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HODGE THEORY, SINGULARITIES AND 2-MODULES
LECTURE NOTES (CIRM, LUMINY, MARCH 2007)

Claude Sabbah

Abstract. These notes, which consist of five lectures, intend to explain the notion of
a polarized Hodge Z-module, after the work of M. Saito, and give some applications.
— In the first lecture, we recall classical results of Hodge theory on smooth
complex projective varieties and we introduce the notion of a (polarized) Hodge
structure.
— In the second lecture, we introduce the notion of a variation of Hodge structure
parametrized by a Riemann surface. Analyzing the problems which arise when
the Riemann surface is a punctured disc, we introduce the notion of a Hodge
Z-module on a disc.
— In the third lecture, we consider global questions on a compact Riemann
surface, and show how L2-cohomology enters in the story.
— In the fourth lecture, we introduce the notion a a Hodge Z-module in any
dimension and explain the Hodge theorem in this context.
— In the last lecture, we give examples of applications of the theory, and we try
to show how these tools can be used in some explicit problems.
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INTRODUCTION

Hodge theory decomposes the cohomology of any smooth complex projective vari-
ety X (more generally, any compact Kéhler complex manifold):

VkeN, HNMX,C)= @ HPIX),
p+q=k
where HP7(X) stands for H?(X, Q%) or, equivalently, for the Dolbeault cohomology
space HY(X). This result is classically proved by methods of analysis (Hodge
theory for the Laplace operator) and is of a global nature: the cohomology of a non-
compact Kéhler manifold, or of a non-projective smooth quasi-projective variety, does
not usually satisfy this decomposition property.

Singularities of the variety also prevent from such a decomposition. As we will
mainly work with projective varieties, the singularities can be introduced by consid-
ering other coefficients than the constant sheaf Cx on a smooth variety X. Therefore,
in the following, X will denote a smooth complex projective variety (for instance the
projective space). A system of coefficients will be a complex %#* of sheaves on X
of C-vector spaces (for instance the constant sheaf Cx). We will be interested in
the hypercohomology H* (X, #°®) of X with coefficients in #°. Let us note that the
support Z of the complex .#* is possibly smaller than X and could have singularities.

The first reasonable assumption to be made on .#°, in order that the hyperco-
homology is finite dimensional, is that .#° is a bounded complexr with constructible
cohomology. Its support Z is then a projective subvariety of X. A classical result
(Verdier) then gives the finiteness of the hypercohomology spaces.

The second reasonable assumption to be made on .%°, in order that the hypercoho-
mology satisfies Poincaré duality is that .#° is a self-dual perverse complex (Goresky-
MacPherson). Typically, .%#° is the intersection complex with coefficients in a local
system defined on the smooth part of an irreducible projective variety, and the local
system is assumed to be isomorphic to its dual local system.

1. See, however, Remark
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Thirdly, in order that the hypercohomology spaces to be defined over R, so that
it is meaningful to write H%? = HP:4, the complex itself should be defined over R
or, better, over Q: there should exist a complex of Q-vector spaces .73 such that
F* = C®q Z In the example above, the local system should be defined over Q,
i.e., should be a local system of Q-vector spaces (so that the all monodromy matrices
can simultaneously be chosen with entries in Q).

Let us remark that the first two assumptions above are of a local nature: they
can be defined and checked locally on X (for constructibility, this is not completely
trivial). However, the third one is global (checking locally the existence of such an )
is not enough, we need to glue the local Q-perverse sheaves into a global one).

It is therefore natural to ask: what kind of local assumptions on .#* are sufficient
in order to get a Hodge decomposition of the hypercohomology with coefficients in .#*
(assuming the existence of a Q-structure)?

The most general answer to this question has been given by M. Saito [24]: if we
assume that .#° underlies a polarizable Hodge Px -module, then we get the desired
Hodge properties on the hypercohomology of .%#°. As we will see, in the definition
of a polarizable Hodge Zx-module, there are assumptions of a local nature, but the
existence of a Q-structure remains global. A Hodge Z-module will then consist of
a triple (4, 7§, o) consisting of a (filtered) Z-module, a bounded complex with Q-
constructible cohomology and an isomorphism « : DR.#Z — Fg ®q C. This set of
data has a local definition, but the existence of such an object on a complex projective
variety will lead to a Hodge structure on the hypercohomology of DR .#. Finding a
sufficient set of conditions on such a set of data in order to imply the previous global
result is one of the main achievements of M. Saito. On the other hand, knowing that
such a set of data satisfies the local conditions implies strong properties of Hodge-
theoretic nature for singularities. Gathering these properties in a global situation
leads to rigidity properties: on a given projective variety, the number and position
of singularities is constrained by the necessity that the local Hodge properties are
compatible with the global ones.

This result was obtained as at the end of a long way. Let us sketch it briefly, as it
will serve us as the guide for these notes.

— Deligne introduced the abstract notion of polarized Hodge structure, and re-
marked that if #* underlies a variation of polarized Hodge structure (in partic-
ular, .#° is a locally constant sheaf), then Hodge theory applies to the hyperco-
homology with coefficients in .#°.

— Griffiths and Schmid developed a detailed analysis of such variations on a
punctured disc and Schmid introduced the notion of limit mized Hodge structure.
— Zucker has combined the global result of Deligne and the local results of
Schmid to obtain Hodge decomposition of the cohomology of a local system
on a quasi-projective curve (compact Riemann surface with a finite number of
points removed), when this local system underlies a variation of polarized Hodge
structure (see §[L.1] for a precise statement).
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— Some years before, Steenbrink had revisited the result of Schmid when the
variation of Hodge structures is defined by a one-parameter family of smooth
projective varieties (Gauss-Manin connection). He was able to reprove one of
the theorems of Schmid by a local analysis of the singularities of the special fibre
of the family. This analysis was done on the resolution of singularities of this
special fibre.

— Later, Varchenko gave, in the case of a family given by a germ of a complex
function on C™ having an isolated singularity, a interpretation of the mixed
Hodge structure on the vanishing cycles purely in terms of local properties of
the singularity. At this point, there is no more need to descend to the parameter
space (the disc). This construction was revisited by Scherk and Steenbrink.

— M. Saito extracted from the previous construction a general method to define
Hodge Z-modules (pure and mixed) and proved the Hodge decomposition by
reducing, with the help of a Lefschetz pencil, to the case of curves, a case treated
by Zucker.

In the classical Hodge theory, three kinds of cohomologies are related: the singular
cohomology (also called Betti cohomology), the holomorphic de Rham cohomology
(through the hypercohomology of the holomorphic de Rham complex) and the Dol-
beault cohomology. The first two can be generalized in the framework of Hodge
2-modules. However, the third one, of a more C*° nature, is not easily defined in
this framework. This is the reason why we will insist on the Hodge filtration instead
of the Hodge decomposition. Indeed, the Hodge filtration can be defined at the level
of de Rham cohomology.

Good general references are [10], [33], [21]. Details on the analysis in Hodge theory
can be found in [7].






LECTURE 1

HODGE THEORY: REVIEW OF CLASSICAL RESULTS

1.1. Hodge theory on compact Riemann surfaces

Let X be a compact Riemann surface of genus g > 0. Let us assume for simplicity
that it is connected. Then H°(X,Z) and H?(X,Z) are both isomorphic to Z (as X is
orientable). The only interesting cohomology group is H'(X,Z), isomorphic to Z>29.

Poincaré duality induces a skewsymmetric non-degenerate bilinear form

1 1 cUe 2 f[X ]
(o8 : HY(X,Z) @7 H'(X,Z) =2 H2(X,Z) = 7.

One of the main analytic results asserts that the space H'(X,Oy) is finite di-
mensional and has dimension equal to the genus g (see e.g., [22] Chap.IX] for
a direct approach). Then, Serre’s duality H*(X,Ox) — H°(X,Q%)" also gives
dim H°(X, Q%) = ¢g. A dimension count implies then the Hodge decomposition

HYX,C)=H""(X)o H'°(X), H"Y(X)=HYX,0x), H“(X)=H"X,Q%).
If we regard Serre’s duality as the pairing

J

e /Ne

Hl,O Q¢ HO"l Hl,l (C,

then Serre’s duality is equivalent to the complexified Poincaré duality pairing
(s,8)c: HY(X,C) ®c H'(X,C) — C,

as (H?, HY0) = 0 and (H"!, HO1) = 0.
With respect to the real structure H'(X,C) = C ®g H'(X,R), H'? is conjugate
to H%! and using Serre’s duality (or Poincaré duality) we get a sesquilinear pairing

k:HYY @c HO — C.

Then, the Hodge-Riemann bilinear relations assert that h = ik is a positive definite
Hermitian form.
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1.2. Hodge theory of smooth projective varieties

Let X be a smooth complex projective variety of pure complex dimension n (i.e.,
each of its connected component has dimension n). It will be endowed with the usual
topology, which makes it a complex analytic manifold. The classical Hodge theory
asserts that each cohomology space H*(X,C) decomposes as the direct sum
(1.2.1) HYX,C)= @ HPI(X),

p+q=Fk
where HP9(X) stands for H7(X, Q%) or, equivalently, for the Dolbeault cohomology
space HY'(X). Although this result is classically proved by methods of analysis
(Hodge theory for the Laplace operator), it can be expressed in a purely algebraic
way, by means of the de Rham complex.

The holomorphic de Rham complex is the complex of sheaves (2%,d), where d
is the differential, sending a k-form to a k + 1-form. Recall (holomorphic Poincaré
Lemma) that (%, d) is a resolution of the constant sheaf. Therefore, the cohomology
H*(X,C) is canonically identified with the hypercohomology HF (X, (Q%,d)) of the
de Rham complex.

Exercise 1.2.2 (Algebraic de Rham complex). Using the Zariski topology on X, we get
an algebraic variety denoted by X®&. In the algebraic category, it is also possible to
define a de Rham complex, called the algebraic de Rham complex.

(1) Is the algebraic de Rham complex a resolution of the constant sheaf C yais?
(2) Do we have H*(X*,C) = H* (X%, (0%, d))?
The de Rham complex can be filtered in a natural way by subcomplexes (“filtration

bete” in [4]).

Remark 1.2.3. In general, we denote by an upper index a decreasing filtration and by
a lower index an increasing filtration. Filtrations are indexed by Z.

We define the “stupid” (increasing) filtration on Ox by setting
Ox ifp=0
FpﬁX _ x up ’

0 if p<—1.
Observe that, trivially, d(F,0x ®e Q’)“() C Fpt10x ®ey Ql;(H. Therefore, the
de Rham complex can be filtered by
(1.2.4) PP d) = {0 — F_0x -5 Fy 0y 90, 94 2501,
If p< O, FP(Q%,d) = (2%, d), although if p > 1,

P
Therefore, the p-th graded complex is 0 if p < —1 and, if p > 0, it is given by

p
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In other words, the graded complex grp(Q%,d) = @p grh.(Q%.d), is the complex
(2%,0) (i-e., the same terms as for the de Rham complex, but with differential equal
to 0).

From general results on filtered complexes, the filtration of the de Rham complex in-
duces a (decreasing) filtration on the hypercohomology spaces (that is, on the de Rham
cohomology of X) and there is a spectral sequence starting from H* (X ,8r (%, d))
and abutting to grpH*(X,C). Let us note that H* (X, grp(Q%,d)) is nothing but
D, HI(X,0%).

Theorem 1.2.5. The spectral sequence of the filtered de Rham complex on a smooth
projective variety degenerates at E', that is,
H*(X,C) ~ Hjr(X,C) = P HI(X, Q).
p.q
Remark 1.2.6. Although the classical proof uses Hodge theory for the Laplace operator
which is valid in the general case of compact Kéhler manifolds, there is a purely
algebraic/arithmetic proof in the projective case, due to Deligne and Illusie [6].

For any k, Poincaré duality is a non-degenerate bilinear pairing

L] ] f
(s hmi - H'H(X,Z) @5 H™R (X, 2) =2 m2n(x,z) —2L, 7,

)
In particular (taking & = 0), we get a non-degenerate bilinear form on H"(X,Z).
For any k € Z, we set[D]e(k) = (—=1)¥* =1D/2. Let us set Q,(s,+) = £(n){s, +)o. Then
Qn is (—1)"-symmetric and

Qu(HP" =P, HY' ") =0 if p+p/ #n.

As H" PP = HPr"—P we regard (), as a sesquilinear pairing on HP'""P that we
denote kp, ,—p. In order to obtain a Hermitian form, one has to be careful by choosing
the right power of i:

 (_1\Pi=n . ) o pn—p
hpn—p = (=1)Pi "k, ,_p is a non-degenerate Hermitian form on H?"7P.

In order to obtain similar results on the spaces H"~*(X, C) for k # 0, it is necessary
to choose an isomorphism between the vector spaces H" *(X,C) and H"**(X,C)
(we know that they have the same dimension, as Poincaré duality is non-degenerate).
A class of good morphisms is given by the Lefschetz operators that we define now.

Fix an ample line bundle £ on X (for instance, any embedding of X in a projective
space defines a very ample bundle, by restricting the canonical line bundle &'(1) of the
projective space to X). The first Chern class ¢;(-¢) € H?(X,Z) defines a Lefschetz
operator

Ly :=c(ZL)Us: H¥X,Z) — H"*(X,Z).

1. The presence of £(n) and of powers of i basically comes from the following relation on C™:
if we take complex coordinates z1,...,2n and set z; = x; + y;, then the volume form (giving the
orientation) is 2"dz1 Adyi A- - - Adxn A dyn, and can also be written as (—1)”<"’1>/2i" (dz1 ANdz1) A
<o A (dzn A dzZn).
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(Note that, wedging on the left or on the right amounts to the same, as ¢; has
degree 2.)

The Hard Lefschetz theorem, usually proved together with the previous results of
Hodge theory, asserts that, for any smooth complex projective variety X, any ample
line bundle £, and any k > 1, the k-th power L%, : H"=F(X Q) — H"k(X,Q) is
an isomorphism.

If we fix such a Lefschetz operator, we can identify H"**(X,Q) to H" *(X,Q)
with L%, and get a bilinear form Q,,_x on H"*(X,Q) by setting

Q1 (u,v) := e(n — k)(u, L)

In such a way, one obtains a (—1)"~¥-symmetric non-degenerate bilinear form which
satisfies, for any p,q and p’,¢' with p+qg=9p"+¢ =n —k:

Quok(HP, H” ) =0 if p+p #n—k.
Therefore, for any p, ¢ with p+ ¢ = n — k, one is left with a Hermitian form as above:
hp,q =" kpq = (_1)pi_(wl_k)kp,q on H™.

Let us note however that this Hermitian form is possibly not positive definite (in
general). In order to get positivity, we have to restrict it to the primitive part defined
as follows. One note that the Lefschetz operator has type (1,1) with respect to the
Hodge decomposition, hence sends HP*? to HPT1:4+1. Therefore, for any k > 0, L%,
induces and isomorphism HP'9 — HPTF4tk for any p,q with p + ¢ = n — k. The
primitive part PP is by definition the kernel of LEi! : Hpa — fotk+lathtl,

For instance, when k = 0, we get positivity on Ker Lo : HP"~P — Hp+Ln—p+l Tp
the case of curves (n = 1), such a restriction is empty as, whatever the choice of ¥
is, we have Ly = 0 on H}(X,Q) (as it takes values in H? = 0).

1.3. Polarized Hodge structures

The previous properties of the cohomology of a projective variety can be put in an
axiomatic form. This will happen to be useful as a first step to Hodge Z-modules.

1.3.a. Hodge structures. This is, in some sense, a category looking like that of
finite dimensional complex vector spaces. In particular, it is abelian, that is, the
kernel and cokernel of a morphism exist in this category. This category is very useful
as an intermediate category for building that of mixed Hodge structures, but the
main results in Hodge theory use a supplementary property, namely the existence of

a polarization (cf. §[1.3.b)

Definition 1.3.1 (Hodge structures). Given a finite dimensional C-vector space H and
an integer w € Z, a pure Hodge structure of weight w on H consists of

2. It is known that the same statement is not true in general if one replaces the coefficients Q
with Z.
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(1) a decomposition H = @pGZ HP, that it will be more convenient to denote as

H = EBpM:w HP?% in order to keep in mind the weight w,

(2) a Q-structure, that is, a Q-vector subspace Hg C H such that H = C ®q Hg,
giving therefore also a real structure on H and a conjugation operator.

These data are subject to the relation
Vp,qwithp+q=w, HY?=HPI in H.

It will be useful, when considering families, to introduce the Hodge filtration, which
is the decreasing filtration of H defined by
FPH = @ HY v,
p'2p
Exercise 1.3.2 (Properties of the Hodge filtration). Given any decreasing filtration F'*H
of H by vector subspaces, show that the following are equivalent:

(1) the filtration F*H and its complex conjugate F'*H are w-opposite, that is, for
any p, FPH N Fv—p+tlH = (;

(2) setting HP*~P = FPHNFY~—PH, then HY PP = HP:v—P and H = @p HPY=P,

Let us introduce a new variable z and let us consider in the free C[z, 2~ !]-module
H = Clz,27|®c H the object F := @®, FPH~"F; show that .7 is a C[z]-submodule
of 7 which generates 57, that is, # = C[z, 27 !] ®c[zZ . Similarly, denote by Z the
object @, F'*Hz%; show that 7 is a C[z~!]-submodule of /# which generates 7,
that is, # = C[z, 2] ®c[,-1] F. Using the gluing

~

- oy
(C[Z, Z_l] Q[ F o= (C[Z7 Z_l] Rc[z-1] F

the pair (#,.7) defines an algebraic vector bundle on P* of rank dim H. Show that
the properties and are also equivalent to

(3) The vector bundle determined by (.%,.%) is isomorphic to @p: (w)4™H.
Exercise 1.3.3 (The category of Hodge structures). The category of Hodge structures
is defined as follows:

(a) the objects are Hodge structures of some weight, as defined above,

(b) the morphisms are the Q-linear morphisms between the underlying Q-vector
spaces which are compatible with the Hodge filtration, i.e., sends FP into FP for
any p.

Prove the following properties:

3. Notice that the effect of the conjugation on .7 is not restricted to F'9H, but it also transforms
z into z~1; in fact the right conjugation should transform z to —z~1, but this will not matter here.
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(1) If one defines the filtration on the tensor product as

FP(Hy ® Hy) = Z FPrHy @ FP?2Hy,

p1+p2=p

the tensor product of Hodge structures of weight wq,ws is a Hodge structure of
weight wy + ws.

(2) If one defines the filtration on the space of linear morphisms as
FPHom(Hy, Hy) = {f € Hom(H,, Hy) |Vk € Z, f(F*H,) C FF*FH,},

the Hom of Hodge structures of weight w1y, ws is a Hodge structure of weight ws —w; .
Conclude that the dual of a Hodge structure of weight w is a Hodge structure of
weight —w.

(3) Show that a morphism of Hodge structures of the same weight preserves the
Hodge decomposition as well. Deduce that, if (F°H', Hp) is a Hodge sub-structure
of weight w of (F*H, Hg), that is, if Hyy C Hg and F*H' = H' N F*H define a Hodge
structure of weight w, then H'”? C HP,

(4) Show that a morphism between Hodge structures of weights wy, ws induces a
morphism between the associated vector bundles on P! (cf.[1.3.2([3])). Conclude that
there is no non-zero morphism if wy; > ws.

(5) Show that any morphism f : H; — Hs between Hodge structures of
weights wq, we is strictly compatible with the Hodge filtration, that is, f(F*H;) =
f(Hy) N F*Hs.

(6) Let f : Hi — Hy be a morphism of Hodge structures (i.e., an element of
FOHom(H,, H2) N Homg(H; g, H2g)). Show that the kernel of f, equipped with
the filtration induced by F*Hjy, is a Hodge structure of weight w; (use ) By
duality, prove that Coker f (equipped with the filtration induced by F** H») is a Hodge
structure of weight wy. Conclude that the category of Hodge structures is abelian.

Exercise 1.3.4 (The Tate twist). It is often useful to change the weight of a Hodge
structure. We proceed as for homogeneous polynomials, were one can change the
degree by multiplying by a monomial. A similar operation can be done on vector
bundles on the Riemann sphere, by tensoring with a line bundle &'(k).

The trivial Hodge structure is called Z(0): this is the complex space C equipped
with the usual Q-structure (and even Z-structure) and Hodge decomposition having
only a (0, 0)-component.

The most basic Hodge structure (defined over Z) is called Z(1): the underlying
vector space is C, but the Q-structure is 2miQ (or 2miZ) and it is considered as a
Hodge structure of weight —2, i.e., has only a (—1, —1)-component.

Using Exercise prove that

(1) if one defines, for any k € Z, Z(k) as Z(1)®*, then Z(k) has weight —2k;
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(2) If H is a Hodge structure of weight w, then H (k) := Z(k) ® H has weight w —
2k, it has the decomposition H (k)P4 = HP+%4+F and Hodge filtration FP(H (k)) =
FPRpL

(3) If f: Hi — H, is a morphism of Hodge structures, then it is also a morphism
of twisted Hodge structures Hy (k) — Ha(k).

We say that a morphism H; — Hs is a morphism of type (k, k) of Hodge structures if
it is a morphism of Hodge structures H; — Hs(k). Prove that a morphism H; — Ho
has type (k, k) if and only if it belongs to F* Hom(H, Hy).

Exercise 1.3.5 (The Hodge polynomial). Let H be a Hodge structure of weight w

with Hodge decomposition H = €, ,_,, H”"?. The Hodge polynomial P,(H) €
1

Zlu,v,u~t,v71] is the two-variable Laurent polynomial defined as Zp gez WP IuPve
with AP9 = dim HP9. This is a homogeneous Laurent polynomial of degree w. Show
the following formulas:

P, (Hy ® Ha)(u,v
P,(Hom(H,, Hs))
Pu(H)
Pu(H(k))(u, v

1.3.b. Polarized Hodge structures. In the same way the category of Hodge struc-

(Hl)(%v) w(Hz2)(u, v),
(Hy)(u™' 0™ - Pu(Ha) (u,v),

Py(H) (w07,

Ph(H)(u,v) ( v) ",

P,
P,

(u, v)
(u, )
(u, )
(u,v)

tures looks like that of complex vector spaces, that of polarized Hodge structures looks
like that of vector spaces equipped with a positive definite Hermitian form. It will be
semisimple, that is, any object can be decomposed into a orthogonal direct sum of
irreducible objects. However, although irreducible vector spaces with a positive defi-
nite Hermitian form have dimension one (this follows from the classification of positive
definite Hermitian form) this does not remain true (fortunately) for polarized Hodge
structures. A better analogy would be to consider Q-vector spaces with a positive
definite quadratic form: indeed, this is nothing but polarized Hodge structures of
type (0,0). The category of polarized Hodge structures will have enough rigidity to
be stable under various operations of algebraic geometry.

Definition 1.3.6 (Polarization). A polarization of a Hodge structure (F*H,Hg) of
weight w consists of a non-degenerate bilinear pairing () on Hg such that,

(a) Q is (—1)"-symmetric,

(b) Q(Hp’w_p,HpI’“’_pI) =0if p’ #w — p, and

(c) on each HP"~P, the associated Hermitian form hy ,—p := (—1)Pi" "k, y—p 18

positive definite, where k, ,,—, is the sesquilinear pairing on H?"~? induced by Q.

Remark 1.3.7. It may be useful to express () as a morphism of Hodge structures.
According to (]ED, it defines a morphism (H, F*H) ® (H, F*H) — C(—w) but, when
restricted to Hg, takes values in Q. In order that it takes values in Q(—w), we



12 LECTURE 1. HODGE THEORY: REVIEW OF CLASSICAL RESULTS

w

should multiply it by (27i)~%. Therefore, @ and @ are equivalent to giving a
non-degenerate morphism of Hodge structures

Sq = (2m)""Q : (F"H, Ho) ® (F"H, Hg) — Q(-w),

whose sesquilinear complex extension S : H ®c H — C is Hermitian. Then means
that, when restricted to H?"~P, S is (—1)P-positive definite.

Remark 1.3.8. Although we kept a notation very similar to that of the geometric
case of §[L.2 one should be careful, when applying the previous definition to Qn—,
to give H the interpretation of the primitive part (with respect to a chosen ample
line bundle) of H"~%(X,C). On the other hand, the previous definition applies to
H"k(X,C), but the definition of the corresponding Q is not Q,,_, but is given by
a formula depending on the ample line bundle, that we will not make explicit here.
Let us notice that the dependence with respect to the choice of the ample line bundle
explains the word ‘polarization’. The notion of a Hodge-Lefschetz structure (i.e.,
Hodge structure with a unipotent automorphism, or nilpotent endomorphism) that
we introduce in §[T.4) will give the right analogue for the structure on the cohomology
of a complex projective manifold (cf. Remark .

Proposition 1.3.9. The category of polarized Hodge structures of weight w (the mor-
phisms should be moreover compatible with the bilinear forms) is semisimple, i.e., any
object can be decomposed as the direct sum of simple objects.

Exercise 1.3.10 (Polarization on Hodge sub-structures). Let Sg be a polarization of a
Hodge structure (F*H, Hg) of weight w. Let (F*H', Hp) be a Hodge sub-structure
of weight w of (F*H, Hg) (cf. Exercise |1.3.3|(3))).

(1) Show that the restriction S of Sg to Hg is a polarization of (F*H', Hy).

int: use that the restriction of a positive definite Hermitian form to a subspace
Hint that th tricti f itive definite H itian f t b
remains positive definite.)

(2) Deduce that (F*H', Hp) is a direct summand of (F°H, Hg) in the category of
Hodge structures, hence the proof of Proposition [[.3.9]

Exercise 1.3.11. Write down the effect of a Tate twist on Sp.

1.4. Polarized Hodge-Lefschetz structures

Let Hg be a Q-vector space equipped with a linear automorphism 7. We denote
by Ts and T, the semi-simple and unipotent part of T. Let F*H be a decreasing
filtration of H = C ®g Hg. We will define the notion of a (quasi) Hodge-Lefschetz
structure of weight w € Z relative to the automorphism.
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1.4.a. Hodge-Lefschetz structures. Let us first assume that 75, = Id. Let N be a
nilpotent endomorphism of Hg (which could be T}, —Id, but this will not be the final
choice).

Lemma 1.4.1 (Jakobson-Morosov). There exists a unique increasing filtration of Hg
indexed by 7, called the monodromy filtration relative to N and denoted by M,(N),
satisfying the following properties:

(a) For any ¢ € Z, N(My) C My_a,

(b) For any £ > 1, N* induces an isomorphism gryl Hg — gr™, Hg.

Example 1.4.2. If N consists only of one lower Jordan block of size k+ 1, one can write
the basis as ex,ex—2,...,e_g, with Ne; = e;_5. Then M, is the space generated by
the e;’s with j < /.

Remark 1.4.3. The proof of the lemma is left as an exercise. One can prove the
existence by using the decomposition into Jordan blocks and Example [[.4.2] The
uniqueness is interesting to prove. In fact, there is an explicit formula for this filtration
in terms of the kernel filtration of N and of its image filtration (cf. [31]). The choice of
a splitting of the filtration (which always exists for a filtration on a finite dimensional
vector space) corresponds to the choice of a decomposition of a Jordan block of N.
The decomposition (hence the splitting) is not unique, although the filtration is. The
filtration exists in the larger context of a nilpotent endomorphism of an object in an
abelian category, even though there does not exist a Jordan decomposition. We can
apply it to the category of holonomic Z-modules for instance.

Exercise 1.4.4. We denote by grN : grMH — grM , H the morphism induced by N.
Show that, for any ¢ > 1, grN : gt H — grM , H is injective. Show also that M_oH
is equal to (an not only included in) N(MyH).

As we expect that N will send F* into F*~! (so is not necessarily compat-
ible with the filtration), we will regard N as a morphism ((H,F*H),Hg) —
((H, F*H), H@)(—l), using the Tate twist notation. The right choice for N, starting
from T, will then be N := (27i) ! log T,,.

Definition 1.4.5. We say that ((H, F*H), HQ,TU) is a (£)Hodge-Lefschetz structure
of weight w if

(a) N := (27i)Fllog T, induces a morphism (compatible with the filtrations and
the Q-structure) ((H,F*H), Hg) — ((H,F*H), Hy)(F1),

(b) for any ¢ € Z, the object ((gr%H, F'gryHLgryHQ) is a Hodge structure of
weight w + £.

By a Hodge-Lefschetz structure of weight w, we simply mean a (+)Hodge-Lefschetz
structure of weight w.
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The filtration F*gr)' H is that naturally induced by F*H on gr)'H, that is,

FPH NMH

prgpMpy . L TV
8T FPH M,  H

Let us consider the graded space grt™MH = @, gr) H. It is equipped with a (graded)
Q-structure and a (graded) decreasing filtration F*. However, this filtration does not
induce a pure Hodge structure. The Hodge structure is pure on each graded piece,
with a weight depending on the grading index. This graded space is also equipped
with a nilpotent endomorphism, that we denote by grN, from gri}/[H to gry_2H , and
which is naturally induced by N. From the definition above, it has the following
property: for any ¢ € Z,

(1.4.6) grN: ((gr)"H, F*gr)'H),gr)"Hg) — ((grtl,H, Ferpl,H), gr)t  Ho) (F1)
is a morphism of Hodge structures. In particular, for any ¢ > 1,
(erN)*: ((gr' H, Frgry' H), gr)' Ho) — ((er™, H, F* g™, H), e, Ho) (F¢)

is an isomorphism and, for any ¢ > 0, the primitive subspace Ker(grN)‘*! is a
Hodge substructure of weight ¢ in ((grE/IH, F'gr,l}/[HLgrg/[HQ). It will be denoted
by P((gr%/lH, F'gryH),grg/[H@).

Definition 1.4.7. We say that the (+)Hodge-Lefschetz structure is graded if it is iso-
morphic to its graded structure with respect to the monodromy filtration.

Remark 1.4.8 (Mixed Hodge structures). The symmetry between (+) and (—)
Hodge-Lefschetz structures is only apparent. Although the (4) ones are exam-
ples of mized Hodge structures, with (increasing) weight filtration W, defined by
WiHg = My4rHg, the (—) ones are not necessarily mixed Hodge structures.
They are so in the graded case, as an increasing weight filtration can easily been
constructed from the grading in such a case. In fact, we will only encounter
graded (—)Hodge-Lefschetz structures. On the other hand, we will encounter (non
graded) (+)Hodge-Lefschetz structures in the theory of vanishing cycles, cf. §[2.3]

Example 1.4.9. The cohomology H*(X,Q) of a smooth complex projective variety,
equipped with the nilpotent endomorphism N = (277)L & (or the unipotent automor-
phism 7T, = expLy), is naturally graded. We define the filtration F*H*(X,C) as
being the direct sum of the Hodge filtration on each term. Then, the graded compo-
nent of degree n+ ¢ (¢ € Z) equipped with its filtration is a Hodge structure of weight
n + £. The cohomology H*(X,Q) is thus a graded (—)Hodge-Lefschetz structure of
weight n.

Exercise 1.4.10 (Tate twist). We define the Tate twist of a set of data ((H, F*H), Hg, Ty,)
by Tate-twisting the first to set of data and leaving T, unchanged. Show that
((H,F*H),Hg,T,)(k) is a (+)Hodge-Lefschetz structure of weight w F 2k.
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Exercise 1.4.11. The category of Hodge-Lefschetz structures is defined in such a way
that morphisms should be compatible with the filtration, with the Q-structure and
with the automorphism T,.

(1) Show that this category is abelian and that any morphism is strict with respect
to the filtration F*.

(2) Show that N : ((H, F'H),H@,Tu) — ((H7 F'H),H@,Tu)(—l) is a morphism
in this category.

(3) Compute the filtration M, on Im N in terms of M, (Hg).

(4) Conclude that the image (taken in the category) by N of a Hodge-Lefschetz
structure of weight w is a Hodge-Lefschetz structure of weight w + 2 with unipotent
automorphism T, ym N-

Make precise the filtration F'* on N(H) and on the graded pieces by the monodromy
filtration.

(5) Show similar results for graded (—)Hodge-Lefschetz structures.

1.4.b. Quasi-Hodge-Lefschetz structures. We now assume that the eigenvalues
A of T are roots of unity, i.e., that T is quasi-unipotent (in what follows, it would be
enough to assume that they have a modulus equal to one). We will write A = exp 2mib
with b € | — 1,0] N Q. The decomposition of H into eigenspaces of Ty is not defined
over Q in general. We will not assume that the filtration F'*H is compatible with
this decomposition. In order to induce a filtration on each of these eigenspaces, we
proceed as follows: let us consider the decreasing filtration (H b)be]fl,o] such that
gr’H = H®/H>" is the exp(2mib)-eigenspace of Ts. We define the filtration F*gr®H
by setting

FPHNHY

FrHNH>Y

We therefore get a filtration on grH = @be]q,o} gr’H. Of course, grH and H are
canonically identified as C-vector space, but not as filtered C-vector spaces.

FPor’H =

Definition 1.4.12. We say that ((H ,F*H),Ho, T ) is a quasi-Hodge-Lefschetz structure
of weight w if ((ng, F*grH), Hy, Tu) is a Hodge-Lefschetz structure of weight w as
in Definition [.4.12

Remark 1.4.13. Notice that, a priori, the F-filtration depends on the ordering of the
logarithms b. For instance, with the choice we made, the filtration F*gr’H is a sub-
filtration of F*H, as H>? = 0. If we had chosen b € [0,1], it would have been a
quotient filtration.

1.4.c. Polarization. We will only consider the case of a unipotent automorphism
T = T,, and thus of a (£)Hodge-Lefschetz structure (graded, in the (—) case). Let
So: ((H,F*H),Hg) ® ((H,F*H), Hg) — Q(—w) be a pairing. Assume that N is an
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infinitesimal automorphism of Sg, that is, Sg(Ne, ) + Sg(s,Ne¢) = 0. Then, for any
£ >0, Sp induces a pairing
S$TY g ((H, FPH), Ho) ® g™, ((H, F*H), H) — Q(~w).

If we set Sg’l)(x, y) = g’_g) (z, (grN)*y), we define in this way a pairing

S§ : gx! ((H, F* H), Hg) © gr}! ((H, F*H), Hg) — Q(—w F ()
and we can restrict this pairing to the primitive part. The polarization condition is
that, for any ¢ > 0, the pairing
S$Y : Perd ((H, F*H), Ho) © Pgr) (H, F*H), Hg) — Q(~w F )
is a polarization of the Hodge structure.

Remark 1.4.14. In fact, grg/[((H, F*H), H@) is also a polarized Hodge structure, but
the polarization form is not equal to Sg’@. It is however obtained by an explicit
formula, ¢f. [11].

Remark 1.4.15. This definition of polarized graded (—)Hodge-Lefschetz structure is
the right analogue of the geometric Hodge structure of § (¢f. Remark . We
have there a canonical splitting of the monodromy filtration of N = (27i)L . If we
denote by Hg the total cohomology H*(X,Q), then H&fﬁ =gr)!Hg, w =n = dim¢ X

and S§ 7 = Qu_¢ = e(n — )(s, ;.

Exercise 1.4.16. Define the notion of a polarization when the automorphism is quasi-
unipotent.



LECTURE 2

HODGE 2-MODULES ON CURVES
LOCAL PROPERTIES

2.0. Introduction

A Hodge structure, as explained in the previous lecture, can be considered as a
Hodge structure on a vector bundle supported by a point, that is, a vector space. The
question we address in this lecture and the next one is the definition and properties
of Hodge structures on a vector bundle on a curve (Riemann surface).

The case “without singularity” is called a variation of Hodge structure. We explain
this notion in §[2.1] from a local point of view. The global properties will be considered
in the next lecture.

In order to analyze singularities, we restrict ourselves to a local setting, where the
base manifold is a disc D centered at the origin in C (or simply the germ of D at
the origin). We denote by ¢ a coordinate on the disc, by C{t} the ring of convergent
power series in the variable t and by 2 = C{t}(9;) the ring of germs of holomorphic
differential operators. There is a natural increasing filtration F,Z indexed by Z

defined by
Fﬂ:{ok k<L,
> =0 C{t} -9/ ifk>0.
This filtration is compatible with the ring structure (i.e., Fy - Fy C Fgye for any
k.0 € Z. The graded ring gr 9 := @, grf' 2 = @, Fi/F)—1 is isomorphic to the
polynomial ring C{t}[7] (graded with respect to the degree in 7).

We also denote by Zp the sheaf of differential operators with holomorphic coeffi-
cients on D. This is a coherent sheaf, similarly equipped with an increasing filtration
F,9p by free €p-modules of finite rank. The graded sheaf grf 2 is identified with
the sheaf on D of functions on the cotangent bundle 7% D which are polynomial in
the fibres of the fibration 7" D — D.

Like a Hodge structure on a vector space, a “Hodge structure” on a holonomic
Z-module consists of the data of a filtered holonomic Zp-module (#, F,) (analogue
of a filtered vector space), of a constructible sheaf .#g of Q-vector spaces on the disc
(analogue of a Q-vector space), and of an isomorphism « : DR.Z — C ®q Fq.



18 LECTURE 2. HODGE 2-MODULES ON CURVES. LOCAL PROPERTIES

In such a presentation, the Hodge decomposition is lacking, as it involves complex
conjugation, which is not defined on .#. The idea of M. Saito is to use complex
conjugation only after restricting the Z-module to a point of the disc D. If this does
not cause any trouble at points of D* := D ~\ {0}, this leads to problems at the origin
for two reasons:

— the stalk of the sheaf .Zg at the origin gives few information on the sheaf in

the neighbourhood of the origin,

— the restriction of .# consists usually of two vector spaces.
The right way to introduce the restriction consists in introducing nearby and vanishing
cycles. Therefore, the compatibility of the data with the nearby and vanishing cycles
functors will be the main tool in the theory of Hodge Z-modules.

2.1. Variation of Hodge structure on a Riemann surface

The definitions below are modelled on the behaviour of the cohomology of a family
of smooth projective varieties parametrized by an algebraic curve, that is, a smooth
projective morphism f : Y — X, that we call below the “geometric setting”.

Let X be a connected (possibly non compact) Riemann surface. In such a setting,
the generalization of a Q-vector space Hg is a locally constant sheaf of Q-vector spaces
g on X. Let us choose a universal covering X — X of X and let us denote by G
its group of deck-transformations, which is isomorphic to 71 (X, ) for any base-point
% € X. Let us denote by ﬁQ the space of global sections of the pull-back % of
Hp to X. Then, giving /¢ is equivalent to giving the monodromy representation
G — GL(Hyg).

The analogue of a complex vector space H could be a locally constant sheaf 7 of
finite dimensional C-vector spaces, so that the isomorphism H ~ C ®q Hg would be
easily translated at the level of locally constant sheaves. However, it is known that,
in the geometric setting, the Hodge decomposition in each fibre of the family does
not give rise to a locally constant sheaf, but to C'*°-bundles.

In order to avoid the use of C°°-bundles and remain in the holomorphic framework,
we consider the Hodge filtration, which is known to give rise to holomorphic bundles.

Therefore, a better analogue of the complex vector space H is a holomorphic vec-
tor bundle V equipped with a holomorphic connection V : V — QL ®4, V, so that
the locally constant sheaf 7 = KerV is the desired local system. A filtration is
then a finite (exhaustive) decreasing filtration by subbundles F*V. The main prop-
erty, known as Griffiths transversality property is that the filtration should satisfy
V(FPV) C QY @4, FP71V for any p € Z.

Definition 2.1.1 (Variation of Hodge structure). A variation of Hodge structure of
weight w is a tuple ((V, V,F*'V), %, a) such that

(a) (V,V, F*V)is a vector bundle with connection and filtration satisfying Griffiths
transversality,
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(b) s is a locally constant sheaf of Q-vector spaces,
(¢) a is an isomorphism ' = Ker V — C ®qg #5,

such that the restriction to any point = of X gives rise to a Hodge structure (7%, =
V.’K? F.%a %,QL‘) 05‘1,)

Let us remark that we did not introduce the complex conjugation at the level of the
family, as this would lead to consider C'*°-bundles (or, at least, real analytic bundles).

A polarization is a non-degenerate bilinear form %y : G Qg HH — Qx(—w)
inducing a polarization in each fibre (¢f. Remark .

In the next lecture we will give an idea of the proof of the Hodge theorem:

Theorem 2.1.2 (Hodge-Deligne theorem on a compact Riemann surface)

Let ((V, V,F*V), #, o, YQ) be a polarized wvariation of Hodge structure of
weight w on a compact Riemann surface. Then the cohomology H(S = HF(X, Hp) is
naturally equipped with a polarized Hodge structure of weight w + k.

2.2. Variation of Hodge structure on a punctured disc

We now consider the behaviour of a variation of Hodge structure near a singular
point. From now on, we will work on the disc D, as indicated in the introduction
of this lecture and we will denote by D* the punctured disc D ~ {0}. Assume that
((V, V,F*V), 5, a) is a variation of Hodge structure on D*. Our goal is to define a
suitable restriction of these data to the origin. As for the case of a generic point, the
underlying vector space of the restricted object should have a dimension equal to the
generic rank of the bundle.

2.2.a. The locally constant sheaf. Let g be a locally constant sheaf on D*. We
wish to define a “restriction” of ¢ at the origin. This should be a Q-vector space
of the same dimension as the generic dimension of the stalks of 7. This condition
eliminates the natural candidate, namely the space of sections of .75 over D*.

On the other hand, let us choose a universal covering D* — D* (for instance, one
can use the exponential map). As m(D*,x) ~ Z, giving g is equivalent, as we
have indicated in § to giving an element T € GL(E"@) called monodromy. Our
“restriction” of g at the origin will be the pair (I;TQ, T'). This is not only a Q-vector
space, but it is a vector space with an automorphism. We will use the notation

U, () = Hy.

Moreover, for any A € C*, the generalized eigenspace W () = Ker(T — A1d)V
(N > 0) is a subspace of ¥;(5#) = C ®q U (H#p). We have a decomposition
U (H) = @, V(). Over Q, we only keep the decomposition as by considering
only W} () @ U7 (Ap), with U7 (A0) == @4 VN (H5) (we can also distinguish
A = —1 if we wish).
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The space of sections of 7y on D* is identified with the subspace Ker(T — Id) of
the space U, () of multivalued sections of g on D*. More precisely, it is contained
in U} (3.

Assume now that we have a non-degenerate bilinear form %y : 56 ® gy —
Qp~(—w) on the locally constant sheaf g on D* (here, the Tate twist only means
multiplication by (2mi)~"). It gives rise to a non-degenerate bilinear form ¥;.7p on
the space of multivalued sections fI@, and the monodromy is an automorphism of this
bilinear form, that is, U, (T, T) = U;.Sg(s,+). In particular, the decomposition
U, () = Vi (Hp) & Wfl(%) is orthogonal with respect to ¥;.%y. Using the
decomposition into W} (#)’s, we find ;.7 (V) (), U} () = 0 unless p = A1
(which also reads as p = X if T' is quasi-unipotent).

2.2.b. The vector bundle with connection. If we are given (V,V) on D*, there
exists a unique meromorphic extension, called Deligne meromorphic extension, of
the bundle V to a meromorphic bundle V (that is, a free sheaf of &p[1/t]-modules)
equipped with a connection. It consists of all local sections of j,V (where j : D* — V
is the inclusion) whose coefficients in some (or any) basis of multivalued horizontal
sections have moderate growth in any sector with bounded arguments. Equivalently,
it is characterized by the property that the coeflicients of any multivalued horizontal
section expressed in some basis of V are multivalued functions on D* with moderate
growth in any sector with bounded arguments.

Remark 2.2.1. This statement is a form of the Riemann-Hilbert correspondence on
the disc: there exists a unique regular holonomic Zp-module having Rj.. 7 as its
de Rham complex. This Zp-module is V.

Similarly, there exists a & p-submodule VO of ‘7, called the Deligne canonical lattice,
consisting of all local sections of j,V whose coefficients in any basis of horizontal
sections on any bounded sector are holomorphic functions on this sector with at most
logarithmic growth. On this bundle, the connection V has a logarithmic pole. The
residue R of the connection on VO is an endomorphism of the vector space Vo /ﬂN/O7
that we denote by 1!%‘7- The real part of its eigenvalues belong to [0,1[. The latter
two properties also characterize V0. There is a natural isomorphism

(2.2.2) V0V = U

(recall that # = Ker V), under which the monodromy T is expressed as exp(—2miR).

Let us note that the connection V makes V a left Zp-module by setting 0;v := 63{17
(cf. also Exercise [2.4.9)).

We can more generally consider a whole family of Deligne canonical lattices: for any
b € R, we denote by VP the lattice defined by the property that the eigenvalues of the
residue of the connection have their real part in [b, b+ 1[. If we set V>t = Uy =s VY
then V>? is the Deligne canonical lattice for which the eigenvalues of the residue of
the connection belong to ]b, b+ 1].
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2.2.c. The filtration. We would like to extend the filtration F*V as a filtration
F*V by subbundles satisfying the Griffiths transversality property with respect to
the meromorphic connection V. Here the first delicate problem shows up. A first
natural choice would be to set

FPV .= j,FPV NV,
where j : D* — D denotes the inclusion. This choice can lead to a non-coherent
O'p-module: for instance, if p < 0, we have FPV =V and we get FPV = V| which is
not Op-coherent. Being more clever, one first defines
(2.2.3) FPV>—h = PPV NV
If this sheaf is &p-coherent, it will then be natural to define, for any p, in order to
obtain Griffiths transversality,
(2.2.4) FPV = (Vo) FPHV>1,

j=20

Indeed, with this definition, the relation %at FPV C FP-1V is clearly satisfied.

Exercise 2.2.5 (Extension of the filtration). Show that

(~1) For any b > -1, we have FPV N Vb = 3 FPV N V? and for any b > —1,
FPV N V>t =, FPV NV>Y,
@i FPV>~1is @p-coherent, it is &p-locally free, hence free (use that FPV>~1 C
V=l

(3) FPV is a 0p-module;

(4) under the assumption in , FPVis O p-coherent, and thus &p-free;

(5) the sheaf {J, FPV is a coherent Zp-module; it is equal to the Zp-submodule
of V generated by V>"1.
(Hint: Recall that there exists an integer po >0 such that FPoV =0 and F~PV=V.)

This (iiscussion shows that, assuming that each F PV s O'p-coherent, t~he Dp-
module V' contains an irrelevant part for our purpose: if we denote by Vi, the

P p-submodule of V generated by the Deligne lattice ‘7>’1, then \7/ Vinin is not used
in the construction.

Definition 2.2.6. We call ‘N/min the minimal extension of (V,V) across the origin
(whereas V' should be called the maximal one).

Exercise 2.2.7. Assuming that each F' PV is O p-coherent and setting Fj, YN/min =F _k1~/,
show that F, Vi, is a good filtration of Vi (cf. §[2.4.a)).

Exercise 2.2.8 (cf. (24, Prop. 3.2.2]). Assume that each FPV is O p-coherent and that
the eigenvalues of the residue R of V on VO are real. One can then consider the
filtration ‘7r;1in indexed by R (cf. §. Prove that the filtration F*V satisfies the
following properties:

1. It is also called middle extension or intermediate extension; this is justified by Exercise|2.4.25
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(1) for any b > —1, t(FPV N ‘Zfﬁn) = FrV N ‘7;1;1;
(2) for any b < 0, 3tFpgrb(1~/min) = Fp_lgrb_l(?min).
[The inclusions C are easy, c¢f. Exercise[2.4.17} the remarkable property is the existence
of inclusions D; we will call this property strict specializability, cf. §{4.3.bl]
Conversely, prove that if F,Vi,, is a good filtration satisfying and , it can

be obtained by the formulas (2.2.3]) and (2.2.4)).

2.3. Hodge Z-modules on a Riemann surface

2.3.a. Gathering the properties. We can now give a name to the object we want
to single out. Let .# be a holonomic Zp-module which is a minimal extension of its
restriction to D*, which we assume to be a vector bundle with connection. We will
assume that

(a) there exists a logarithmic lattice in ., that is to say a free &p-submodule on
which the connection is logarithmic and which generates .# as a @D—module7

(b) the residue of the connection on some (or any) logarithmic lattice has real
eigenvalues.

Let F,.# be a good F-filtration of .Z .

Definition 2.3.1 (Strict specializability). We say that the filtered Zp-module (.#, F,)
is strictly specializable at the origin if the properties [2.2.8|(1]) and (2 are satisfied.

Definition 2.3.2 (Hodge Zp-module with strict support the disc)
A Hodge 9p-module of weight w and having the germ of disc D as its strict
support consists of the data ((Vmin, F'),j*%,j*a) such that

(a) The residue of the connection on some (or any) logarithmic lattice of Vi, has
rational eigenvalues (equivalently, the monodromy of 74 is quasi-unipotent),

(b) it restricts to a variation of Hodge structure ((V, F*), 7y, a) of weight w on D*,

(¢) (Vinin, F*) is strictly specializable at the origin,

(d) the object ((1/1t‘7min7 F'z/JtYN/min), U, T, 1/),504) is a quasi-Hodge-Lefschetz

structure of weight w.

Recall that « is an isomorphism Ker V. — C ®gq 5. It defines an isomorphism
Va0 Uy Ker V — C ®q ¥, #% compatible with the monodromy. We denote by 9«
the morphism composed of ¥;a and of the isomorphism ¢V —+ W; Ker V whose

existence is indicated in §2.2.5

Definition 2.3.3 (Hodge Zp-module). A Hodge 2-module on the disc with singularity
at the origin at most will then consist of the direct sum of

2. We then say that .# has a regular singularity at the origin.
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— a Hodge 2-module with strict support equal to the disc and with singularity
at the origin at most,

— a Hodge 2-module with strict support equal to the origin: this is mainly a
Hodge structures on a finite dimensional Q-vector space, extended to the disc by
the direct image functor (i4,4.) induced by the inclusion ¢ : {0} — D.

Exercise 2.3.4 (Abelianity). Prove that the category of Hodge Z-modules (where the
morphisms are pairs of morphisms in the categories of Z-modules and sheaves respec-
tively, compatible with «) is abelian.

Definition 2.3.5 (Polarized Hodge Zp-module with strict support the disc)
Let ((Vmin, F'),j*%@,j*a) be a Hodge Z-module of weight w. A polarization is
a polarization /g of the restriction to D* such that

(f) ¥,.%p induces a polarization of the quasi Hodge-Lefschetz structure of weight w
(¥t Vinin, F* vt Vinin), U0, T, Yycx).

The definition of a polarized Hodge Z-module is obtained in a way similar to that

of 2.3.3

Remark 2.3.6. In § we will use the convention of M. Saito: the F-filtration Fg, ;.
on V is F*[—1] := F*~'V and, correspondingly, the F-filtration staitowtf/min is the
filtration induced by FS.aito[l]‘A}minﬂ that is, the filtration induced by F *Vinin. Corre-
spondingly, one should be change the constants in the polarization on ¢;. We postpone
the adjustment of multiplicative constants in the Saito convention until §[4.4]

Exercise 2.3.7 (Semi-simplicity). Prove that the category of polarized Hodge Z-
modules is semi-simple.

2.3.b. So what? After all these definitions, one is entitled to ask: Does there exist
any Hodge P-module on D other than the variations of Hodge structure on D?
This question has various aspects:

(a) Existence,
(b) openness of the notion,
(c) closedness of the notion.

In the first direction, we start from a quasi-Hodge-Lefschetz structure of weight w
on some given Q-vector space ﬁ@. It is then possible to construct ((f/, %)71%‘@, a)
giving rise to (I? , ﬁ@, e, T') by specialization. The question is to define a filtration
F'V specializing to the given filtration F *H and such that, on D*, we get a variation
of Hodge structure of weight w.

For (]ED, assume that we are given a well-filtered Zp-module with regular singular-
ity, and which is the minimal extension of its restriction to D*, that is, it takes the
form (f/min, F.f/min). Assume that we are also given /¢ on D* with quasi-unipotent
monodromy and an isomorphism « : 7 = Ker V|p- — C®q 4. Lastly, assume
that the ‘restriction’ to the origin of these data give rise to a quasi-Hodge-Lefschetz
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structure of weight w. The question is to know whether the restriction of these data
to any point in D* is also a Hodge structure of weight w. In other words, is the
previous construction open?

For , the question is if, starting from a variation of Hodge structure on D*, the
previous construction does give rise to coherent &p-modules F' v and, if so, if we get
a Hodge structure of weight w with a quasi-unipotent automorphism on the special
fibre, by the construction ;.

The fundamental theorems of W. Schmid [29] assert that the answer to each of these
questions is positive, provided that we moreover assume the existence of a polarization.
More precisely, they give a positive answer to the questions when we add in the
assumption and in the conclusion the existence of a polarization.

For the existence, the result is known as the Nilpotent orbit theorem, at least when
the automorphism we start with is unipotent.

That (]ED is true can be related, at least when the weight is zero, to the rigidity of
trivial vector bundles on the Riemann sphere (according to Exercise [1.3.2[3)).

In the proof of enters the easy fact that, if we have a continuous one-parameter
family of Hermitian forms on a vector space such that the special Hermitian form is
non-degenerate and the general one is positive definite, then the special one is also
positive definite.

However, a lot of analysis has to be developed in order to use these simple facts.

2.4. Appendix: Basics on holonomic Z-modules

We keep the notation given in the introductory part of this lecture.

2.4.a. Good F-filtrations, holonomic modules. Let M be a finitely generated
2-module. By an F-filtration of M we mean increasing filtration F,M by ¢ = C{t}-
submodules, indexed by Z, such that, for any k,¢ € Z, F},2 - FeM C Fy1¢M. Such a
filtration is said to be good if it satisfies the following properties:

(1) FxM =0 for k < 0,

(2) each Fj M is finitely generated over &,

(3) for any k, 0 € Z, F},9 - F; M C FrioM,

(4) there exists ¢y € Z such that, for any k > 0 and any ¢ > ¢y, F, 9 - F;M =
Fyy oM.

Remark 2.4.1 (Increasing or decreasing?) In Hodge theory, one usually uses decreasing
filtrations. The trick to go from increasing to decreasing filtrations is to set|®)| for

3. However, when one considers the V-filtration below, the rule for going from an increasing to a
decreasing filtration on a holonomic Z-module (but not on 2 itself) will also include a translation:

VPM =V,M witha=—b—1.

This can be useful to keep in mind when referring to the literature.
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any p € Z,
FPM :=F_,M.

Exercise 2.4.2 (The Rees module). The previous properties can be expressed in a sim-
pler way by adding a dummy variable. Let M be a left Z-module and let F, M be an
F-filtration of M. Let z be such a variable and let us set Rp? = @ oy Fp 2 - 2" and
RFM = @keZ FkM . Zk.

(1) Prove that Rp2 is a Noetherian ring.

(2) Prove that RpM has no C[z]-torsion.

(3) Prove that the F-filtration condition is equivalent to: RpM is a left Rp2-
module.

(4) Prove that RpM/2RpM = gt¥ M and RpM/(z — 1)RpM = M.

(5) Prove that the goodness of F, M is equivalent to: RpM is a finitely generated
left Rp2-module.

(6) Prove that M has a good F-filtration if and only if it is finitely generated.

Definition 2.4.3. We say that M is holonomic if it is finitely generated and any element
of M is annihilated by some P € 2.

One can prove that any holonomic Z-module can be generated by one element
(i.e., it is cyclic), hence of the form Z/I where I is a left ideal in 2, and that this
ideal can be generated by two elements (cf. [1]).

2.4.b. The V-filtration. In order to analyze the behaviour of a holonomic module
near the origin, we will use another kind of filtration, called the Kashiwara-Malgrange
filtration. It is an extension to holonomic modules of the notion of Deligne lattice for
meromorphic bundle with connection.

We first define the decreasing filtration V* % indexed by Z, by giving to any mono-
mial #1909 9" the V-degree 3, a; — 3, b;, and by defining the V-order of an
operator P € Z as the smallest V-degree of its monomials.

Exercise 2.4.4
(1) Check that the V-order of P does not depend on the way we write a monomial.
(2) Check that each V*2 is a &-module, and that, for k > 0, V9 = t*V°9.

(3) Check that the filtration by the V-order is compatible with the product, and
more precisely that

vk Vi Cc V9 for any k.l € Z,
=Vt ifk 0<0orifk,¢>0.
Conclude that V°% is a ring and that each V¥ is a left V°Z2-module.
(4) Check that the Rees object Ry 2 := @, V*Z - 27" is a Noetherian ring.
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(5) Show that gr{,Z can be identified with the polynomial ring C[E], where E is
the class of t9; in gr% 2.

(6) Show that E does not depend on the choice of the coordinate ¢ on the disc.

Definition 2.4.5. Let M be a left Z-module. By a V-filtration we mean an decreasing
filtration U*M of M, indexed by Z, which satisfies V¥2 - U‘M c U***M for any
k.0 € Z. We say that UM is good if there exists {5 € N such that the previous
inclusion is an equality for any £ < 0 and ¢ < —/{y, and for any k£ > 0 and ¢ > /.

Exercise 2.4.6

(1) Show that a filtration U°M is a V-filtration if and only if the Rees object
RuM := @, ., UM =" is naturally a left Ry Z-module.

(2) Show that, for any V-filtration UM on M, RyM/zRyM = gtV M and
RyM/(z — 1) RyM = M.

(3) Show that any finitely generated Z-module has a good V-filtration.

(4) Show that a V-filtration is good if and only if the Rees module Ry M is finitely
generated over Ry 2.

(5) Show that, if M is holonomic, then for any good V-filtration the graded spaces
gr’,}M are finite dimensional C-vector spaces equipped with a linear action of F.

(6) Show that, if U*M is a V-filtration of M, then the left multiplication by ¢
induces for any k € Z a C-linear homomorphism gr¥, M — gr’fflM and that the
action of 9; induces gri; M — gr’f’flM . How does E commute with these morphisms?

(7) Show that if a V-filtration is good, then t : U¥M — U*+1 M is an isomorphism
for any k£ > 0 and 0 : gr@M — gr’fflM is so for any k < 0.

Theorem 2.4.7 (The Kashiwara-Malgrange filtration). Let M be a holonomic
P-module. Then there exists a unique good V -filtration denoted by V*M and
called the Kashiwara-Malgrange filtration of M, such that the eigenvalues of E
acting on the finite dimensional vector space grQ/M have their real part in [0,1[. O

Exercise 2.4.8. Show that the Kashiwara-Malgrange filtration satisfies the following
properties:

(1) for any k > 0, the morphism V¥M — V*+1 M induced by ¢ is an isomorphism;

(2) for any k£ > 0, the morphism gr(,l*kM — gr;kaM induced by 9, is an
isomorphism.

Exercise 2.4.9. Show that, for any holonomic module M, the module Ot~ ® s M is
still holonomic and is a finite dimensional vector space over the field of Laurent series
O[t71], equipped with a connection. Conversely, prove that any finite dimensional
vector space over the field of Laurent series €[t !] equipped with a connection is a
holonomic Z-module. Conclude that the germ at the origin of (V, V) considered in

§[2.2.1] is a holonomic Z-module.
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2.4.c. Nearby and vanishing cycles. For simplicity, in the following we always
assume that M is holonomic.

Definition 2.4.10 (Nearby and vanishing cycles). Let M be a holonomic Z-module.
— For any 8 € C with real part b € [0,1], we denote by wa C grl-M the
generalized eigenspace of E : grd M — gr M with respect to the eigenvalue 3,
— we denote by 1, M c gr‘_/lM the generalized eigenspace of F : gr‘_,lM —
gr;lM with respect to the eigenvalue 1.
— Using Exercise we define ¢f M for any 8 € C. We note that there exists
a finite set B € C such that wtﬂM =0 for any 8 & B + Z.
We denote by N the nilpotent part of the endomorphism induced by —FE on 1/)? M
(B € C). Moreover, can : 1)?M — 1p; * M is the homomorphism induced by —d; and
var : 1/)t_1M — M is that induced by ¢, so that varocan =N and canovar=N.
We also denote by M.wtﬁ M the monodromy filtration defined by the nilpotent endo-

morphism N on ¢ M (cf. §[1.4.a)).

Exercise 2.4.11. Let M be a holonomic Z-module. Prove that

(1) the construction of ¢ (8 € C), can, var, N, is functorial with respect to M
and wf are compatible with short exact sequences;

(2) can is onto iff M has no quotient supported at the origin (i.e., there is no
surjective morphism M — N where each element of NV is annihilated by some power
of t);

(3) var is injective if and only if M has no submodule supported at the origin (i.e.,

whose elements are annihilated by some power of t);

(4) ;' = Im can @ Ker var if and only if M = M’ & M", where M" is supported
at the origin and M’ has neither a quotient nor a submodule supported at the origin
(in such a case, we say that M is S(upport)-decomposable).

Definition 2.4.12 (Middle extension). We say that a holonomic M is a middle (or min-
imal, or intermediate) extension of [t~1] ®s M if can is onto and var is injective,
that is, if M has neither a quotient nor a submodule supported at the origin.

Examples 2.4.13

(1) If 0 is not a singular point of M, then M is @-free of finite rank and 17 M = 0
unless 5 € —N*. Then can = 0, var = 0 and N = 0.
(2) If M is purely irregular, e.g., M = (€,V) with V = d + dt/t2, then ¢ M = 0

for any . In such a case, the ¥-functor does not bring any information on M.

Exercise 2.4.14. Show that M is a middle extension if and only if M is equal to the
9-submodule generated by VM.

Definition 2.4.15 (Regular singularity). We say that M has a regular singularity (or is
regular) at the origin if VOM has finite type over &.
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Exercise 2.4.16. Prove that the Deligne meromorphic extension of §[2.2.b| has regular
singularity at the origin.

2.4.d. The monodromy filtration. Each vector space wtﬁM is equipped with a
nilpotent endomorphism N. As we indicated above, it acquires then a monodromy
filtration M, (N) (cf. §[1.4.3).

Let us assume that all 8’s such that 1/)? M =# 0 are real. We denote them by the
letter b to recall they are real. It is possible to extend the V-filtration V°*M to a
filtration indexed by (a discrete subset of) R, in such a way that holds when
¢ € R and that, for any b € R, we have y?M = grl{,M :=VPM/V>*M. Then we can
lift the monodromy filtration, by defining M;V*M to be the pull-back of M M by
the projection VPM — VM /V>P M = P M.

Exercise 2.4.17

(1) Show the analogue of Exercise that is,
e t:VPM — VPHIM is an isomorphism for any b > —1,
« Op gt M — grl";lM is an isomorphism for any b < 0.
(2) Show that, if M has a regular singularity, V®M has finite type over & for any
b € R and is O-free of finite rank for any b > —1.

(3) With the same assumption, show that M,V®M has finite type over & for any
¢ € Z and b € R and is stable by V52. Show that, for any b > —1, it is a free
O-module of finite rank with a logarithmic connection (i.e., stable by V,2).

2.4.e. F-filtration on nearby and vanishing cycles. Let M be holonomic and
equipped with a good F-filtration F, M. There is a natural way to induce a filtration
on each vector space gré, M by setting

F,MNV‘M

L —
Foey M= A vear

Note that, unless z/J,@BM = 0 for any B ¢ Z, there is no natural way to induce a
filtration on each wtﬁ M. There is nevertheless a canonical way, as we assumed that
all 8’s are real, hence naturally totally ordered. In such a case, using the notation of

§[2.4.d] we can set

F,MNV°M
(2.4.18) Ep? M = =2

F,M OV
Exercise 2.4.19. Show that N - F,yp? M C F,,,19? M for any b € C and that

can(F,p) M) C Fpy1y; ' M,
var(F,y; ' M) C Fyd M.
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2.4.f. The de Rham complex

The germic version of the de Rham complex. Let us first consider the de Rham com-
plex of M. The holomorphic de Rham complex DR M is defined as the complex

DRM = {0 — M —Y— Q' @5 M —s 0}.
The de Rham complex can be V-filtered, by setting

VFDRM = {0 — V*M N e, VM 0},

for any k € Z, and if moreover the eigenvalues of E acting on gri,.# are real, then we
can extend this filtration to indices b € R. The terms of this complex are finite type
O-modules. As the morphism gr? M — grl",_lM induced by 0; is an isomorphism for
any b < 0, it follows that the inclusion of complexes

(2.4.20) VODRM «— DR M
is a quasi-isomorphism.

Example 2.4.21 (The de Rham complex of a minimal extension)

Let us assume that M is a minimal extension, that is, that can is onto and var
is injective. Then VM = 0,V'M +V>"IM and t : V"M — tV-IM is an
isomorphism. Therefore, VO DR M is quasi-isomorphic to

(2.4.22) {0 — VoM Bl O ®e (t0,V'M + V>M) — 0}.

We can refine the presentation of this complex by using the lifted monodromy filtration
M,V°M.

Lemma 2.4.23. If M is a minimal extension, then DR M is quasi-isomorphic to

{0 — MVOM Bl IO ®e M_oV'M — 0}.
Proof. Clearly, the complex in the lemma is a subcomplex of (2.4.22)). Let us consider
the quotient complex. This is

(2.4.24) 0 — () M/ Moy M) N, (image N/M_oy) M) — 0.

Applying Exercise we find that this complex is quasi-isomorphic to 0 (i.e., the
middle morphism is an isomorphism). O

The sheaf version of the de Rham complex. We now sheafify the previous constructions
and consider a Zp-module .#. We assume it is holonomic, that is, its germ at any
point of D is holonomic in the previous sense. Then the Zp-module .# is a Op-
module and is equipped with a connection. Moreover, away from the origin (and if
the disc D is chosen sufficiently small), it is locally &'p«-free of finite rank.

The holomorphic de Rham complex DR .# is defined as the complex

DR = {0 —s M —s QY ®p,, M — 0.
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Away from the origin, the de Rham complex has cohomology in degree —1 only,
and KerV is a local system of finite dimensional C-vector spaces on D*. In general,
DR . is a constructible complex on D, that is, its cohomology spaces at the origin
are finite dimensional C-vector spaces.

Exercise 2.4.25. Show that the holomorphic de Rham complex DR Vmin has cohomol-
ogy in degree 0 only and that this cohomology sheaf is j,.7Z, if j : D* < D denotes
the inclusion.



LECTURE 3

HODGE 2-MODULES ON CURVES
GLOBAL PROPERTIES

In Section we state various generalizations of the Hodge theorem on Riemann
surfaces. The case of constant coefficients has been considered in §[I.1} The next case
is that of a unitary representation of the fundamental group of a compact Riemann
surface. This is a variation of polarized Hodge structure of weight (0,0). We then
consider the case of a general variation of polarized Hodge structure on a compact
Riemann surface.

The next step consists in introducing singularities, that is, in considering a punc-
tured compact Riemann surface. We first consider a unitary representation of the
fundamental group, and then the general case of a variation of polarized Hodge struc-
ture. The general result is due to Zucker [34]. Using the results of the previous lecture,
we interpret this theorem as a theorem on direct images of a Hodge Z-module on a
compact Riemann surface (direct image with respect to the constant map).

Given a local system 2 of Q-vector spaces on a punctured compact Riemann

surface X* <2 X which underlies a variation of Hodge structure, the cohomology
which is expected to underlie a Hodge structure is the cohomology H*(X, j..%g).
The Hodge properties will be a consequence of an identification of this cohomology
(tensored with C) with a L2-cohomology, which has harmonic representatives. The
theorems of Schmid in §[3.2] justify this identification. It remains then to do Hodge
theory on this L?-cohomology: this is the content of §

3.1. The Hodge theorem

3.1.a. The Hodge theorem for unitary representations. We will extend the
Hodge theorem (Theorem and the results indicated after its statement concern-
ing the polarization) to the case of the cohomology with coefficients in a unitary
representation. It is not needed to assume here that the underlying manifold is a
Riemann surface.

Let us start with a holomorphic vector bundle V' of rank d on a complex projective
manifold X equipped with a flat holomorphic connection V (flatness is tautological
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on a Riemann surface). The local system 5 = Ker V corresponds to a representation
71 (X, x) = GL4(C), up to conjugation. The unitarity assumption means that we can
conjugate the given representation in such a way that it takes values in the unitary
group.

In other words, there exists a Hermitian metric h on the associated C'°°-bundle
H = € ®¢, V such that, if we denote by D the connection on H defined by
D(p®v) = dp®@v+¢®Vu (this is a flat connection which decomposes as D = D'+ D"
and D" = d” @ 1d), the connection D is compatible with a metric (i.e., is the Chern
connection of the metric).

Exercise 3.1.1. Show that a connection D is flat if and only if it satisfies
D/2 =0 D//2 =0 D/D// 4 D//D/ =0.

That D is a connection compatible with the metric implies that its formal adjoint
(with respect to the metric) is obtained with a Hodge x operator by the formula
D* = — x D % . This leads to the decomposition of the space of C*° k-forms on X
with coefficients in H (resp. (p, ¢)-forms) as the orthogonal sum of the kernel of the
Laplace operator with respect to D (resp. D’ or D"), that is, harmonic section, and
its image.

As the connection D is flat, there is a C*° de Rham compler (&% ® H, D), and
standard arguments give

H*(X, #)=H"X,DR(V,V)) = H*(T'(X, (6% ® H,D))).
One can also define the Dolbeault cohomology groups by decomposing &* into &79’s
and by decomposing D as D' + D”. Then HYH(X, H) = H1(X, 05 ® V).
As the projective manifold X is Kdhler, we obtain the Kéhler identities for the

various Laplace operators: Ap = 2Ap, = 2Apn.
Then, exactly as in Theorem [T[.2.5] we get:

Theorem 3.1.2. Under these conditions, one has a canonical decomposition
HY(X,DR(V.V))= @ H"(X,H)
p+q=Fk

and H¥? (X, H) is identified with HP-9(X, H), where H" is the dual bundle.

The Hard Lefschetz theorem also holds in this context.

3.1.b. Variation of polarized Hodge structure on a compact Kihler man-
ifold: the Hodge-Deligne theorem. Let us keep notation of §[3.1.a] We do not
assume anymore that 7 is unitary. We only assume that it underlies a variation
of polarized Hodge structure of some weight w. In such a situation, we have flat
connection D on the C*°-bundle H associated to V', with D = D’ 4+ d”, and we also

1. When we work with a variation of polarized Hodge structure, the polarization .y identifies
(H,D) and (HV, DY) and we recover the usual conjugation relation between H%? and HP9.
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have a Hermitian metric h on H, but D is possibly not compatible with the metric.
The argument using the Hodge x operator is not valid anymore.

Exercise 3.1.3. Let (V,V,F*V, /%, %g) be a variation of Hodge structure of weight w
on X (cf. Definition . Let H be the C*°-bundle associated to V, let h be the
Hermitian metric deduced from . and let D = D’ + D” with D" = d’ @ Idy
be the flat C*° connection deduced from V. Let H = @ HP 9 be the Hodge
decomposition (which is h-orthogonal by construction).

Show that

(1) the Griffiths transversality relation VFPV C QL @ FP~1V can be translated as
D'HPAY Q%{ ® (HP1 & prl,q+1),
D'gPa @ ® (HP? @ HPHha—1y;

pHg=w

(2) the composition of D’ (resp. D”') with the projection on the first summand
defines a (1,0) (resp. (0,1))-connection D’ (resp. D), and that the projection to
the second summand defines a C*°-linear morphism 6% (resp. 6%).

(3) Show that Dg := D% + DY, is compatible with the metric h, but is possibly
not flat.

(4) Show that the connection D" := D% + 0% has square zero, as well as the
connection D’ := DI, + 0%.

The decomposition D = D'+ D" is replaced with the decomposition D = D’ +D”.
The disadvantage is that we loose the decomposition into types (1,0) and (0, 1), but
we keep the flatness property. On the other hand, as Dg is compatible with the
metric, its formal adjoint is computed with a Hodge % operator. Using the Kdhler
metric, one shows that 05 satisfies the right relations in order to ensure the equality
of Laplace operators Ap = 2Ap, = 2Apn.

We remark we did not really loose the decomposition into type if we are more
careful: the operator D” sends a section of HP? to a section of Q% ® HP~L+l 4
@@ HP1. Counting the total type, we find (p, g+ 1) for both terms. In other word,
taking into account the Hodge type of a section, the operator D” is indeed of type
(0,1). A similar argument applies to D’.

This being understood, the arguments of Hodge theory apply to this situation
as in the case considered in §[3.1.a] to get the Hodge-Deligne theorem 2.1.2] The
polarization is obtained from .7 and Poincaré duality as we did for @,, in § still
using the sign ¢, and from it we cook up the form Sg.

3.1.c. Unitary representation on a Riemann surface with a complete met-
ric. The compactness assumption in Hodge theory is not mandatory. One can relax
it, provided that the metric remains complete (cf. e.g., [T, §12]). Let us indicate the
new phenomena that occur in the setting of §[3.I.a]

One works with C* sections v of & ® H which are globally L? with respect to
the metric h and to the complete metric on X, and whose differential Dv is L. The
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analysis of the Laplace operator is now similar to that of the compact case. One uses
a L? de Rham complex and a L? Dolbeault complex (i.e., one puts a L? condition on
sections and their derivatives).

One missing point, however, is the finite dimensionality of the L2-cohomologies
involved. In the compact case, it is ensured, for instance, by the finiteness of the
Betti cohomology H*(X, /). So the theorem is stated as

Theorem 3.1.4. Let (X,w) be a complete Kihler manifold and (V,V) be a holomor-
phic bundle with a flat connection V corresponding to an irreducible representation
KerV of m(X,*). Then, with the assumption that all the terms involved are finite
dimensional, one has a canonical isomorphisms

HY(X,H,D)~ @ HYY(X,H,D"),  H!P(X,H,D)~HV{(X,H", D).
p+q=k

It remains to relate the L? de Rham cohomology with topology. If we are lucky,
then this will not only provide a relation with Betti cohomology, but the Betti coho-
mology will be finite dimensional and this will also provide the finiteness assumption
needed for the L? de Rham cohomology.

There will also be a need for the finiteness of the L? Dolbeault cohomology. In the
case, that will occupy us later, where X is a punctured compact Riemann surface, this
will be done by relating L? Dolbeault cohomology with the cohomology of a coherent
sheaf on the compact Riemann surface.

We will indicate in §[3.3] the way to solve these two problems, through the
L? Poincaré Lemma and the L? Dolbeault Lemma.

3.1.d. Variation of polarized Hodge structure on a punctured compact Rie-
mann surface: the Hodge-Zucker theorem. We now mix the setting of §§[3.1.5]
and that is we consider a variation of polarized Hodge structure of weight w on

a punctured compact Riemann surface X* <2 X. We will prove:

Theorem 3.1.5 (Zucker [34])). In such a case, the cohomology H* (X, j.¢) (k =0,1,2)
carries a natural polarized Hodge structure of weight w + k.

The way of using L? cohomology is the exactly the same as in § provided
that we replace D’ and D" with D’ and D”. Then we are left with the corresponding
L? Poincaré and Dolbeault Lemmas, that we will consider in §[3.3]

3.1.e. Hodge Z-modules on a compact Riemann surface: the Hodge-Saito
theorem. Let us now start with a polarized Hodge Zx-module on a compact Rie-
mann surface X (c¢f. Definition @ . We denote it by ((‘N/min, F'),j*%,j*a,fQ).
Away from a finite set X , it corresponds to a variation of Hodge structure
of weight w. The de Rham complex DR ‘N/min is naturally filtered (cf. Formula
below) and we get in a natural way a filtration on its hypercohomology. Recall that
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(¢f. Exercise [2.4.25)), this de Rham complex is a resolution of j.#¢, where we denote

of course by X* = X \ ¥ <2 X the inclusion.

The Hodge-Saito theorem asserts that the k-th cohomology of j.. 7% gets in this
way a polarized Hodge structure of weight w + k.

What is the difference with the Hodge-Zucker theorem? A priori, it seems that
the Hodge-Saito theorem is implied by the Hodge-Zucker theorem, and such is the
case, indeed, as we will see in a moment. However, the object with start with is
defined on X, and for instance is algebraic by GAGA, although in the theorem of
Hodge-Zucker it is only defined on X*. Part of the theorem of Hodge-Zucker con-
sists in extending the object to X (at least at the level of de Rham or Dolbeault
complexes). Then the main part in proving the Hodge-Saito theorem will be checking
that the extended object defined by Zucker and the a priori object defined by M. Saito
correspond. In other words, a polarized Hodge Zx-module is nothing but the exact
algebraic expression, before taking ‘de Rham’ of the extended object constructed by
Zucker (through the theorems of Schmid, cf. §.

The main point will then be Theorem [3.3.4]together with Theorem [3.3.5] putting to-
gether Schmid’s theorem and Lemma (this called the L? Poincaré lemma)
and a similar statement for the filtered object (this is called the L? Dolbeault lemma).

3.2. Metric characterization of the minimal extension

Before trying to prove the Hodge theorem in the singular case, we will have to
come back to the local setting of §2.2] Let us consider a variation of polarized
Hodge structure ((V, V,F*V), Jfé@,a,f@) of weight w on the punctured disc. The
polarization . gives rise to a positive definite Hermitian metric h on the C*°-bundle
associated to V.

3.2.a. Reminder on Hermitian bundles on the punctured disc. Let V be a
holomorphic vector bundle on D* and let A be a Hermitian metric on the associated
C*°-bundle 672 ®e,. V.

Let V be a holomorphic bundle on D*, equipped with a Hermitian metric h. We
denote by "/ the subsheaf of j«V consisting of local sections, the h-norm of which
has moderate growth in the neighbourhood of the origin. This is a &p[1/t]-module,
which coincides with V' when restricted to D*.

The parabolic filtration h/* is the decreasing filtration, indexed by R, consisting
of local sections such that: for any compact neighbourhood K of the origin, in the
punctured neighbourhood of which the local section is defined, and for any ¢ > 0,
there exists C' = C(K,e) > 0 such that the h-norm on K* := K ~ {0} of the local
section is locally bounded by C|t|*~=. By definition, we have "/t = Ny <t hyt'

Clearly, each hbisa @ p-submodule of h‘~/, which coincides with V' when restricted
to D*, and we have

W=’  and  VkeZ, W ="hotk
b
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A jump (or, more correctly, jumping index) of the parabolic filtration is a real num-
ber b such that the quotient hﬁb/h‘~/>b # 0, where ">t .= Up>b Wy Clearly, if b is
a jump, then b+ k is a jump for any k € Z. We denote by J(b) the set of jumping
indices which belong to [b,b+ 1[. We have J(b+ k) = J(b) for any k € Z.

Definition 3.2.1. We say that the metric is moderate if "V is €p[1/t]-locally free and
each "/? is Op-locally free.

When the metric is moderate, J(b) is finite for any b € R and we have
hf}b/th‘"/'b _ @ grb'(hf/').
b eJ(b)
3.2.b. The theorems of Schmid. Let us consider a variation of Hodge structure
on D*, as in the beginning of this section, with associated Hermitian metric h.

Theorem 3.2.2 (Schmid). The metric h on €3% ®e,. V is moderate and the meromor-
phic extension ™ of V with respect to the metric h is equal to the canonical Deligne
meromorphic extension V of (V, V).

Example 3.2.3 (The unitary case). Let us consider the simple case where the connection
is compatible with the Hermitian metric A. This corresponds to a variation of Hodge
structure of pure type (0,0). Then the norm of any horizontal section of H is constant,
hence bounded. By definition of Deligne meromorphic extension, the norm of any
section of V has thus moderate growth. Hence Vchy.

In fact, both extensions are then equal, and therefore the metric is moderate, as
asserted in the general case by Schmid’s theorem. Indeed, given any section v of V', we
express it on a unitary frame of multivalued horizontal sections, and the norm of the
section has moderate growth if and only if the coefficients are multivalued functions
with moderate growth in any bounded angular sector. Similarly, we can express a
Op[t~1]-basis of V on this unitary frame, and the coefficients have moderate growth.
Expressing now v in the chosen &p[t~1]-basis of YN/, we find univalued coefficients with
moderate growth, that is, meromorphic functions. In other words, hy V.

From now on, we will not distinguish between "/ and V. One can go further, and
analyze the parabolic filtration. But first, we need a result, due to Borel (cf. [29]
Lemma 4.5]), which asserts:

Lemma 3.2.4. For such a variation, the monodromy is quasi-unipotent.

With such a result, we can extend the Kashiwara-Malgrange filtration to a filtration
indexed by R (in fact Q). The next result is:

Theorem 3.2.5 (Schmid). The parabolic filtration hye onj/ induced by the metric h is
equal to the (extended) Kashiwara-Malgrange filtration V'°.

Exercise 3.2.6. Prove the result in the unitary case of Example [3.2.3
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This result characterizes sections of V? in terms of growth of their norm with
respect to real powers of t. In order to analyze the L? behaviour of the norm, we
will need to refine this result by using a logarithmic scale. Recall that we can lift the
monodromy filtration M,?/}ff/ to M,\7b.

Theorem 3.2.7 (Schmid). A local section of M,V? has a non-zero image in grywi’f/ if
and only if its norm has the same order of growth as [t|°L(t)*/2.

Remark 3.2.8. In §[2.2.0] when extending the vector bundle V' with holomorphic con-
nection V from D* to D, we chose Deligne’s meromorphic extension, that is, we
chose an extension with regular singularities. Such a choice, while being canonical
and, in some sense, as simple as possible, was not the only one. We could have chosen
other kinds of extensions, with irregular singularities. A posteriori, when considering
variations of polarized Hodge structures, the theorems of Schmid strongly justify the
previous choice.

3.3. Proof of the Hodge-Zucker theorem

3.3.a. Hermitian bundle and volume form. If we fix a metric on the punctured
disc, with volume element vol, we can define the L?-norm of a section v of V on an
open set U C D* by the formula

o]|3 :/ h(v,v)dvol .
U

In order to be able to apply the techniques of §[3.1.d we choose a metric which
is complete in the neighbourhood of the puncture. We will assume that, near the
puncture, it takes the form
dx? + dy?

3.1) dvol = ———-
(334 vl =Tar e

with « = Ret, y = Imt, L(t) := |log|t|?| = — log L.
3.3.b. L? computation of j, Ker V. The goal of this section is to explain the proof,
by S. Zucker [34], of the following theorem:

Theorem 3.3.2. The cohomology H*(X, j. Ker V) is equal to the L?> cohomology of the
C>-bundle with flat connection (H, D) associated with the holomorphic bundle (V,V),
the L? condition being taken with respect to the Hodge metric h on H and a complete
metric on X*, locally equivalent near each puncture to the Poincaré metric.

Instead of directly proving this result, one proves a local result: one introduces a
L2 complex, whose global cohomology computes the desired L? cohomology, and one
shows a quasi-isomorphism of this complex with j. Ker V. Therefore, we will start a
local analysis on a punctured disc D*. We keep notation of the previous section.

Let us be more explicit concerning the Poincaré metric. Working in polar coor-
i0

dinates t = re*?, we find a characterization of the L? behaviour of forms near the

puncture:
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(0) f e L2(dvol) < |logr|~" f € L2(df dr/r);
(1) w= fdr/r+gdf € L*(dvol) & f and g € L*(d0 dr/r);
(2) n=hdfdr/r € L*>(dvol) & [logr|h € L?(d0 dr/r).

On the other hand, for any integer ¢, we have |10g7°|£/2 € L*(dfdr/r) if and only
if ¢ < —2.

3.3.c. The holomorphic L? de Rham complex. Let us consider the holomorphic
de Rham complex of V:

DRV = {0 — 7 Y5 Qb @ 7 —s 0}.

We will consider the holomorphic L? de Rham complex
~ ~ V ~
(DR V)(g) = {0 — V(g) — (Qb ® V)(g) — 0},

defined in the following way:
- (Oh® 17)(2) is the subsheaf of QL ® V consisting of L2-sections (with respect
to the metric h on V and the volume dvol on D*),
- ‘7(2) is the subsheaf of V consisting of sections v which are L2, and such that
Vv belongs to (2} @ 17)(2) defined above.

Let us note that, by the very construction, we get a complex.

Exercise 3.3.3
(1) Let 7o €]0,1[, let b € R and ¢ € Z. Show that the integral

7o
/ r2b+1L(T)edr
0

is finite iff b > —1 or b = —1 and ¢ < —2 (recall that L(r) = |logr| = —logr).

(2) Deduce from Schmid’s theorem and the characterization of L?(d vol) given
above for 1-forms that (Qp ® V)2 = M_oV 1.

(3) Similarly, show that the holomorphic sections of V' which are L? near the origin
are the sections of MyV?°.

(4) Conclude that 17(2) = MoV° (use that tM_oV~=! = M_,V° and that
t@t(MOVO) C M_2‘70).

According to Lemma [2:4.23] we get
Theorem 3.3.4 (Zucker). We have (DRV)(9) ~ DR Viyin = j. Ker V.

This theorem is the first step toward a L? computation of j, Ker V.
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3.3.d. The L? de Rham complex. We now work with the associated C*° bundle
H = %% ®6,. V. It is equipped with a flat C°° connection D = D’ + D", with
D" = d"®1d and D’ induced by V. We can similarly define the L? de Rham complex

0 — 28 (H) —2 23 (H) =2 28, (H) — 0,

where the upper index refers to the degree of forms. Omne should give a precise
definition of each term. Let us only say that we consider sections of H having as
coefficients currents of degree k (k = 0,1,2, currents of degree 0 are distributions)
and the norm of these sections should be locally L? on the disc D. Moreover, we have
to ensure that the differential of theses sections are also L2, in order to get a complex.

Let us note that, with such a definition, it is not clear that we can decompose the
complex with respect to type, that is, it is not clear that, if a section v is such that
Duv is L?, then D'v and D"v are also L2.

Theorem 3.3.5 (L? Poincaré Lemma, Zucker). The natural inclusion of complexes
(DRV)2) = Z5 (H, D) is a quasi-isomorphism.

According to Theorem [3:3.4] taking hypercohomology gives Theorem [3.3.2]

Indication for the proof of Theorem [3.3.5] The proof is purely local near the origin of
the disc. The main observation is

Lemma 3.3.6 (cf. [34, Prop. 6.4]). Let L be a holomorphic line bundle on D* (equipped
with the complete metric (3.3.1) ) with Hermitian metric h and having a frame v such
that ||v|,, ~ L(t)* for k € Z. Then, if k # 1, any germ n = fdt @ v of section of

oag%’l)(L, h) at the origin is equal to Oy @v for some local section VY @v of .,2”(%)(L, h).

This is a 0 equation with logarithmically twisted L? conditions. It is proved using
the decomposition in Fourier series and Hardy inequalities.

Once this lemma is proved, the proof of Theorem [3.3.5] when the monodromy
is unipotent follows (this is not completely straightforward) from Schmid’s theorem
The quasi-unipotent case can be deduced by considering a suitable ramified
covering of the disc. O

3.3.e. The L? Dolbeault lemma. One of the important points in order to prove
the Ej-degeneracy of the Hodge-to-de Rham spectral sequence in the context of the
Hodge-Zucker theorem is the Dolbeault lemma, making the bridge between the holo-
morphic world and the L? world of harmonic sections. We will briefly give indications
on its proof to end this lecture.

Recall that the Dolbeault lemma, on a compact complex manifold X, says that
HI(X,0%) ~ HI(X) = Hq(I‘(X, g)’;"),d”).

If we now consider a variation of polarized Hodge structure on X, as in §[3.1.D]
the complex &% (V) is filtered by taking into account the holomorphic degree of the
form and the Hodge degree of the section. Moreover, this filtration splits as direct
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sum of terms éa;(j ® H** and each of this term is a summand in the p, ¢ term of the
decomposition if p =i+ k and ¢ = j + £. The Dolbeault lemma then says that

H9(X,grh,DR(V,V)) = HY(I(X, gri&x (V))).

Let us note that the differential in the complex gri.&% (V)) is D” introduced in Ex-
ercise .

Let us now come back to the context of the Hodge-Zucker theorem. The first point
to be settled is the freeness of each step of the F-filtration of XN/min. Recall that it is
defined with (2.2.3)) and -

Let us first conmder FPVigy == g, FPV N ‘/(2) According to Exercise , this
is also j, FPV N MOVO. If we show its coherence, then F? VO will be coherent as WelL
as VO / M,V is finite dimensional. In the same way, FP V>~ will be coherent. It will
then also be locally free of rank equal to rk FPV and F' T’me defined by - ) will
be a good filtration of Vinin satisfying FPVpin 0 V(Q) = FPV(Q)

The coherence of FPV(Q) is shown in [34, Prop. 5.2], using results of Schmid [29].
Moreover, one can give the following interpretation of these results:

Theorem 3.3.7 (Schmid). ((f/mm, F'me) Jx I, o Y@) is a polarized Hodge Z-module
on the disc D, in the sense of Definitions[2.3.3] and 2.3.5]

It is not difficult to filter the complex DR Vinin by the usual procedure (cf. (4.1.2)
below) from the filtration of XN/min. On the other hand, according to T heoremM
the inclusion (DR ‘7)(2) — DR Vmin is a quasi-isomorphism. Is it a filtered quasi-
isomorphism?

Firstly, we have to define the filtration F*(DR ‘7)(2). Using the interpretation
of Exercise we are reduced to defining the filtration on M0‘~/O and M,gff_l.
The natural choice is simply to induce the filtration F’ '\7min on these submodules.
Therefore, answering the question above amounts to answering the following ones:

(1) Is (2.4.20) a filtered isomorphism, when the terms are equipped with the in-
duced filtration?

(2) Is (2.4.24)) a filtered isomorphism, when the terms are equipped with the in-
duced filtration?

The answer to both questions is yes. For the first question, we have to show that,
for any b < 0 and any p, the complex

O

0 — FPYViin —— FP 19 Wi — 0

is an isomorphism. This is Exercise [2.2.8([2). Using now Exercise 22.3[), we can
replace the filtered complex F*VYDR Vi, with the filtered complex corresponding

to (2.4.29).

For the second question, we have to prove the filtered analogue of Lemma [2.4.23
This is done by an argument of strictness: both terms in (2.4.24]) are shown to be
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mixed Hodge modules, and the morphism between them (if one Tate-twists the right-
hand term by —1) a morphism of mixed Hodge modules, hence is strictly compatible
with the Hodge filtration.

Let us come back to the Dolbeault lemma. On the holomorphic side, we have
H?(X,gr DR Vipin ), that we now can write as H4(X, gr’ (DR ‘N/min)(2))7 a form which
will help us to compare with the L? side.

The L? Dolbeault complex has to be taken with respect to the differential D’ and
the L? condition on a section n ® v concerns the derivative D”(n ® v).

By using Lemma [3.3.6] one gets

Theorem 3.3.8 (L? Dolbeault Lemma, Zucker). The natural morphism (induced by the
inclusion of complexes) HI(X, gr'y(DR Vinin) (2)) = HU(X, gr’y. Z(2)(V,D")) is an iso-
morphism.






LECTURE 4

HODGE Z-MODULES: AN INTRODUCTION

In this lecture, we introduce the general notion of a Hodge Z-module and state
the Hodge-Saito theorem. The analytic part of the proof is contained in the Hodge-
Zucker theorem of §[3.1.d] The remaining part is a consequence of the properties
of the nearby and vanishing cycles. The functor of nearby cycles is instrumental in
defining the notion of a Hodge module. It has to be defined at various levels:

— for perverse complexes,

— for holonomic Z-modules,

— for filtered holonomic Z-modules.
We will extend to holonomic Z-modules in arbitrary dimension the results of §[2.4]
which are given for dimension one.

4.1. Good filtrations on Zx-modules

To any complex manifold X is associated the sheaf of holomorphic functions
Ox and the sheaf of holomorphic differential operators Zx. In local coordinates
T1,..., Ty, a differential operator can be written as ) yn @a ()95 . The degree of a
local section of Zx is max{|a| | an(x) # 0}. The sheaf Zx comes equipped with an
increasing filtration F, Zx by the degree. Each F,Zx is a locally free &x-module of
finite rank.

Exercise 4.1.1. Prove that, in an intrinsic way, the graded sheaf gr”’ 7y := @ & et Ix
is identified with the sheaf &'x [T X] of holomorphic functions on the cotangent bundle
which are polynomial in the fibers of T* X — X.

Given a Ox-module ., the following are equivalent:

(1) a flat connection V : .4 — QY @4, 4, i.e., a C-linear operator satisfying the
Leibniz rule V(fm) = df ® m + fVm, and with vanishing curvature VoV : .# —
A,

(2) a structure of left Zx-module on .Z .
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Therefore, to any left Zx-module .# one can attach the de Rham complex
DR = {0 — M s Qv 0.t s ... Y QimX oy 01,

It will be convenient to us the perverse shift convention, and to denote by PDR.Z
the same complex, but where the last term has degree 0; in other words, PDR.Z =
DR . [dim X].

Let F,.# be a good filtration of .#Z. We define a filtration on the de Rham complex
by the formula:

(4.1.2) Fi.,PDRA = {0 — Py dim x A i) Qﬁ( ® Fr—dim x+1-# L
NV odmX g s — o).

Examples 4.1.3

(1) Consider the left Zx-module (Ox,d) with filtration Fp,0x = 0 if k < —1 and
F.O0x = Ox if k > 0. This is a good filtration, and the filtration on the de Rham
complex is, up to a shift (and up to changing increasing with decreasing), the same

as that defined in (1.2.4).

(2) Let i : Y < X be the inclusion of a closed submanifold. Then iy Oy is a left
P x-module. It is equipped with a natural F-filtration which can be described in the
following way. Let us choose local coordinates (z,y) on X, such that Y is defined by
x = 0. Then iy Oy = @, cycoaimy Oy 0y and the F-filtration is by the total degree in
Oy

(3) Let i : Y < X be the inclusion of a closed analytic hypersurface in X. Let
us consider the sheaf @x[*Y] of meromorphic functions on X with poles along Y at
most. This is a left Zx-module. One can filter it by the order of the pole (so that
ﬁX = Foﬁx[*Y].

4.2. Hodge Z-modules: a first approach

Hodge Z-modules are supposed to play the role of Hodge structures with a multi-
dimensional parameter. These objects can acquire singularities. The way each char-
acteristic of a Hodge structure is translated in higher dimension of the parameter
space is given by the table below.

dimension 0 dimension n > 1

H a C-vector space A a holonomic Z-module
F*H a filtration F, # a good filtration

Hg a Q-vector space Fq a bounded complex

with constructible cohomology

C®g Hg = H a Q-structure | a : PDR.AZ — C ®@q Fg an isomorphism
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Why choosing holonomic Z-modules as analogues of C-vector space? The reason
is that the category of holonomic Z-modules is artinian, that is to say any holonomic
2-module has finite length (locally on the underlying manifold). A related reason
is that its de Rham complex has constructible cohomology, making the last line of
the table a priori meaningful. On the other hand, the last line implies that #g is a
perverse sheaf.

In order to define the Hodge properties, we use the same method as in dimension
one:

— we only consider holonomic Z-modules which are S-decomposable, that is,
which are direct sum of Z-modules having an irreducible strict support, in other
words supported by an irreducible closed analytic subset of the underlying man-
ifold and having neither sub-module nor quotient module supported in a smaller
subset;

— we moreover ask that the F-filtration is compatible with the decomposition
by the support, in other words, the filtered Z-module is strictly S-decomposable;
— similarly, we only consider Q-perverse sheaves which are S-decomposable; their
irreducible S-components then take the form IC*.%y, where %y is a locally
constant sheaf of Q-vector spaces on a Zariski open dense smooth subset Z° of
an irreducible closed analytic subset Z of the underlying manifold, and where IC
means “intersection complex”;

— in order to reduce the structure to a point, we use iterated nearby cycles,
along a family of functions, the ideal of which define the point; therefore, one
has to define the functor of nearby cycles in each of the settings of the table
above, and to check the compatibility of it with a.

4.3. The V-filtration and the nearby cycle functor

4.3.a. The Kashiwara-Malgrange filtration. We will repeat here, in higher di-
mension, some of the constructions of §2.4.0] Let .# be a holonomic Zx-module
on a complex manifold X and let f be a holomorphic function on X. Denote by
if : X — X x C the map = — (z, f(x)) and let ¢ denote the coordinate on C. We
define the filtration V°*Zx ¢ by giving t the weight 1, 0; the weight —1 and any op-
erator in Zx the weight 0. Using the existence of a local Bernstein-Sato polynomial,
one deduce a filtration V*iy . .# indexed by Z such that, locally on X, there exists
B € C[s]~ {0} with roots having their real part in [0, 1], such that B(td; — k) vanishes
on griis . for any k € Z.

For any g € C, we can define a functor 1/)?, from holonomic Zx-modules to Zx-
modules supported on f = 0. It is known that it takes values in holonomic Px-
modules supported on f = 0. As in dimension one, we define N, can, var and the
monodromy filtration M, on each 7,/1? .
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We say that .# is quasi-unipotent along f = 0 if the roots of the minimal B belong
to Q. In the following, we only consider holonomic Zx-modules which are quasi-
unipotent along any germ of hypersurface. We can then extend the V-filtration as a
filtration indexed by (a discrete set of) Q, as in §[2.4.d]

4.3.b. Strict specializability. Let (.#,F,.#) be a holonomic Zx-module
equipped with a good filtration and let f be a holomorphic function on X. We
still assume that .# is quasi-unipotent along f = 0. We want to define a filtration
on each ¢?<% )

Firstly, it is easy to define a good filtration F,(iy+.# ), and there is a direct image
functor i (M FoM).

So the question amounts to defining a filtration on each gr? i f+-#. A natural
candidate is given by a formula similar to .

We say that (A, F,.#) is strictly specializable along f = 0 if the following prop-
erties are satisfied (cf. Exercise :

(a) for any b > —1, the isomorphism ¢ : V(i . #) — V¥ (i) is strictly
compatible with the filtration induced by F,.Z,

(b) for any b < 0, the isomorphism 0; : wg’p(if7+///) — w?_l(if7+///) is strictly
compatible with the filtration induced by F,.Z .

4.3.c. Regularity. The previous definition would be of no use without finiteness
properties of the induced F-filtration. Let .# be holonomic and quasi-unipotent
along f = 0, and let F,.# be a good filtration. Let us assume that (AZ, F, #) is
strictly specializable. We then say that (#,F, #) is regular along f = 0 if the
filtration F.’(/J?.// is good, for any b € [—1,0] (considering other values of b is not
necessary, according to the property of strict specializability).

Exercise 4.3.1. Show that, in dimension one, this definition implies that .# is regular
in the sense of Definition [2.4.15|

Remark 4.3.2. In the theory of Hodge Z-modules, the notion of regular singularity
for holonomic Z-modules is not used. What is used is the previous notion, which
applies to filtered 2-modules. One can define the notion of regular singularity for
a filtered holonomic Z-module by induction on the dimension of the support of the
Z2-module: we ask that (#, F,.#) is regular along any germ of hypersurface f = 0
and that, whenever f = 0 has everywhere codimension one in the support of .Z, then
(w?///, F.w?c///) is regular.

Fortunately, it can be shown that, if a filtered Z-module is regular in this sense
of M. Saito, then the underlying holonomic Z-module is regular in the classical sense
(Kashiwara, Mebkhout).

1. Let us note however that this is not an equivalence of categories.
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As we will see below, the usual way to prove a property for a Hodge Z-module is
by induction on the dimension of the support. This is due to the inductive way in
which the definitions are formulated.

4.3.d. The nearby cycle functor. For a complex .%p with Q-constructible coho-
mology (in particular, for a Q-perverse sheaf) on X, we can define, for any holo-
morphic function f on X a complex V;%q, which has constructible cohomology,
and is equipped with an automorphism 7' (monodromy). It is known that, if Fq is
perverse, then Wy %g is perverse up to a shift by —1. We are therefore led to set
PV Fg =V Fo[-1].

One can decompose PV ;% with respect to eigenvalues A of T as a direct sum
of perverse sheaves (recall that the category of perverse sheaves is abelian, so it is
meaningful to consider the perverse sheaf Ker(T — A1d)" for N > 0): we have

POpF = @ PURF,  PULF =Ker(T — Ald)Y, N > 0.
AeC+

On the other hand, let (.#, F,.#) be a holonomic Zx-module with a good filtra-
tion. We assume that . is quasi-unipotent along f = 0, that it is strictly specializable
and regular along this hypersurface. Then, for any b € | — 1, 0], the filtration F.w?///
induced by F,i¢.# is good. We set

V(M Fo M) = (ot  FS ),

where the notation for the shift is F,[1] = F,_; and, correspondingly, F*[1] = F**!.
In order to define the nearby cycles for a triple ((//l JE, H ),9@,@), it remains
to apply the functor to a. Recall that « is a chosen isomorphism PDR.Z — .# =
C ®q Fq (cf. the table above). Applying the topological functor P¥ s, we get P¥ sa :
PU PDRA — PV F compatible with monodromies.
In order to define 1o, we need to construct in a canonical and functorial way an

isomorphism similar to (2.2.2))
(4.3.3) PDRy s M — PV ;(PDR.A ),

such that T corresponds to exp(—27itd;). This isomorphism will then decompose as
the direct sum of its components

(4.3.4) PDR}M 5 PUF(PDRA), A= exp—2mib.

Such an isomorphism exists under a regularity assumption along f = 0. Such a
result goes back to Malgrange and Kashiwara. With the assumption of the existence
of a good filtration F,.# satisfying the regularity property its existence has
been proved by M. Saito [24, Prop. 3.4.12]. For a good survey, see [20] or [15].

We now have at our disposal an object wf((//{, F,//{),gfc@,a)7 equipped with
a quasi-unipotent automorphism. If we compare with the construction of §[I.4.1]
we remark that, by its very construction, the filtration F, respects the gradation

®be]—1,0] 71}?“///
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We then regard the operator N = (27i)~!log T}, as a morphism
(4.3.5) N : ’(/Jf((./f, F,./f), 9\@, a) — be((.///, F,,///), ﬁQ, Oé)(—].).

4.3.e. What about vanishing cycles? A priori, the results above should be com-
pleted by the construction of vanishing cycles (with respect to the eigenvalue 1 of the
monodromy): one should have to construct p@}ﬁ@ with its (unipotent) monodromy
and the diagram

Can

— VaroCan =T —Id : PU}.Fg — PV Fg,
PU LTy POLFG
w

CanoVar =T —1d : P®}.Fg — PO ;.7.

Var
One should have a similar diagram
can
wo////\/kwfl//l Varocan:N:w?c///Hw?//l,
! \Vgr/ ! ’ canovar:N:wj?l///—H/)J?l//.

and an isomorphism pDRd);l/// - p@}(”DR///) completing , so that the
diagrams above suitably correspond.

Although these results are true with the same assumptions as above, we will not
have to use them, as we will soon restrict to strictly S-decomposable objects. For
each strict component of such an object, can (resp. Can) is onto and var (resp. Var) is
injective, so the vanishing cycles can be defined as the image of N in . From the
point of view of Hodge Z-module structure, we also define the vanishing cycles as the
image of N in the category of Hodge-Lefschetz Z-modules, using the same procedure

as in Exercise [L411]

4.4. Polarizable Hodge Z-modules: definition

4.4.a. Pure Hodge Z-modules. Let X be a complex manifold. One defines by
induction on d the category MH¢q(X,w) of Hodge Z-modules of weight w and di-
mension of support < d.

(MHy) A Hodge module supported on a point {x°} 'y X s iy (in the sense of filtered
Z-modules and perverse sheaves) of a Hodge structure ((H7 F*H), HQ).

An object of MH¢q(X,w) is a triple ((.#,F,.#), Fg,c) where (M ,F, /) is
a holonomic Zx-module with a good filtration, .#g is a Q-perverse sheave and
o :PDRA — C®q g is an isomorphism. This triple is assumed to be strictly
S-decomposable: it is the direct sum of objects having strict support on an irreducible
closed analytic subset of X.

We are now reduced to defining the category MHz(X,w) of Hodge Z-modules
having strict support the irreducible closed analytic subset Z of X (by induction, we
assume that dim Z = d).
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The condition is local on Z (or X).

(HS) For any germ f of holomorphic function on Z, the triple ((///,F.///),f@, a) 18
strictly specializable along f = 0 and the corresponding monodromy is quasi-unipotent.

We can therefore consider the nearby cycles wg (A, Fod), Fg,a) (be]—1,0])
which are supported on f = 0. If f is not identically 0 on Z, we get an object
supported in dimension < d — 1. On the nearby cycle objects, we have the nilpotent
endomorphism N and its monodromy filtration M,.

(MHsq) Fach grﬁ/[wf(((///,F.///),ﬁ@a) (b €]—1,0], ¢ € Z) is an object of the
category MH¢ g1 (X, w — 1+ ¢).

Remarks 4.4.1

(1) This definition can look frightening: in order to check that an object
(A, F. M), Fq,a) belongs to MH(X,w), we have to consider in an inductive way
nearby cycles with respect to all germs of holomorphic functions.

It should be considered however the other way round. Once we know at least
one Hodge Z-module, we automatically know an infinity of them, by considering
(monodromy-graded) nearby or vanishing cycles with respect to any holomorphic
function.

(2) It can be proved (by induction on d) that the category of such objects, as well
as the category of mixed objects obtained by the v functor, are abelian. This is an
important property.

(3) If we define vanishing cycles as the image by N of 1/)? (this is justified by the
previous remark) we get an object such that the corresponding graded pieces grg/I
belong to MH¢g—1(X,w + £) (note that the weight is w + £, not w — 1 4 ¢).

(4) It is possible to define the notion of a Hodge-Lefschetz Z-module, as we did for
Hodge structures in § Then ¢ ((///, F,. %), %, a) is a quasi-Hodge Lefschetz 2-
module of weight w — 1 and 1/1;1 ((///, F,. %), %o, a) is a Hodge-Lefschetz 2-module
of weight w.

4.4.b. The polarization. In order to define the notion of a polarization, we need to
introduce the notion of a pairing between Q-perverse sheaves (extending the notion of
a pairing between Q-vector spaces) and, in order to apply the inductive procedure to
reach a polarization on a Hodge structure, we need to determine its behaviour under
the topological ¥ ; functor for any holomorphic function f. This part is purely “topo-
logical”. One can consider the Poincaré-Verdier duality functor ID. A non-degenerate
pairing on a constructible complex .Zg is an isomorphism 2 : %y — D.%g. In a
similar way to what happens to the functor PDR in (4.3.3), we need to construct a
canonical and functorial isomorphism

(4.4.2) D(PU ;. Fg) — PV H(D.Fg).
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A polarization of the Hodge Z-module ((///, F,///),ﬂ@,a) will then be an iso-
morphism
YQ : Dﬁ@ — f@(—w)
inducing, after applying ¥ ; and the isomorphism a polarization of the Hodge-
Lefschetz Z-module ¢ ((#, F, .4 ), #g, ). At the beginning of the induction, we use
the notion of polarization of Remark [T.3.7]

Remark 4.4.3. Strictly speaking, it is necessary to impose a priori neither the non-
degeneracy property nor the symmetry property (that I forgot above), as all these
properties should be proved to hold by induction on the dimension of the support,
starting from the corresponding properties for Hodge structures.

4.5. The Hodge-Saito theorem

The Hodge-Saito theorem is a version with parameter and in higher dimension of
the Hodge-Saito theorem of §[3.1.¢|

4.5.a. The direct image functor. Let f : X — Y be a projective morphism
between smooth projective varieties over C. Let ((///, F.#), Zq, a) be a polarizable
Hodge Z-module on X. The notion of direct image by f is well defined for Z-modules,
as well as for complexes of sheaves. Moreover, as f is projective (hence proper),
f+ A is a complex of Zy-modules having Zy-coherent and holonomic cohomology.
Similarly, Rf..%q is a complex of sheaves having constructible cohomology on Y.

Remark 4.5.1. The direct image f1 Ox corresponds to the classical construction of the
Gauss-Manin connection (cf. [8], see also [16]).

The cohomology modules S#* f, .# are Py-holonomic. The perverse cohomology
sheaves PRF f«Fq are perverse sheaves on Y. We wish to cook up, out of «, an
isomorphism

o PDR(AF fL ) =5 C 0o PR" f..P0.
As for nearby cycles (4.3.3), this amounts to constructing a canonical and functorial
isomorphism in the derived category D(Cy )
(4.5.2) PDRf, # — Rf.PDR.A .

Indeed, taking perverse cohomology of both terms will then give (using that PDR.Z
is perverse)

(4.5.3) PDR(F fotl) =% (PDRfy. M) =5 PRF f,(PDR.).
We compose this isomorphism with
PRF f.a - PR fPDRA 5 C @ PR f.Fg

to get ay.. That the isomorphism (4.5.2) exists is a very general fact (cf. for instance
[19]).
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It remains to define the notion of direct image for a filtered Zx-module. This
is done by M. Saito [24] by using the notion of induced Z-module. The approach
of induced Z-modules is very efficient and gives in particular another proof of the

comparison (cf. |24], see also [16]).

4.5.b. The Hodge-Saito theorem: statement. Let X be a projective variety
and let ((///, F.. %), %q,a, 5”@) be a polarized Hodge Z-module of weight w on X.
The hypercohomology H*(X,?DR.#) gets

— a filtration coming from the filtration on the de Rham complex,

— a Q-structure coming from H¥(X, %#q) through a,

— a morphism HF(X, %)" — H (X, %g)(w) according to the Poincaré-

Verdier duality theorem.

Moreover, if we fix an ample line bundle on X, as in §[I.2] one can define a cor-
responding Lefschetz operator L on the hypercohomology. The theorem of M. Saito
asserts that the properties expressed in § hold in such a setting (i.e., we get a
polarized graded (—)Hodge-Lefschetz structure).

4.5.c. The Hodge-Saito theorem: sketch of proof. It is not known how to
prove directly the Hodge-Saito theorem. One does not know how to develop an
analysis similar to the one which occurs in the Hodge theorem (or the Hodge-Deligne
theorem). The singularities of the support of the Hodge Z-module make the direct
analysis of the Laplace operator much too hard. On the contrary, the proof uses the
machinery of direct images to reduce to dimension one, that is, to the theorem of

Niaw

(1) One first states the Hodge-Saito theorem in a relative form: instead of consider-
ing the constant map f : X — pt, one considers any projective morphism f: X — Y,
assuming only that X is quasi-projective, and one rephrases the theorem by replacing
‘k-th hypercohomology’ by ‘k-th direct image’ as in §[L.5.a

(2) The proof of the relative Hodge-Saito theorem is done by induction on the pair
(d.#,dy, (a)), where d_y is the dimension of the support of .4 by using the following
steps:

(a) the case dim X =1 and dimY" = 0 is nothing but the Hodge-Saito theo-
rem of §3.1.¢

(b) If the theorem is true for a pair (n,m), then it is true for a pair
(n+1,m+1);

(c) if the theorem is true for the pair (n, 1) then, also using the first step, one
gets the theorem for the pair (n + 1,0); this is a kind of Fubini theorem.

(3) In order to prove the (absolute) Hodge-Saito theorem with pair (n,0), one
produces a relative situation with pair (n —1,1) by using a Lefschetz pencil. This is a
morphism X — P!, where X is the blow-up space of the axis of the pencil in X. If the
pencil is generic enough (with respect to the Hodge Z-module we start with), then it
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is possible to pull-back the Hodge Z-module to X and obtain an object which is close
to be a Hodge Z-module. Applying Step to it, one gets a Hodge structure. One
then compares this Hodge structure to the data obtained on the hypercohomology of
the original Hodge Z-module.

4.6. Polarizable Hodge Z-modules: some examples

The first main example is given by the following theorem, which is proven by
induction on the dimension and, when proving the property (MHx() with respect to
a holomorphic function f, by using the resolution of singularities of f = 0. In order to
come back, one uses direct images by the resolution morphism; here, the Hodge-Saito
theorem for a morphism proves useful.

Theorem 4.6.1 (cf. [24]). A variation of polarized Hodge structure of weight w corre-
sponds to a polarized Hodge module of weight w + dim X .

We thus see that the weight of a Hodge Z-module takes into account the dimen-
sion of its support. In order to understand the meaning of ‘corresponds’, let us
consider the particular case of &x. The corresponding Hodge Z-module is the ob-
ject ((Ox,FSM°0x), M, ), with FPt° gy = F,[dim X|Ox, MQx = Qx[dim X]
and « :PDROx —PQy is the natural morphism. This is a pure Hodge module of
weight dim X. The polarization is that coming from the trivial pairing Qx ®q, Qx —
Qx, suitably shifted ant Tate-twisted.

4.6.a. The Hodge structure on vanishing cycles for an isolated singularity.
Let us explain how the results of Varchenko and Steenbrink can be recovered in this
context. Let f be a germ of holomorphic function on X = C™ with an isolated
singularity at the origin. Then P®PQy is supported at the origin. If {0} <10y X s
the inclusion, then P®AQy = Rig .Hg, where Hg is the reduced Q-cohomology of
the Milnor fibre of f at the origin.

The complex cohomology of the Milnor fibre is obtained by ®?DR&x, where we
denote by ®; the functor @be[&,o[ 1/)?.

In such a situation, we find that @c((ﬁX,F.SaitoﬁX),pQX,a) is a mixed Hodge
structure, and more precisely that each gr%¢f((ﬁX,F.Sait°ﬁX),’QX, a) has weight
{+n=/0+dimX.

Exercise 4.6.2. Prove that iy  Ox = Ox[0,] as a Ox-module and determine the Zx xc-
action in this presentation. Show that the filtration F,if . O is the filtration by the
degree in 0;. Give the characterization of the V-filtration.

The result of Varchenko and Steenbrink are related to the local Gauss-Manin sys-
tem M, which is the direct image by the projection X x C — C of iy 4 Ox. One has
to restrict to a Milnor ball near the singularity in order to obtain something intrinsic.
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We have (using the definition of direct images of Z-modules and the fact that the
singularity is isolated)

M = 0% [0/ (d — Drdf N g (0]

This is known to be a germ of regular holonomic Z-module (here, we take the notation
of §. The F-filtration induced by the filtration of iy ; Ox is the filtration by the
degree in 0.

Scherk and Steenbrink [28] have proved that one can work on M instead of i 74 Ox
in order to obtain the Hodge filtration on the vanishing cycles. Namely, one identifies
PO MCx with ¢ M (computed with the V-filtration of M) and one induces on it the
F-filtration of M to get the Hodge filtration.

The local Gauss-Manin system has a specific property: the action of 0; is invertible.
Moreover, each Fj, M is stable by (‘3{1. It follows that, for any k > 1, FyM = 0FFyM.

It follows that the graded parts of the Hodge filtration on ¢;M can be recovered
(applying a suitable power of 9;) of the graded part of the filtration induced by V*M
on the Jacobian module

FoM/d; ' FoM = Q' o/df AQ%

4.6.b. The intersection complex of an isolated hypersurface singularity.
Let us keep the setting of § still assuming that the hypersurface Y = {f = 0}
has an isolated singularity at the origin. The constant sheaf RQy shifted by the
dimension of Y is known to be a perverse sheaf on Y. Does it underlie a Hodge
P x-module strictly supported on Y7

One remarks that, without strong assumptions on Y (for instance Y having a
quotient singularity), it is not self-dual with respect to Poincaré-Verdier duality. This
will be problematic for the polarization to exist.

The Zx-module corresponding, via PDR, to AQy (or, more precisely, to the sheaf
equal to AQy on Y and equal to 0 away from Y') can by obtained from wjocﬁxz it is
equal to Ker[N : 940y — ¢§0x]. Indeed, let us denote by iy : Y < X the inclusion.
At the level of the perverse complexes, we have a triangle

which is in fact an exact sequence in the abelian category of perverse sheaves

0 — Riy,iy My — PULAQ _Can , PoLaQy — 0,

and, as Var is injective in the same category, we have Riy,*i;poy = KerCan =

Ker(T —Id). A similar reasoning can be made with the Zx-modules.

Exercise 4.6.3. Let us consider an object of an abelian category which is acted on by
a nilpotent endomorphism N. Let us denote by M, the corresponding monodromy
filtration.

(1) Show that Ker N C M.
(2) Show that the primitive part Pgry! is equal to Ker N/(Ker N N Im N).
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(Hint: one will first check these statements in the case of a nilpotent matrix having
the Jordan normal form.

At the level of Hodge Zx-modules, Ker N is a mized Hodge module (here, we use
that 1/1?((0’)(, Faito g ) My, a) is a mixed Hodge Z-module and that the category
of mixed Hodge Z-modules is abelian, although we did not define such a notion).
By Exercise Ker N has weights less than or equal to dimY (recall that the
original Hodge module corresponding to €x has weight dim X). Moreover, the prim-
itive object Pgry'y§((Ox, FP**°0x), "y, a) is a polarized pure Hodge module of
weight dimY. Of course, when we restrict away from the singularity of Y, we find
the object ((Oy, FS° 0y ), My, ).

In fact, the pure component Pgrgﬂz/}?c corresponds to the intersection complex 1Cy
on Y. In such a way, we have constructed a canonical Hodge Z-module structure on
ICy.

Exercise 4.6.4. Does the previous argument depend on the fact that Y has an isolated
singularity?



LECTURE 5

HOW TO USE HODGE Z-MODULES

In this lecture, I will insist on the use of the Hodge filtration, from various points
of view. I will allow an excursion to mixed Hodge modules to give more emphasis to
some of its properties.

(1) Strictness: preservation of strictness under various operations implies, more or
less directly, a strict control of the behaviour of the Hodge filtration by the topology.

(2) Determining the Hodge filtration: in many examples, some Z-module is proved
to underlie a (mixed) Hodge module, but the Hodge filtration is not explicit. Making
it explicit can be hard, but leads to interesting consequences.

5.1. Strictness

Let .4 be a left Zx-module and let F,.# be a F-filtration (not necessarily good,
but satisfying Fy,Px Fy.# C Fyie¢# for any k,¢). Then the Rees module Rp.# =
D.. Fyp M z* is a left module over the Rees ring RpZx. Conversely, a left Ry Zx-
module takes the form Rp.# for some filtered Zx-module .# if and only if it has no
C[z]-torsion, if we regard C[z] acting as a subring of RpZx.

A bounded complex of filtered Zx-modules is said to be strict if the cohomology
of the associated Rees complex has no C[z]-torsion.

5.1.a. Strictness of the dual module. If .Z is holonomic, then the dual complex
D.# (which is the complex of left Zx-modules associated to R 5¢om o, (A, Zx)) has
cohomology in degree dim X only, and this is the dual holonomic Zx-module .Z".
Starting now from a well-filtered Zx-module, we can similarly consider the dual
complex D(Rp.#). Two problems can occur at the same time:
— the cohomology possibly exists in degrees # dim X; the corresponding coho-
mology classes are then annihilated by a power of z;
— the cohomology in degree dim X has possibly z-torsion.
In other words, the complex D(Rp.#) is possibly not strict.
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Corollary 5.1.1. If (M ,F,#) underlies a Hodge ZPx-module, then D(Rp.#) is
strict. In particular, grp# is a Cohen-Macaulay grpPx-module, i.e., the complex
R Hom g .9« (grp M ,grpDx) has cohomology in degree dim X only, and

Extgi?gx (grpd ,grpPx) = grp( Ext%}’?x(///, Zx)),

where the filtration on the right-hand side is the natural one.

5.1.b. Strictness of the direct images. One of the statements of the Hodge-Saito
theorem I did not insist on in §[£.5.H] is the strictness property. It corresponds to
Theorem [1.2.5]in classical Hodge theory. It is particularly useful to state it that way,
instead of the decomposition @ H?'? as, in the relative case where the target space has
dimension > 0, it can be stated in exactly the same way, although the decomposition
needs introducing C'*° coefficients, which is not desirable near singularities.

Let (A ,F,.#) be a holonomic Zx-module equipped with a good filtration and
let Rp.# be the associated Rees module. It is RpPx-coherent. If f : X — Y is
a holomorphic map, the direct image functor f, extends as a filtered direct image
functor, that is, as a direct image functor for RpZx-modules. If f is proper, then
f+Rp A has RpPy-coherent cohomology.

The Hodge-Saito theorem says, in the setting of §[£.5.d that the direct image
f+Rp A of the filtered Zx-module underlying a polarizable Hodge Zx-module by a
projective morphism is strict.

5.1.c. Application to vanishing cycles: analytic case. Let f : X — C be a
holomorphic function on a complex analytic manifold. Let (., F,.#) be a well-
filtered coherent Zx-module, DR(.#Z) = (Q% ®¢y A ,V) its de Rham complex,
which is naturally filtered by , and (Q% ® g griia , grf’V) the associated graded
complex.

Theorem 5.1.2. Let (M ,F,.#) be (the filtered holonomic Px-module underlying) a
mized Hodge Module on X such that the restriction of f to the support of A is a
projective morphism in a neighbourhood of f=(0). Then for all k € Z one has

dim H*~*(£71(0), @4 DR(4)) = dimH* (f71(0), (Qx ®ey g’ ,gr"'V — df N)).

Letting .# = Ox in theorem which is justified by Theorem [4.6.1] (the shift
in the filtration does not affect the strictness property), we get:

Corollary 5.1.3. If f : X — C is projective in a neighbourhood of f~1(0), one has for
allk € Z

dimH* (f71(0), ®;Cx) = dimHF (f7(0), (., dfA)).

1. The notion of a mixed Hodge module will not be defined here. One is referred to [25] for
a precise definition. We will use that the strictness of direct images also applies to mixed Hodge
2-modules.
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Notice that the corollary is well-known if one assumes that, in a neighbourhood
of f71(0), the function f has only a finite number of critical points; one then knows
[23] that the complex (%, dfA) has cohomology in degree dim X at most and has
support in the set of critical points; so is then the perverse sheaf ?® ¢#Cx; in this case
the corollary is consequence of the formula

of of )

u(f,z?) = dimﬁx’xo/(a—ml,...,gn

where p(f,z°) is the number of vanishing cycles of f at z°.
Let D be a divisor with normal crossings in X and j : U = X — D — X be the
inclusion. Taking .# = Ox[«D] (cf. |25, §2.d]), one gets:

Corollary 5.1.4. Under the same assumptions as above one has, for all k € Z,
dimH* (£71(0), @4 Rj,.Cy) = dimHF (£71(0), (2% (log D), df A)).

Proof of theorem Let i : X < X x C denote the inclusion defined by the graph
of f. Identify iy .# with .#[0;]. It is equipped with the good filtration

F(ao])= Y F0f

jk=£, k>0
and gr} (.#[0y]) is identified with i< gri. . The relative de Rham complex
DRx xc/c(iv ) = (U Qox A[0,],V — 0y -df N)
is filtered by
F, DRy xcycliv ) = (x @0y Foroll [0,),V — 0y - df N)
so that
gry DR xc/cliv ) = (x @0y (@jcprs grj ), er"V —df A).
The right-hand term is also the p-th term of a filtration
G.(Q% ®oy gttt ,gr"V —df N).
The graded complex G,/G,_1 is the complex
(Q% ®ox grél///, ngV) = grgDR///.

If p is large enough, this complex is acyclic in a neighbourhood of the compact fiber
f71(0) N Supp . (see e.g., [14, 17]). We conclude, taking inductive limits, that, for
p large enough and any k,

dimH*(£71(0), (U ®ey gridt ,gr"V —df A))
= dim H" (X x {0}, gr) DRy xc/c(it 4 )).
Let now F, % f,.# be the good filtration defined as
image [ka*(Fp DRxxc/clivd)) — ka*(DRch/c(ﬂ///))}-
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The strictness of the Hodge filtration on direct images (see [25] th. 2.14]) implies that
dim H* (X x {0}, grgDRXXc/C(iJr///)) = dim grﬁ%ﬂkf+///

for any p. Now, it follows from the local index theorem of Kashiwara (see e.g., [18]
p. 67]) that, for p large enough,

dim gr?%kf+% = dimP®PDR(AF f . 4).

Then, on the one hand, using , we have PDR(AF f, M) ~ PRY f PDR. and,
on the other hand, pq)#’ka*pDR% = kaf*pQDprR///, as @y commutes with direct
images and P®; preserves perversity, hence commute with perverse cohomology of the
direct image. Now, up to a shift, the right-hand term is equal to the left-hand term
in the theorem. O

5.1.d. Application to vanishing cycles: algebraic case. Let now f: X > P!
be a morphism of algebraic varieties and let f : X — Al be its restriction over the
affine line A'. Thus, X is quasi-projective and f is projective. In the following, we
work in the algebraic category, so the differential forms are algebraic, etc.

Theorem 5.1.5. Let (M ,F,.#) be (the filtered holonomic Px-module underlying) a
mized Hodge Module on X. The hypercohomology spaces on X of the complexes
(% ®oy M,V —dfA) and (U Qey grliidt,gr — df \) have the same (finite) di-

mension.

Remark 5.1.6. 1t is well-known that one has

dim H (X, (% @0y M,V —dfA)) = > dimH! (7' (c), ®;_ DR(M)).
ceC

One can apply Theorem to the pure Hodge Z-module ((ﬁx, F5t°00) Qx, )
(and we can use F,COx instead of F.Saitoﬁx, as the shift of the filtration does not
affect strictness. One then has grf.# = Ox and gr’’V = 0. We thus get:

Corollary 5.1.7 (Kontsevitch and Barannikov). The hypercohomology spaces on X of
the complezes (Q%,d — dfA\) and (%, df \) have the same (finite) dimension.

One also can apply this result to # = Ox[«D], if D is a divisor of X. Then we
need here the theory of mixed Hodge Z-modules. Assume that D is a divisor with
normal crossings. We get

Corollary 5.1.8. The hypercohomology spaces on X of the complexes
(@ (log D), d —dfA) and (Qx(log D), df 1)

have the same (finite) dimension.
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Proof of theorem By Theorem and remark it is enough to prove that
the natural map

() HY(X,(Qk @oy gt ,er"V — df N))
— H* (Xa“7 QY oy gridt , gtV — df/\)an)
is an isomorphism for all k. The cohomology of the complex
(QB( Qe gridt ,grt' — df A )an

is supported by a finite number of fibers f~!(c) and, by faithful flatness of &xan over
Ox , the same holds for the complex (QB( Qe gridt ,grt'V — df A ) These complexes
can be regarded as having 0z..- or Og-coherent cohomology, and GAGA implies
that

(5.1.9) HF (X, (Q% @6y gt’idl gtV —df N))
— H* (Xan,jfj(ﬂk Qe gritt  grt'V — df A)™)

is an isomorphism. The analytization morphism is compatible with the natural spec-
tral sequences with Egk—term respectively given by the left-hand and right-hand term
in . As E%k is finite dimensional, the spectral sequence degenerates at a finite
rank and consequently () is an isomorphism too. O

5.1.e. Strictness and families. Another way to regard the strictness property is
the following consequence of the definition of a Hodge Z-module:

Corollary 5.1.10. If (A ,F,.#) is the filtered Dx -module underlying a Hodge 2-module
and if PDR. is a local system up to a shift, then each grg/// (and each Fp M) is a
holomorphic vector bundle on X.

In other words, no topological jump implies no analytic jump. For instance, let
f : X — C be a holomorphic function on the smooth manifold X having a smooth
critical locus C. Locally, C is included in one fibre of f, say f~%(0). Let us moreover
assume that ®;Qx is a local system on C. As it underlies a mixed Hodge module,
it follows that, for any b € [—1,0[ and any p, gr’}w;’c Ox is locally free of finite rank
on C (the shift between F,0x and F5%%° @y has no effect here). Assume for instance
that dim C' = 1. By choosing a local transverse section to C, we can regard f as a p-
constant family (f;)icc of isolated hypersurface singularities defined by f; : X; — C.
We conclude that, in such a situation, the spectrum of f; is locally constant when ¢
varies on C.

However, it is not known if any p-constant family (f:):cc gives rise to a local
system ®;Qx, and such a proof cannot be applied to get a general proof that the
spectrum is constant in such a situation. On the one hand, there is a (quite tricky)
proof that the spectrum is constant in such a situation (and even a more general
semi-continuity result) by Varchenko [32] and Steenbrink [30].
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The condition that ® ;Qx is a local system on C' is a particular case of the general
condition (without assuming C smooth) that the transversal slice is non-characteristic.
Recent results of Dimca, Maisonobe, M. Saito and Torrelli [9] analyze the behaviour
of the spectrum by a non-characteristic restriction. The topological statement is as
follows:

Theorem 5.1.11 (cf. [9]). Let Y = {f = 0} be a smooth divisor in X and let ip :
T — X be the inclusion of a closed submanifold which is transversal to Y. Assume
that A is a regular holonomic Px-module such that T is non-characteristic for A
and for s M. Let V* . denote the Kashiwara-Malgrange filtration of .# along the
hypersurface Y and also the Kashiwara-Malgrange filtration of the restriction z?///
along the hypersurface TNY . Then, for any b € R and any g € C, the following hold:

(a) i (V) = VVit o ;
(b) iffdt = iz .
In particular,

(5.1.11 %) ig (V) =Yy (i) and if(bp M) = ¢y, (i ).

If T is a smooth hypersurface defined by the equation ¢ = 0 in a local coordinate
system, then the non-characteristic assumption in the theorem implies that T is also
non-characteristic with respect to ¢;.# and to ¢;.#. Therefore, the functor ¢,
vanishes on .#, ¢4 and ¢y.# and, in the last line of the theorem, one can replace
i3 with ¥ or with 1.

A consequence of the definition of the Hodge filtration is

Corollary 5.1.12. With the assumptions of Theorem [6.1.11] assume moreover that
(M, F, M) underlies a Hodge P-module. Then (5.1.11 %)) holds after taking grg for
the naturally induced filtration on all terms.

This corollary implies the constancy of the spectrum by a non-characteristic (in
the sense of Theorem [5.1.11)) hyperplane section.

5.2. Determining the Hodge filtration

5.2.a. What does a polarizable Hodge Z-module look like? One can give
the following description of a polarized Hodge Z-module on a complex manifold X
(cf. |24, 25]. We know, by definition, that a Hodge Z-module is S-decomposable.
On other words, it is decomposed as the direct sum of Hodge Z-modules with strict
support. We are reduced to consider these Hodge Z-modules. Let Z denote the
support of the Hodge Z-module. By assumption, Z is then a closed irreducible
analytic subset of X. There exists a closed analytic subset ¥ of Z, containing the
singular locus of Z, and a variation of polarized Hodge structure on Z \ X, with
underlying local system 7y, such that the underlying constructible complex of the
Hodge Z-module is the intermediate extension of 4 on Z, denoted by 1Cz 4.
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This result is by no means trivial, even when Z is smooth and ¥ is a normal
crossing divisor. In such a case, this is a generalization of Schmid’s theorem to
dimension > 2 (see [12], 13, 2, [3]).

Going back from the previous simple geometric situation to the general case of
(Z,%) uses resolution of singularities and the Hodge-Saito theorem for a projective
morphism.

Nevertheless, such a structure theorem does not give precise indication on the
Hodge filtration. We would like to have a formula generalizing in order to
extend the filtration from Z \ ¥ to Z. This kind of formula exists in order to extend
the filtration from Z \'Y to Z, where Y is a principal divisor of Z containing X
(cf. [24], Prop. 3.2.2]), but the terms of the V-filtration involved are not &-coherent,
hence let too much freedom to the Hodge filtration. In this direction, more precise
results are contained in [27].

5.2.b. A mixed example: the polar filtration. Let X be a complex manifold
and let Y be a reduced divisor in X. The sheaf &x (+Y") of meromorphic functions on
X with poles along Y at most is a Zx-module. It does not underlie a pure Hodge 2-
module, but a mixed one. Nevertheless, it is interesting to try to determine its Hodge
filtration. When X = P”, it is also interesting to determine the Hodge filtration on
the hypercohomology of its de Rham complex, that is, on the cohomology of X \ Y,
after the comparison theorem. The latter question has been considered by Deligne
and Dimca [5].

The former question is treated in [26]. Let us denote by F, O'x (xY") the Hodge filtra-
tion and by P,Ox (xY) the filtration by the order of the pole, defined as P O0x (xY) =
Ox((k+1)Y) (i.e., a pole of order < k+ 1 along V). Then P,Ox(xY) C F,Ox (xY)
for any k and there is equality at x € Y if k& < ay, — 1, where oy, is the minimal
exponent of f at x.
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