Calculus Ill: Homework 9

6. —zy is a polynomial and therefore continuous. Since e is a continuous function, the composition e~*¥ is also continuous.
Similarly, 4 y 1s a polynomial and cos t 1s a continuous function, so the composition cos(x + y) is continuous.

The product of continuous functions is continuous, so f(z,y) = €™ " cos(z + y) 1s a continuous function and

lim  flz,y) = f(1,—1) = eV eas(1 4 (—1)) =elcos0=e

(z.y)—(1,-1)
2
8. 12 —:—y is a rational function and hence continuous on its domain, which includes (1, 0). Int is a continuous function for
x? +xy
y I A E T . 1442
t > 0, so the composition f(z,y) = In > is continuous wherever > 0. In particular, f is continuous at
Te +xy Ts 4+ xy
L0)andso  lim )= f(L0)=In (=) =1l =0
(1.0 an * amoy WIS = ) T T T
4 4 2 2y, 2 3
14, f(z,y) = zz +32 _(= +;»*2 )f;z ¥) _ o — y? for (2, y) # (0,0). Thus the limit as (z, y) — (0,0) is 0.
_ xYytyz . 2 _ _
20. f(z,y,2) = Py e £ Then f(z,0,0) =0/z° = 0 forz # 0, so as (z,y, z) — (0,0, 0) along the z-axis,

f(z,y,2) — 0. But f(z,z,0) = =% /(22*) = % forz #0.soas (z,y,2z) — (0,0,0) along the lmey =z, 2 =0,

flz,y,2) — % Thus the limit doesn’t exist.
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Calculus Ill: Homework 9

4. (a) Oh/dv represents the rate of change of h when we fix ¢ and consider h as a function of v, which describes how quickly the
wave heights change when the wind speed changes for a fixed time duration. dh/0t represents the rate of change of h
when we fix v and consider h as a function of £, which deseribes how quickly the wave heights change when the duration

of time changes, but the wind speed is constant.

F(40 + h,15) — £(40,15)
h

(b) By Definition 4, f,(40,15) = lm}l which we can approximate by considering

£(50,15) — £(40,15) 36—25
10 -1

h =10 and h = —10 and using the values given in the table: f,(40,15) =~ 11,

£(30,15) — £(40,15) _ 16— 25

0 o - 0.9. Averaging these values, we have f,(40,15) ~ 1.0. Thus, when

£o(40,15) ~

a 40-knot wind has been blowing for 15 hours, the wave heights should increase by about 1 foot for every knot that the

40,15+ h) — f(40,15
wind speed increases (with the same time duration). Similarly, f:(40,15) = ilain}n (4015 + ?::: £(40,15) which we

£(40,20) — (40,15) _ 28—25 _

0.6,
5 5 ’

can approximate by considering h = 5 and k = —5: f;(40,15) =~

£(40,10) — f(40,15) = -2 = 0.8. Averaging these values, we have f;(40,15) ~ 0.7. Thus, when a

£+(40,15) =~ — —

40-knot wind has been blowing for 15 hours, the wave heights increase by about 0.7 feet for every additional hour that the
wind blows.
(c) For fixed values of v, the function values f(v,t) appear to increase in smaller and smaller increments, becoming nearly

constant as ¢ increases. Thus, the corresponding rate of change is nearly 0 as ¢ increases, suggesting that
lim (8h/0t) = 0.
t—oo
5. (a) If we start at (1, 2) and move in the positive z-direction, the graph of f increases. Thus f.(1, 2) is positive.

(b) If we start at (1, 2) and move in the positive y-direction, the graph of f decreases. Thus f, (1, 2) is negative.
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Calculus Ill: Homework 9

10.
f=(2,1) is the rate of change of f at (2, 1) in the z-direction. If we start at (2, 1), where f(2, 1) = 10, and move in the

positive z-direction, we reach the next contour line [where f(z,y) = 12] after approximately 0.6 units. This represents an
average rate of change of about ;= If we approach the pomt (2, 1) from the left (moving in the positive z-direction) the
output values increase from 8 to 10 with an increase in & of approximately 0.9 units, corresponding to an average rate of
change of %. A good estimate for f.(2, 1) would be the average of these two, so f(2,1) ~ 2.8. Similarly, f,(2,1) 1s the
rate of change of f at (2, 1) in the y-direction. If we approach (2, 1) from below, the output values decrease from 12 to 10 with
a change in y of approximately 1 umit, corresponding to an average rate of change of —2. If we start at (2, 1) and move in the
positive y-direction, the output values decrease from 10 to 8 after approximately 0.9 units, a rate of change of 7% Averaging

these two results, we estimate f,(2,1) ~ —2.1.

a
20. z —tanzy = a—z = (sec” zy)(y) = ysec® zy.
z

= (sec” zy)(z) = zsec’ 2y

=
By
A flzy)=xfy=zy™' = fAz,y)=y ' =1y filz.y)=—ay " =—a/y’

28. f(z,y)=2a¥ = fu(z.v) = yx¥~ L, fulz,y)=z¥lnx
8
30. Fe, B) :f VR +1dt =
F.( f Vi +1dt = [ f t3+1dt} ——f V13 + 1dt = —/a® + 1 by the Fundamental
Theorem of Calculus, Part 1;  Fg(a, 8) = f VB 1dt=4/8%+ 1

£y

VIl ta 4+ +al

39. u= /o] +23 + - +22 Foreachi=1___n us; =3(zi+a3 —|—-~—|—mi]_1m(2mi} =

44, f(z,y z)= Vsin?z +sin’y+sin’z =

fz(:a:,'_i,t,;;r}:%(sain2:,c—I—=5i112_1,-—|—sain2:c]_1’f2 (0+0+2sinz-cosz) = SImZcoss ,
\/sin? z + sin? y + sin® 2
sin § cos T 3’;—5% 3 1 V2
Sofz{010?%J_ = :E:—Df?.
\/ﬁm 0 + sin® 0 + sin® Y \/0+[]-|—(-‘@)2 . V2
7
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74.
(a) If we fix y and allow x to vary, the level curves indicate that the value of f decreases as we move through P in the positive

z-direction, so f, is negative at P.
(b) If we fix = and allow y to vary, the level curves indicate that the value of f increases as we move through P in the positive

y-direction, so f 1s positive at P.

(©) faax = Bﬂ (fz), so if we fix y and allow x to vary, f.. is the rate of change of f. as  increases. Note that at points to the
T

right of P the level curves are spaced farther apart (in the x-direction) than at points to the left of P, demonstrating that f

decreases less quickly with respect to x to the right of P. So as we move through P in the positive @-direction the

(negative) value of f, increases, hence ai (fe) = faw is positive at P.
z

(d) faoy = aﬂ (fz) ., soif we fix z and allow ¥ to vary, fay is the rate of change of f. as y increases. The level curves are
Y

closer together (in the x-direction) at points above P than at those below P, demonstrating that f decreases more quickly
with respect to = for y-values above P. So as we move through P in the positive y-direction, the (negative) value of f.

decreases, hence f,, 1s negative.

(@) fuy = % (fy) . soif we fix x and allow y to vary, fy, is the rate of change of f, as y increases. The level curves are

closer together (in the y-direction) at points above P than at those below P, demonstrating that f increases more quickly

with respect to y above P. So as we move through P in the positive y-direction the (positive) value of f, increases, hence

a _ "
5y (fy) = fyy 1s posttive at P.

Page 4




