Calculus III: Midterm II

Name:

Read the problems carefully.

You must show your work unless asked otherwise.

Partial credit will be given for incomplete work.

The exam contains 5 problems.

The last page is the formula sheet, which you may detach.
Good luck!

Question | Points | Score
1 10
2 10
3 10
4 10
5 10
Total: 50
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1. (10 points) Write true or false. No justification is needed.

(a) The acceleration vector is always contained in the normal plane.

Solution: False. For example, for an accelerated motion in a straight line, the
acceleration vector is in the same direction as the tangent vector, which is not
in the normal plane.

True False

(b) The curve parametrized by (t3,13 — 1, 2t®) is a straight line.

Solution: True. As t goes from —oo to 0o, so does t2, so the curve is the same
as (t,t —1,2t).

True False

(c) The graph of f(x,y) = 3zy + 2 is a plane.

Solution: False. The graph is the surface defined by z = 3zy + 2, which is not
a linear equation.

True False

(d) The domain of the function f(z,y) = In(z? + y* + 1) is the entire (x,y) plane.

Solution: True. Since 22 +y*+1 > 0 for all x, y, there is no problem in taking
In.

True False

(e) If the speed is constant, then the acceleration must be zero.

Solution: False. For example, the speed is constant in a uniform circular mo-
tion, but the acceleration is certainly not zero.

True False
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2. Consider the curve C' parametrized by

r(t) =sin®ti—tj+ cos’t k.

(a) (4 points) Write parametric equations for the tangent line to C' at ¢ = 0.

Solution: The tangent line at ¢ = 0 is the line through 7(0) in the direction

r'(0). We have
r'(t) = 2sint costi — j — 2 cost sin tk,

so that
r(0) = (0,0, 1)
r'(0) = (0,—1,0).

Hence the tangent line is

(b) (4 points) Write an equation for the normal plane to C at t = 0.

Solution: The normal plane at ¢ = 0 is the plane through r(0) perpendicular
to 7/(0). From our calculation of 7'(0), we get that the equation is

((l’,y, Z> - <0707 ]->) : <07 _170> =0
that is: y = 0.

(c¢) (2 points) The curve C lies on a plane. Find the equation of this plane.

Solution: To find a plane containing C'; we must find a linear relation in x, y,
and z that is always satisfied when = = sin®t, y = —t and 2z = cos*t. Such a
relation is

r+z=1

Hence C' lies on the plane defined by x + z = 1.
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3. When two asteroids collide, their fates depend on their speed at the time of impact and
also the angle of collision. Suppose the asteroids have trajectories @ (t) = (t, 2t — t2, 1)

%
and b (t) = (t,t,— cos(mt)).
(a) (7 points) Find the speeds of A and B at the time of collision.

Solution: Firsi; we must find the time of collision. This is a value of t for
which @ (t) = b (t), that is

(t,2t —t*,t) = (t,t, — cos(7t).

Comparing the first coordinate gives nothing. The second coordinate gives
2t —t> =t or t>? —t = 0. Therefore t = 0 or t = 1. However, the third
coordinates match only for ¢t = 1. Hence the time of collision is t = 1.

Next, we have

Tt =(1,2-211) = (1) =(1,0,1)

-, . =,

b'(t) = (1,1, msin(nt) = b'(1) =(1,1,0).

Hence the speed of A at the time of collision is | @’(1)| = v/2 and the speef of

%
B at the time of collision is | b/(1)| = v/2.

(b) (3 points) Find the angle of collision.

Solution: The angle of collision is just the angle between the trajectories at
t = 1, which is the same as the angle between the respective tangent vectors
at t = 1. The angle 6 between @’(1) = (1,0,1) and (1) = (1,1,0) can be
calculated by

(1) 5'(1)
cos(f) = —
e
B 1
1

Hence 6 = /3.
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4. Let C be the intersection of the cylinder 2% + y? = 9 and the plane z + z = 0.

(a) (3 points) Find a vector function 7 (t) that parametrizes C.

Solution: Since z = —x and x and y by themselves describe a circle of radius

3, we can take
7 (t) = (3cost,3sint, —3cost).

(b) (7 points) Find point(s) on C' at which the curvature is the maximum. What is the
maximum value of the curvature?

Solution: Firstly, we have to compute the curvature (which will depend on t)
and then find the value of ¢ that maximizes it. We know

r’x
k= BIE
r'(t) = (—3sint, 3cost, 3sint)
r"(t) = (—3cost, —3sint, 3 cost)
r'(t) x r"'(t) = (9,0,9)
| =

|7 (t) V9sin?t + 9cos? t + 9sin ¢
=3V1+sin’t
(9,09 V2

27(1 +sin?¢)3/2  3(1 +sin?¢)3/2"

so that Kk =

Since the numerator is constant, x is maximum when the denominator is mini-
mum, or equivalently, when 1+ sin?¢ is minimum. But the lowest value of sin®t

is 0, achieved when ¢t = 0,7, .... Hence the maximum value of s is
V2
Rmax = ?
It is achieved when t = 0,7, ..., which correspond to the points

P = (3,0,—-3) and P, = (—3,0,3)

on C.
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5. This question concerns the helical road described by the equations

xr =3sint y=3cost z=4t.
The units for distance in this problem are meters and the units for time are seconds.

(a) (4 points) A car going up along this road starts at (0,3,0) and travels 57 meters.
Where is it now?

Solution: The starting point corresponds to ¢ = 0. Suppose the car is at the
point corresponding to ¢ = T after going 57 meters. Then the length of the
road from t = 0 to t = T is 57. In other words,

T T
57r:/ \(3cost,—3sint,4>|dt:/ 5 dt = 5T.
0 0

Therefore T' = 7. Hence the car is at

(0, —3,4).

(b) (6 points) The road is banked (tilted) to handle acceleration of up to 4 m/s* in the
normal direction. What should be the speed limit on this piece of road? Justify
your answer.

Solution: Suppose we have a car going at the speed s. The constraint is that
the normal component of its acceleration must be at most 4. But we know
that ay = ks?, where & is the curvature of the road. Therefore, we must have

ks? < 4, that is s < \/% So the speed limit should be \/%.
Setting r(t) = (3sint, 3 cost, 4t), we have

|’ x r”|
G

r'(t) = (3cost, —3sint,4)

r"(t) = (=3sint, —3 cost, 0)
x r"(t) = (12 cost, 12sint, —9)

VIZZ+ 92 3
S VErE B

r'(t)

Hence the speed limit should be

I /I _ 10
k V3 V3




LIST OF USEFUL IDENTITIES

1. DERIVATIVES

d

n—1

(1) £2" =nx (7) Lescx = —cscacota
(2) L sinz = cosz (8) Lev = e
(3) Lcosz = —sinz (9) Lin|z| =1
(4) Ltanz = sec’x (10) L arcsinz = \/1177
(5) Lcotr =—csc?x (11) £ arccosz = \/1__1?
(6) L secx = secx tan (12) L arctanz = 1+1z2
2. TRIGONOMETRY
(1) sin®z +cos’x =1 (5) cos(x £ y) = coszcosy Fsinzsiny
(2) tan®z + 1 = sec®x (6) sin®z = 1=c=2e
(3) 1+ cot?z =csc’x (7) cos® x = 1egs2e,
(4) sin(z £ y) = sinxcosy + coszsiny

3. SPACE CURVES

For a parametric space curve given by 7(t)

@) x (@)
(1) Curvature & = —|7”/(t)|3

(2) Tangent component of acceleration ar = |1'(¢t)| =

|
/ t X " t
(3) Normal component of acceleration ay = klr'(t)|* = M



