2373859
http://www.numdam.org/item?id=CM_1991__78_3_297_0
http://dx.doi.org/10.1017/S0010437X11005549
http://dx.doi.org/10.1017/S0010437X11005549
http://dx.doi.org/10.1007/BF01388892
http://dx.doi.org/10.1007/BF01388892

	Acknowledgements
	Chapter 0. Introduction
	Compactifications of Mg
	Compactifications of M0;b
	Compactifications of Hdg
	Geometry of spaces of trigonal curves
	0.1. Conventions

	Chapter 1. The big Hurwitz stack
	1.1. The classifying stack of length d schemes
	1.2. Orbinodal curves
	1.3. The big Hurwitz stack Hd
	1.4. Proof of the main theorem
	1.5. The local structure of Hd
	1.6. Projectivity
	1.7. Spaces of weighted admissible covers

	Chapter 2. Moduli of d-gonal singularities and crimping
	2.1. The space of crimps of a finite cover
	2.2. Crimps over a disk
	2.3. Crimps of double covers
	2.4. Crimps of triple covers

	Chapter 3. Spaces of trigonal curves with a marked unramified fiber
	3.1. Background and motivation
	3.2. The stack Tg;1l of l-balanced covers 
	3.3. Proof of the main theorem

	Chapter 4. The birational geometry of Tg;1l
	4.1. Structure of triple covers
	4.2. Dimension counts
	4.3. The Hyperelliptic contraction
	4.4. The Maroni contraction
	4.5. The Picard group
	4.6. The ample cones
	4.7. The final model

	Chapter 5. Spaces of trigonal curves with a marked (ramified) fiber
	5.1. The teardrop curve P
	5.2. The refined Maroni invariant and the  invariant
	5.3. The stack Tg;1/rl of l-balanced covers

	Bibliography

