Analysis and optimization: Midterm 1

Spring 2016

* Answer the questions in the space provided.

* Give concise but adequate reasoning unless asked otherwise.

* You may use any statement from class, textbook, or homework without proof, but you
must clearly write the statements you use.

The exam contains 6 questions.

Name: 90\“H0“S ¢

At the end, there are some blank pages for scratch work. You may detatch them.

O 10:10-11:25

Section: O 8:40-9:55
Question | Points | Score
1 8
2 10
3 8
4 6
5 6
6 12
Total: 50




1. Consider the matrix

(a) (3 points) Find the rank of M.
Do v Teduchon.
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(b) (3 points) Find all ¥ such that M¥ = 0.
we ™oy work @ith e 700 Teduced forn. Note that X2 and 2y
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(c) (2 points) Are the rows of M linearly dependent or independent?
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2. No justification is necessary for this question.

(a) (2 points) Is the set S = {(x,y) €R*|x >0 or y > 0} convex or not convex?

///V// Not  convex
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(b) (2 points) Is the set S = {(x,y) € R?| 1 < sin(x? + y2) < 3} open or not open?

OPen: Tn k| & s emF‘U.l

(¢) (2 points) Is the set S = {i, forn=1,2,3, ... } compact or not compact?

Not Qcm()o\(;k. O & a ‘owndtua Po'wTL , buk
So S s net closed.

(d) (2 points) Give an example of a subset of R? which is neither open nor closed.
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(e) (2 points) Give an example of a bounded S and a continuous function f:S—>R
such that f(S) is unbounded.
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3. (a) (4 points) By plotting the feasible set on a graph, maximize z = 3x, + 2x, subject to

X1 +3x; =15, 4x;+x,<16, 0<x;,, 0<x,.
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(b) (2 points) Formulate (b_ut do not solve) the dual problem.

fAS  Minmge W = 6Y,+ 16,  subject ko

Q9+ 49, 23 9> 0
dh¥ Y1 2 2 9,20

(¢) (2 points) Using that (5/11,7/11) is the solution to the dual problem, answer the
following. What would the optimal value of z in the original problem be if the second
constraint was changed to 4x, + x, < 16 +¢?
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4. (a) (2 points) State the maximum theorem (also called Weierstrass’s theorem).

leX S W comloqc,t and  T: 351R o conhinusun Fnckion.

Then  § ottaing o moximum  and o Minimum value o 9.
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(b) (4 points) Find the maximum and minimum values of f(x)=e*+4e ™ on [0,1].
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5. Suppose S C R" is a convex set and A is an m x n matrix. Let
T ={y €R™| y = A% for some ¥ € S}.

(a) (4 points) Using the definition of a convex set, show that T is convex.
To Show thal T I8 convex;, »r must ehow thak  for
every  Y,,9,e T and Aelol, ox have A9+ (1A, €T

Lk S= AR and Fi= A% | (e X, %, €S.
Then AT+ A9 = A Az + (-2 A
= A (AxRraa ).
S 5 S conRX,  we  know et A% +(2) X, €S,
SO A+ OUNY. e T

(b) (2 points) Suppose X is an extreme point of S. Must A% be an extreme point of T?
Justify your answer with a proof (if your answer is “Yes”) or with a counter-example
(if your answer is “No”).

No HQYQ are MO CO\AY\\‘CY QXQmP)CA. _1V\ b\)h')

exam ples A = é) 23 -
A [@1 = & (A veprenents  projechion onbo
the X- axis)

%
= %
5 2 s= A
LA oA



6. An accounting firm has 900 hours of staff time and 100 hours of reviewing time available
each week. The firm charges $2000 for an audit and $300 for a tax return. Each audit
requires 100 hours of staff time and 10 hours of reviewing time. Each tax return requires
10 hours of staff time and 2 hours of reviewing time.

(a) (3 points) Formulate the linear programming problem to find the number of audits
and tax returns to do each week to get the maximum revenue.

leX o be R vumber df, omdils and Y  the number 6 tewrets
Movkimize % = Q00X &+ 300y Ak Yo
\0ox + \0y Q00

=
0L + 24 £ 100

O<L X o< Y.
(b) (5 points) Use the simplex method to solve the problem.

lex u» uxe S and £ o dencte the slack vemables.
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S0 the optimed  Flution s
x= 5
Y =10

foX o Tevewwe J}) 3 Q000

(c) (2 points) The firm has a new intern. Should they be directed to help the staff or
the reviewers? Justify your answer.

The  marginad uhlity o Skft is 810 Wherean
the W‘cnraim.\ U.H\i‘:) *b Yeviews 15 % 100 .

\-e. an € Muese \n TQV\Q‘O'\vb hme = 100 € Wwc. in yevenue .,

Qo e intem Sheuld HQ\P he Yeviewers.

(d) (2 points) How much money (per hour) should the firm be willing to pay for a re-
viewer?

The Firm shald pay ol mosl 4he Shedow price
foo  Teviewes e $ 100.



