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Numerical integration using quadrature

Problem
Given a space X, we want a procedure to approximate
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for functions f on X.
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Numerical integration using quadrature

Problem
Given a space X, we want a procedure to approximate

/fdu

for functions f on X.

Solution (One approach)
Find x1,...,x, € X and wy,...,w, € R or C so that

/ fdu= ; wif (x;)

for f in a suitable subspace V' of the space of functions on X.



One dimensional case

Take X = C! and V = {Polynomials of degree up to m}.

Find x1,...,x, and wy,...,w, such that

1 n
/ f(x)dx = Z w;f(x;)
! i=1

forall f € V.



One dimensional case

Take X = C! and V = {Polynomials of degree up to m}.

Find x1,...,x, and wy,...,w, such that

1 n
/ f(x)dx = Z w;f(x;)
! i=1

forall f € V.

1. What is the minimum possible n?

2. For this n, how do we find x; and w;?
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Quadrature equations: one dimensional case

Choose a basis of V

Write the quadrature equation for the basis elements:
. . . 1 .
i i i i
W1-X1+W2-X2+--~+Wn-Xn—/ x'dx,
=l

fori=1,...,m.



Quadrature equations: one dimensional case

Choose a basis of V

Write the quadrature equations for the basis elements:

1 1 ... 1 wo a0

X0 24 ocoo Xn Wi dai
. . B = )
m m m

Xp X1 Xn Whp am

where a; = [ x'dx are constants.



A geometric view: one dimensional case
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A geometric view: one dimensional case

1 1 1 wo ao
X0 X1 Xn w1 al
Xy x| X Wh T

Consider X C P™ given by the Zariski closure of the set of points

with homogeneous coordinates [1: x : ---: x™].

X is called the rational normal curve of degree m.



A geometric view: one dimensional case

Rational normal curve of

degree m.



A geometric view: one dimensional case

1 1
X0 X1 wo\
w1 o
m
O

Rational normal curve of

degree m.



A geometric view: one dimensional case

1 1 1
wo
X0 X1 X2
w1 =
w2

Rational normal curve of

degree m.



Secant varieties

Definition

Let X be a variety in projective space. The /-th secant variety
oi(X) is the Zariski closure of the union of all sub-spaces spanned
by i points of X.



Secant varieties

Definition
Let X be a variety in projective space. The /-th secant variety
oi(X) is the Zariski closure of the union of all sub-spaces spanned

by i points of X.

The system
1 1 . 1 Wo ao
X0 X1 . Xn w1 dl
X X" X Wh am.
has a solution only if [ag : - : am] € opy1(X).



General case

X an algebraic variety.
V' a finite dimensional space of algebraic functions on X.



General case

X an algebraic variety.
V' a finite dimensional space of algebraic functions on X.

Choose a basis (fy, ..., fm) for V. Then we get:

wy - filx) + we - fi(xe) + - 4 wi - fi(xn) = ai,

where a; = [ f dpu are constants.



General case

X an algebraic variety.
V' a finite dimensional space of algebraic functions on X.

Choose a basis (fy, ..., fm) for V. Then we get:

fO (XO) fO (Xn) Wo 20
fi(xo) fi(xn) )
£, (.xo) . fm('x,,) Wn am

where a; = [ f dp are constants.



A geometric view: general case

Let f: X — P™ be the map
x = [fo(x) : A(x) - (X))



A geometric view: general case

Let f: X — P™ be the map

x = [fo(x) : A(x) oo 2 (X))
The equations
fo(xo) fo(xn) wo 2
f1(x0) f1(xn) B
fn(x0) or ()] T am
say: “Find xp, ..., x, € X such that the span of f(x),..., f(xn)
contains [ag : -+ : am]."



A geometric view: general case

Let f: X — P™ be the map

x = [fo(x) : A(x) oo 2 (X))
The equations
fo(xo) fo(xn) wo 2
f1(x0) f1(xn) B
fn(x0) or ()] T am
say: “Find xp, ..., x, € X such that the span of f(x),..., f(xn)
contains [ag : -+ : am]."

Let X be the closure of f(X) C P™. Quadrature equations have a
solution only if [ag : -+ : am] € opy1 (X).



Examples in higher dimension

1. If V= {(1,x,y,xy), then

X={1:x:y:xy][x€C,yecClcCcP?

is the Segre variety P x P1 c P3.
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Examples in higher dimension

1. If V= {(1,x,y,xy), then

X={1:x:y:xy][x€C,yecClcCcP?

is the Segre variety P x P1 c P3.

2. If V = {All polynomials in x, y of total degree at most n},
then X is the Veronese surface v,(P?) ¢ PN where
N=("7) -1

3. If V = {All polynomials in x,y of x and y degree at most n},
then X is the Segre-Veronese surface v,(P!) x v,(P!) c PV
where N = (n+1)? — 1.



Given X and V, an (m + 1) dimensional space of algebraic
functions on X, we get X C P™.

Quadrature equations for X and V are related to the secant

varieties op41(X).
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Given X and V, an (m + 1) dimensional space of algebraic
functions on X, we get X C P™.

Quadrature equations for X and V are related to the secant

varieties op41(X).

Questions
1. Determine if [ag : -+ : am] € Tpr1(X).
2. If yes, find (n+ 1) points xo, ..., x, € X whose span contains
[a0 : -+ 1 am].
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Given X and V, an (m + 1) dimensional space of algebraic
functions on X, we get X C P™.

Quadrature equations for X and V are related to the secant

varieties op41(X).

Questions

1.
2.

Determine if [ag : -+ - : am] € opr1(X).

If yes, find (n+ 1) points xg, ..., X, € X whose span contains
[a0 : -+ 1 am].

Find numerically stable and feasible algorithms to answer the
above questions.

10



Dimension one: answers

Let X C P be the rational normal curve of degree m, with
m =2k + 1.
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Dimension one: answers

Let X C P be the rational normal curve of degree m, with
m =2k + 1.

Solution (First question (Sylvester, 1852))

The point [ag : - - : am] lies in op+1(X) if and only if the
Catalecticant matrix

ao dai 600 dk

dai an o0 dk+1

an as oo dk+2
dk+1 dm+2 .- A2k+1

has rank at most (n+ 1). In particular, if the a; are generic, then

[ao Tl 82k+1] E (fk+1(X).
11



Dimension one: answers

Solution (Second question (Sylvester, 1852))

Let (Ao, ..., Ak+1) be in the (right) kernel of the catalecticant.
Then the (k + 1) points xg, . .., xx whose span contains

[ao : -+ - : apkt1] satisfy

Mepr XL XA 4o X =0.

For quadrature, this polynomial is called the Legendre polynomial.
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Dimension one: answers

Solution (Second question (Sylvester, 1852))

Let (Ao, ..., Ak+1) be in the (right) kernel of the catalecticant.
Then the (k + 1) points xg, . .., xx whose span contains

[ao : -+ - : apkt1] satisfy

Mepr XL XA 4o X =0.

For quadrature, this polynomial is called the Legendre polynomial.

Example (m = 5)

In this case, [ao:~~-:a5]:[2:0:%:0:%:0].
2 0 2
2 5 3
Catalecticant = 8 2 2 ~ Legendre polynomial = ~X3—-ZX.
5 0 % 2 2
0 2 o
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Better answers for numerical methods?

1 1 500 1 wo ao
X0 X1 . Xk w1 ai
= Y
2k+1 2k+1 2k+1
X0 X1 cee X Wiy A2k+1
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= Y
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X0 X1 cee X Wiy A2k+1

e Pick aj, eliminate w;, and all but one x; ~» Legendre
polynomial.
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Better answers for numerical methods?

1 1 500 1 wo ao
X0 X1 . Xk w1 dl
= Y
2k+1 2k+1 2k+1
X0 X1 cee X Wi A2k+1

e Pick aj, eliminate w;, and all but one x; ~» Legendre
polynomial.

e Pick a;, eliminate w; ~ An ideal
(ho(x0, -+ s Xk ), ha(xts ooy Xk), - ooy A1 (Xk—15 Xk )5 P (xk))
with deg h; = i + 1.
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Better answers for numerical methods?

1 1 1 wo ao
X0 X1 Xk w1 a1
= Y
2k+1 2k+1 2k+1
X0 X1 cee X Wi A2k+1

e Pick aj, eliminate w;, and all but one x; ~» Legendre

polynomial.

e For m =5, pick aj, eliminate w; ~~
<x0 + x1 + X0, 5X12 + 5x1x0 + 5)(22 -3, SXS — 3X2>

13



Better answers for numerical methods?

Eliminating the w;

1 1 500 1 wo ao
X0 X1 500 Xk 1151 ai
2k+1 2k+1 2k+1

%) X1 cee o Xp Wi aok+1

14



Better answers for numerical methods?

Eliminating the w;

1 1 500 1 wo ao
X0 X1 500 Xk 1151 ai
2k+1 2k+1 2k+1
%) X1 cee o Xp Wi aok+1
implies
1 1 e 1 ao
X0 X1 Ce Xk =5
rk . ) _ . ] <k+1
2k+1 2k+1 2k+1
%) X1 cee X A2k+1

14



Better answers for numerical methods?

Eliminating the w;

1 1 500 1 ao
X0 X1 000 Xk dai
rk x(’)‘ x,’: ak <k-+1
k+1 k+1
XOJr 000 cee X dk+1
2k+1 2k+1 2k+1
X0 X1 cee X A2k+1

ii5)



Better answers for numerical methods?

Eliminating the w;

ii5)



Better answers for numerical methods?

Eliminating the w;

equivalent to

% A
k < k+1,
‘ (0 B — \/\/\/1A> i

that is
B-—wWvla=o.

ii5)



Better answers for numerical methods?

Eliminating the w;
equivalent to

Proposition

WV~ is a matrix of polynomials.

ii5)



Better answers for numerical methods?

Eliminating the w;
V A
rk <k+1

B-wWv-lAa=o.

equivalent to

Proposition

WV~ is a matrix of polynomials.

The Grobner basis of B — WV 1A = 0 has the form

(ho(x0s - -y Xk), h1(X1y oy Xk), -« s he(xk))-

ii5)



e (Enrico) Studying ranks of tensors is related to studying
secant varieties of suitable X.
e (Today) Studying quadrature equations of polynomials is also

related to studying secant varieties of suitable X.

e Better understanding the polynomial equations arising in the
context of secant varieties, especially from the point of view
of numerical analysis, will be valuable for multiple goals.
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