Homework 8

2. (a) lim [£(z)p(z)] 15 an indeterminate form of type 0 - oc.
(b) When « is near a, p(x) i1s large and h(zx) is near 1, so h(z)p(x) is large. Thus, lim [h(z)p(x)] = <.

(c) When « 1s near a, p(z) and g(x) are both large, so p(x)g(x) is large. Thus, lim [p(x)g(x)] = co.

4. (a) lim [f(2)]*"® is an indeterminate form of type 0°.

b)) Ify = [f(:n]]?(x), then Iny = p(x) In f(x). When x is near a, p(x) — oo and In f(z) — —oc, s0 lny — —oo.

Therefore, lim [f(z)]""™ = lim y = lim e®¥ = 0, provided £ is defined.

T—+a E—a T

(©) lim [A(z)]* is an indeterminate form of type 1°°.

T—+a

(d) lim [p(z)]f*® is an indeterminate form of type oo

(e)Ify = [p{m)]Q{m), then Iny = g(z) Inp(zx). When =z is near a, g(x) — oo and Inp(xz) — oo, s0 Iny — oo Therefore,

lim [p{m]]qﬁz} = lim y = lim €'™¥ = 0o

o—a

(f) lim *%/p(z) = lim [p(z)]*/*"* is an indeterminate form of type oc’.

6. From the graphs of f and g, we see that lim flz) =0and lim gl(x) = 0, so I'Hospital’s Rule applies.

fl@) _ . f(=) _Imf@  p) 15 3

bt g(z) =20 g'(x) o n]s_l_%g"(m) B g'(2) - 2

12. This limit has the form & lim S 42 B pj Acosdz 4D 4

om0 tan bz | =0 Ssec(bz)  5(1)2 5

28. This limit has the form %_

. (cos:r)
. : sin x
i E ST B oL 1—cosx B im —(—sinz) _ _l lim sin @
z—0x—tanz «—01—seciz z—0 —2secx(secx tanx) 2 z—0 sec?
=—1 iig:{llmzis2 x=—-3(1)07=-1
_ sinz
Another method is to write the limit as lim ——%£—
z—sl) 1— tanx
x
41. This linut has the form oo - 0. We'll change 1t to the form %.
s _ 2
lim xsin(m/z) = lim sin(r/) £ lim cos(r/z)( ;r/m ) =7 lim cos(m/z)=m(l) ==
T—oD T— oo /"‘.u_." T— Do —].f.l' T—00
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Homework 8

55. y=:,r:"'lE = Iny=/7Inz,so0

. . . Inz ® .. 1/ .
Iim Iny= 1 Inz= 1 —_— =1 —_— =21 =0 =
Sty = oy VEIne = i o i e~ YR
lim zV* = lim ™Y =¢’=1.
x—0t z—0+
1/ . . lnxn ., 1/x
6l. y == = Ihy=(l/z)lnz = lmlhy= lim — = lim 4— =0 =
E—00 ®—oo I z—oo ]
lim z'/* = lim ™Y =¢"=1
. o . Inzm 1/x . 1 .
72. This limif has the form 2. lim — = lim —— = lim —— = 0since p > 0.
0 e oo TP o pmp_l [ pm?
P
73. lim 2 ! li I—H Repeated applications of 1"'Hospital’s Rule result in the

——— = lim =
&—oo ".u“'z + 1 T—oo %{:xz + 1)—1f2(2x) Z—oo x

original limit or the limit of the reciproeal of the function. Another method 1s to try dividing the numerator and denominator

byz: lim —m— = li 2/ li ! L
z: lim = lm == llm ===
T—s0o Vm T— 00 ;mﬂfm2+ll‘x2 z—oo ] 4 1/112 1

4. Call the two numbers x and y. Then x 4+ y = 16, so y = 16 — x. Call the sum of thewr squares 5. Then
S=a’+y’=2+(16-2) = S =2v+2(16—2z)(-1)=2c—-32+2zx=42—-32. =0 = =8
Smee 5'(z) < 0for 0 < x < 8§ and 5'(x) > 0 for = > 8, there is an absolute mimimum at x = 8. Thus, y = 16 — 8§ = 8

and S = 8% + 8% = 128,

8. If the rectangle has dimensions x and y, then its area 1s 2y = 1000 m?, soy = 1000/ . The perimeter
P = 2z + 2y = 2z + 2000/x. We wish to minimize the function P(x) = 2z + 2000/ for z > 0.
P'(2) = 2 —2000/z* = (2/2%) (2 — 1000), so the only critical number in the domain of P is z = /1000.
P"(x) = 4000/z° > 0, so P 1s concave upward throughout its domam and (~/1000 ) = 4+/1000 is an absolute minimum

value. The dimensions of the rectangle with minimal perimeter are z = y = /1000 = 10 /10 m. (The rectangle is a square.)

1001

10. We need to maximize P for I > 0. P(I) = FEE )

_ (P+I+4)(00)—100I(2I+1) 100(I°+I+4—2I"—1) —100(I°—4) —100(I+2)(I—2)

s —
P (I2+1+44)? (I2+TI+4)? (P +I+4)?  (IP+I+4)?

P'(I) > 0for0 < I < 2and P'(I) < 0for I > 2. Thus, P has an absolute maximum of P(2) = 20at ] = 2.
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Homework 8

1. (a)

50

100 120

250

125 25

The areas of the three figures are 12,500, 12,500, and 9000 ft>. There appears to be a maximum area of at least 12,500 ft%.

(b) Let = denote the length of each of two sides and three dividers.

Let y denote the length of the other two sides. x
(c) Area A = length x width=y - =
(d) Length of fencing = 750 = 5z + 2y = 750

(€ 5z +2y=750 = y=3T5-5%z = A(z)=(375— Sa)x =375z — 3z°

(f) A'(x) =375 —5x =0 = «="T5 Since A”(x) = —5 < 0 there is an absolute maximum when = 75. Then

y= % = 187.5. The largest area is 75(3%) = 14,062.5 ft*. These values of = and y are between the values in the first

and second figures in part (2). Our original estimate was low.

The area of the rectangle is (2z)(2y) = 4ay. Alsor® = 2% + 3% s0

y = v/rZ — 22, so the areais A(z) = 4o /72 — z°. Now

2 2_ g2 B _
Alz) =4V =22 — z 4= . The critical number 1s
(=) ( " “ Tt —x ) i g—

x= 715:-. Clearly this gives a maximum.

2
y=4/r— (?151-) =./3rt = T}Er = z, which tells us that the rectangle is a square. The dimensions are 2z = /2r

23.
¥ r
and 2y = V2r.
2
|
x=2
¥
1|

zy = 180, so y = 180/x. The printed area is

(z—2)(y —3) = (z — 2)(180/x — 3) = 186 — 3= — 360/ = A(=x).

A'(z) = —3+360/2> = 0whenz® =120 = x = 2+/30. This gives an absolute
maximum since A’(z) > 0 for 0 < = < 21/30 and A’(z) < 0 forx > 2/30. When
x = 2+/30, y = 180/(2 /30 ). so the dimensions are 2 /30 in. and 90/ /30 in.
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Homework 8

40. The volume and surface area of a cone with radius r and height h are given by V = mr’h and S = wr /72 + h2.

L . 81
We'll minimize A = 5% subjectto V =27 V=27 = Imr’h=27T = ' = — o
m

81 /81 812 —2.817
A=ﬁ2r2(r2+h2)=ﬂ'2(—)(——0—!12)=—2+817rh,50f1’=l} = ———— +8lr=0 =

mh mh h h

2.81° 162 162 € 81 81 27

8lr = = =" = p=7—"=37"~3722 From(l),r’ = — = =
h3 T T T Th 7.3 36/m N
33 -

r=— ;/_2 =~ 2632 A” =6-81%/h* > 0, so A and hence S has an absolute minimum at these values of r and A.

T

49. There are (6 — =) km over land and +/=? + 4 km under the river refinery P

We need to minimize the cost C' (measured in $100,000) of the pipeline.
C(z) = (6 — =)(4) + (VaTF3) (8) = W 2
8 I 6 LI
C'z)=—-4+8- %{mg—l—dl)_”z@m) = —4+ﬁ. i storage tanks
xr
C'z)=0 = 4=\f:2_m—-|~4 = Va?+d=22 = a’t+4=4da’ = 4=32" = :1:'2=§ =

x=2/v3 [0 <z < 6]. Compare the costs for z = 0, 2/+/3, and 6. C(0) = 24 + 16 = 40,
C(2/v3) =24 —8/v/3+32//3=24+24/V/3 ~ 37.9, and C(6) = 0 + 8 /40 = 50.6. So the minimum cost is about

$3.70 million when P is 6 — 2/+/3 ~ 4.85 km east of the refinery.

70. B Paradoxically, we solve this maximum problem by solving a minimum problem.
9 ° 6 L, Let L be the length of the line AC'B goimng from wall to wall touching the inner
¢ corner C. As @ — Qor 8 — 3, we have L — oo and there will be an angle that

A S B makes L a minimum. A pipe of this length will just fit around the corner.

From the diagram, L = Ly + Ly = 9cscf + Esecd = dL/df = —9csch cotf + Esect tand = 0 when

Gsecl tanf — Ocscf cotf = tan®@ — % —15 &= tanf—= /15 Thensec’8 =1+ (%)2;3 and
2 3y —2/3 - 3, —2/3]1/2 3,2/3]1/2
esc’ @ =1+ (3) ;sothelougestplpehaslengthf.:Q[1—1—{5} ] —|—6[]—|—(§:} } ~ 21.07 ft.

Or,useﬂ:tan_l(sl.E}ﬁU.SEB = L=209cscH+Esechd == 21.07 1t
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