Calculus I: Practice Midterm I

February 14, 2015

Name:

Write your solutions in the space provided. Continue on the back for more space.

Show your work unless asked otherwise.

Partial credit will be given for incomplete work.

The exam contains 6 problems.

e Good luck!
Question | Points | Score
1 7
2 8
3 9
4 10
5 8
6 8
Total: 50
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1. Below is the graph of a function f.

(a) (3 points) Use the graph to (approximately) compute the following:

@) F(—1) and f(1).
Solution: f(—1) =0, f(0) =2,and f(1) = 3.

(b) All x such that f(x) = 0.

Solution: This is the set of x where the graph intersects the X-axis. These
are —1,2, and 4.

(c) The range of f.

Solution: The range of f is [—1, 3].

(d) (4 points) Let g(x) = x?> + 1. Whatis f(g(1))? Whatis g(f(1))?

Solution:
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2. A 4 foot ladder is leaning against the wall. Denote by x the height of the top end of
the ladder (as measured from the floor).

Solution: We first draw a picture. The wall is AB and the ladder is AC.
A
N
X
B C

(@) (3 points) Express the distance of the bottom end of the ladder from the wall as
a function of x.

Solution: Since AB?+ BC? = AC?, we get BC?> = 16 — x%. So BC = v/16 — x2,
which is the distance of the bottom end of the ladder from the wall.

(b) (3 points) Find the domain and range of the function you found in the previous
part.

Solution: The number x can range from 0 (when the ladder is horizontal) to
4 (when the ladder is vertical). So the domain is [0, 4].

Some may argue that it is physically impossible for the ladder to be exactly
vertical, so the domain should be [0,4). I will accept either answer (if justi-
tied).

(c) (2 points) Draw a rough sketch of the graph of the function.

Solution: The graph looks like the quarter of a circle. I'd give full credit
even if you didn’t get the exact shape right. But the graph should show a
decreasing nonlinear graph passing through (0,4) and (4, 0).
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3. Let

It turns out that f has an inverse function.
(a) (3 points) Find f~1(1/2).

Solution: We want to solve the equation

We get
1+ =2 — ¢¥=1 — x=In1=0.

Therefore, f~1(1/2) = 0.

(b) (3 points) Find a formula for f~1(x).

Solution: To find a formula for the inverse function, let us write y = f(x)
and solve for x in terms of y. We have

ex
yzl—i—e"
(1+e)y=e
ytey=e
y=e —ey
y=(1-y)e
Yy
e = —~—
-y
_ Y N Cnv—1n(1—
x—ln(l_y> Iny —In(1 —y).

So f~1(y) = Iny — In(1 — y). We may change the name of the variable and
also write the inverse function as f~!(x) = Inx — In(1 — x).

(c) (3 points) Write f(x) as the composition of two functions.

Solution: Let ¢(x) = e* and h(x) = 133. Then f(x) = h(g(x)).
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4. Calculate each of the following limits, if it exists. Justify your answer.

(a) (3 points) liiré |x| sin(1/x).

Solution: We have
-1 <sin(1/x) < 1.

Multiplying throughout by |x|, we get
—|x| < |x|sin(1/x) < |x].

Since limy_,o —|x| = limy_,o |x| = 0, we conclude using the squeeze theorem
that lim,_,q |x|sin(1/x) = 0.

(b) (4 points) lim E
p o1 [x — 1]

Solution: We have

T (x—1) ifx>1
[x =1 {_(x 1)

ifx <1.
Therefore,

21 —1 1
im 5 — fim FDEED gy
x—1t ‘x - 1‘ x—1+ X — 1 x—1+t

2 _ _
fim =t = g FTDOED - o
=1t [x =1 xs1t —(x—1) x—1+

Since the left hand limit and the right hand limit are unequal, the limit does
not exist.

: : x
(c) (3 points) ngm arctan(e* + 2)

Solution: Since e* 42 — 400 asx — +oo, we get

lim arctan(e® +2) = lim arctan(y) = 77/2.
X—>+00 Yy—+oo
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5. (8 points) Let

¥ —3x+1
o x2-1

Find the horizontal and vertical asymptotes of 1i(x).

h(x)

Solution: We first compute the horizontal asymptotes. For this, we want to com-
pute limy_, yo h(x) and limy_,_ h1(x). We have

. 2x2—3x+1 . (222 =3x+1)/x?
Iim ——— = lim
xSdeo  x2—1 xodo  (x2—1)/x2
— m 2—-3/x+1/x?
_xalioo 1—1/x2
2
=_- =2
1

Note that we divided the numerator and the denominator by the dominant power
of x, which is x2. We get that y = 2 is a horizontal asymptote.

Next, we compute the vertical asymptotes. For this, we want to find a such that
lim,_,,+ h(x) = +oo. If a> — 1 # 0 then limy_,, h(x) = h(a) # co. Therefore, the

only possible vertical asymptotes are whena = 1ora = —1.
For a = —1, the numerator 2x?> — 3x + 1 approaches 7 and the denominator x> — 1
approaches 0. So, the quotient h(x) approaches +oco. As a result x = —1is a

vertical asymptote.

For a = 1, the numerator 2x? — 3x + 1 approaches 0 and the denominator x> — 1
also approaches 0. So we cannot conclude anything about i(x) without doing
something else. We factor the numerator and the denominator

2x? —3x+1  (x—1)2x+1) 2x+1

x2—1 (x—=1)(x+1) x+1°
Therefore,

. . 2x+1 3

S

As aresult, x = 1is not a vertical asymptote.

We conclude that the only horizontal asymptote is ¥ = 2 and the only vertical
asymptote is x = —1.




Calculus I, Spring 2014 Practice Midterm I

Page 7 of 7

6. Let

(a) (6 points) Find f’(2) using the definition of the derivative.

3x

fl) =

Solution: We use the definition:

3x—2(1+x)
1+x
=2 x—2

= lim X2
2 (1+x)(x—2)

1
im
—214+x

1
-

(b) (2 points) Is f increasing or decreasing near x = 2?

Solution: f'(2) > 0 means that f is increasing near x = 2 (the graph slopes

upwards).




