Solving a cubic equation
We want to explicitly find the roots of
X3 +3pX +2g=0.
Let us, up, u3 be the roots. Key observation:
Q(p, q,w) C Q(p, q,w, \/Z) C Q(w, u1, Uz, u3).
We find eigenvectors for the A3 action.

Z = U1 +wuy +wZU3
7 = uy + w?uy + wus.
We know that
2%,2% € Q(w,p,q, VD),
and

z+ 7z w2z 4wz wz 4+ w2z’
Ul = 3 7[_]2 o 3 pr—




Solving X3 +3pX +2g =0

zZ=u; +wup +w2U3
3_ (3,3, ,3
7> = (7 + uy + u3 + 6urupus)+
3(viun + udus + viuy)w+t

2 2 2\ 2
3(uus + wpus + uzui)w.

uf + ug + ug + 6ururuz = sf‘ + 3s15 + 9s3 = —18¢q
vy + uiuz + u%ul =A

2 2 2
upus + upuz + uzuy = B



Solving X3 +3pX +2g =0

A= U%U2 + U§U3 + U:*%Ul S Q(wapv q, \/E)
B = u1u§ + U2u§ + U3uf S Q(w7P7 q, \/E)

Conjugates under Gal(Q(w, p, gv'A)/Q(w, p, q)). So,

A+BeQ(w,p;q)

and
(A—B)* € Q(w,p,q).



Solving X3 +3pX +2g =0

A+ B = uup(ur + up) + wpuz(up + u3) + uzuy(u3 + uz)
=515 — 3s3 = 6qg
A—B=(u1 — w)(u2 — u3)(u1 — u3)
= VA
A = —-2233(¢® + p°).



Solving X3 4+ 3pX + 2g = 0: Plugging everything back

= 3q+/—27(q? + p®)

B =3q—/-27(q> + p3?)
73 = —18q + 3Aw + 3Bw?
= —27q+27\/q? + p3

2% =-27q—27\/q? + p3

Finally,

z+Z

Ul =

T3
3 3
z\/—q+ q2+p3+\/—q— 9+ p?




